
“Practical rules” and indeterminate forms,
cont’d

Compute the following limit
lim

n→∞
(n2
− n)

Solution

We have an indeterminate form +∞−∞.

To find the limit, we put in evidence the highest power:

n2
− n = n2︸︷︷︸

→+∞

→1︷  ︸︸  ︷(
1 −

1
n

)
→ +∞

We use the same technique to compute the limit of polynomials of higher
degree:

n5
− n3 + 2n − 5 = n5

(
1 −

1
n2 +

2
n4 −

5
n5

)
→ +∞
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“Practical rules” and indeterminate forms,
cont’d

Compute the following limit

lim
n→∞

(√
n2 + n − n

)
Solution

We have
√

n2 + n→ +∞ so the limit is of the form +∞−∞ and is
undetermined.

To solve it, we use the following trick:(√
n2 + n − n

)
=

(√
n2 + n − n

) (√
n2 + n + n

)
√

n2 + n + n

=
n2 + n − n2

√
n2 + n + n

=
n

√
n2 + n + n

=
n

n
(√

1 + 1
n + 1

) =
1(√

1 + 1
n + 1

) → 1
2
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“Practical rules” and indeterminate forms,
cont’d

Compute the following limit

lim
n→∞

(√
n2 + 100n − n

)
Solution

As in the previous exercise, we have an indeterminate form +∞−∞.

To find the limit, we use the same trick:(√
n2 + 100n − n

)
=

(√
n2 + 100n − n

) (√
n2 + 100n + n

)
√

n2 + 100n + n

=
n2 + 100n − n2

√
n2 + 100n + n

=
100n

√
n2 + 100n + n

=
100n

n
(√

1 + 100
n + 1

) =
100(√

1 + 100
n + 1

) → 50
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“Practical rules” and indeterminate forms,
cont’d

lim
n→∞

3n7
− 8n6 + 15n3

− 10n
12n − 4n7 = ?

Solution

3n7
− 8n6 + 15n3

− 10n
12n − 4n7 =

n7
(
3 − 8n−1 + 15n−4

− 10n−6
)

n7 (12n−6 − 4)

=

(
3 − 8

(
1
n

)
+ 15

(
1
n

)4
− 10

(
1
n

)6
)

(
12

(
1
n

)6
− 4

)
The terms in 1/n tend to zero. Thus, we have:

lim
n→∞

3n7
− 8n6 + 15n3

− 10n
12n − 4n7 = −

3
4
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“Practical rules” and indeterminate forms,
cont’d

lim
n→∞

3n8
− 8n6 + 15n3

− 10n
12n − 4n7 =?

Solution

3n8
− 8n6 + 15n3

− 10n
12n − 4n7 =

n8
(
3 − 8n−2 + 15n−5

− 10n−7
)

n7 (12n−6 − 4)

= n ×

(
3 − 8

(
1
n

)2
+ 15

(
1
n

)5
− 10

(
1
n

)7
)

(
12

(
1
n

)6
− 4

)
We get a limit of the form (+∞) × α, with α = − 3

4 and thus:

lim
n→∞

3n8
− 8n6 + 15n3

− 10n
12n − 4n7 = −∞
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“Practical rules” and indeterminate forms,
cont’d

lim
n→∞

−5n6 + 15n3
− 10n

12n − 4n7 =?

Solution

−5n6 + 15n3
− 10n

12n − 4n7 =
n6

(
−5 + 15n−3

− 10n−5
)

n7 (12n−6 − 4)

=
1
n
×

(
−5 + 15

(
1
n

)3
− 10

(
1
n

)5
)

(
12

(
1
n

)6
− 4

)
We get a limit of the form 0 × α, with α = 5

4 and thus:

lim
n→∞

−5n6 + 15n3
− 10n

12n − 4n7 = 0
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The comparison theorem

Theorem (Comparison Theorem)

Let (an)n∈N, (sn)n∈N, (bn)n∈N be three sequences such that

an ≤ sn ≤ bn

The following three results hold:

• If an → ` and bn → ` then also sn → `

• If an → +∞ then also sn → +∞

• If bn → −∞ then also sn → −∞
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The notable limit: limn→∞ n sin
(

1
n

)
Theorem

lim
n→∞

n sin
(1
n

)
= 1

Proof:
Notice that we have an indeterminate form +∞× 0.

We exploit the following key inequality:

cos
(1
n

)
≤ n sin

(1
n

)
≤ 1

Let’s set an = cos
(

1
n

)
, sn = n sin

(
1
n

)
and bn = 1.

Since an → 1 and bn → 1, the comparison theorem implies that sn → 1.
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The notable limit: limn→∞ n sin
(

1
n

)

• Green sequence bn = 1

• Orange sequence sn = n sin
(

1
n

)
• Blue sequence an = cos

(
1
n

)
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The key inequality: cos
(

1
n

)
≤ n sin

(
1
n

)
≤ 1

For small angles θ, the length of the arc
_

PA is between the length of
segments PH and BA :

PH ≤
_

PA ≤ BA
sin(θ) ≤ θ ≤ tan(θ)
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The key inequality: cos
(

1
n

)
≤ n sin

(
1
n

)
≤ 1

Dividing all members by sin(θ) leads to

1 ≤
θ

sin(θ)
≤

1
cos(θ)

Taking the reciprocals we obtain

cos(θ) ≤
sin(θ)
θ

≤ 1

Finally, we set θ = 1
n and get

cos
(1
n

)
≤ n sin

(1
n

)
≤ 1

This is the end of the proof.
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Notable limits that follow from limn→∞ n sin
(

1
n

)

• lim
n→∞

n sin
(1
n

)
= 1

• lim
n→∞

n2
(
1 − cos

(1
n

))
=

1
2

• If sn → 0, then lim
n→∞

sn sin
( 1
sn

)
= 1

• If sn → 0, then lim
n→∞

(sn)
2
(
1 − cos

( 1
sn

))
=

1
2
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Notable limits

Let a ∈ R, a , 1. Then:

lim
n→∞

an =


0 if |a | < 1
+∞ if a > 1
@ if a ≤ −1

Notice that for the case a = −1 we obtain the well known limit

lim
n→+∞

(−1)n

which does not exist!
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Examples
Consider the sequence (sn)n∈N with sn = 2n.

It is easy to see that
lim

n→∞
2n = +∞

Exercise Prove the above limit using the definition.
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Examples
Consider the sequences (sn)n∈N with sn =

(
1
2

)n
and (pn)n∈N with pn =

(
−

1
2

)n

.

Figure: sn =
(

1
2

)n
Figure: pn =

(
−

1
2

)n

Then, we get that

lim
n→∞

(1
2

)n

= 0 and lim
n→∞

(
−

1
2

)n

= 0

Exercise Prove the above limits using the definition.
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Examples
Consider the sequences (sn)n∈N with sn = (−2)n .

Figure: sn = (−2)n

Then, we get that
@ lim

n→∞
(−2)n

Exercise Prove that the above limit does not exist.
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The factorial

Definition
Let n ∈N. The factorial is defined as:

n! = 1 · 2 · 3 · . . . · (n − 1) · n

and 0! = 1

Examples

• 1! = 1

• 2! = 1 · 2 = 2

• 3! = 1 · 2 · 3 = 6

• 4! = 1 · 2 · 3 · 4 = 24

• 5! = 1 · 2 · 3 · 4 · 5 = 120
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Notable limits, cont’d
The following notable limits hold:

• ∀b > 0, limn→∞
loga(n)

nb = 0

• ∀b > 0 and a > 1, limn→∞
nb

an = 0

• ∀a > 1, limn→∞
an

n! = 0

• limn→∞
n!
nn = 0

Note that the above results imply:

• ∀b > 0, limn→∞
nb

loga(n)
= limn→∞

1
loga (n)

nb

= +∞

• ∀b > 0 and a > 1, limn→∞
an

nb = limn→∞
1
nb
an

= +∞

• ∀a > 1, limn→∞
n!
an = limn→∞

1
an
n!

= +∞

• limn→∞
nn

n! = limn→∞
1
n!
nn

= +∞
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Notable limits, cont’d

The above results can be interpreted in terms of “speed” of divergence:

• limn→∞
loga(n)

nb = 0 ⇒ The power diverges faster than the logarithm

• limn→∞
nb

an = 0 ⇒ The exponential diverges faster than the power

• limn→∞
an

n! = 0 ⇒ The factorial diverges faster than the exponential

• limn→∞
n!
nn = 0 ⇒ nn diverges faster than the factorial

At +∞ we have the following ”order of infinity”

log(n) < 3√n <
√

n < n < n2 < n3 < · · · < 2n < en < 3n < · · · < n! < nn
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Examples

• an = log(n)

• bn =
√

n

• cn = n
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Examples

• an = n

• bn = n2
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log(𝑛) 𝑛 𝑛 𝑛2 2𝑛 𝑛!
0 1 1 1 2 1

0,69 1,41 2 4 4 2

1,09 1,73 3 9 8 6

1,38 2 4 16 16 24

1,60 2,23 5 25 32 120

1,79 2,44 6 36 64 720

1,94 2,64 7 49 128 5040

2,07 2,82 8 64 256 40320

2,19 3 9 81 512 362880

2,30 3,16 10 100 1024 3628800

2,39 3,31 11 121 2048 39916800

2,48 3,46 12 144 4096 4,79E+08

2,56 3,60 13 169 8192 6,23E+09

2,63 3,74 14 196 16384 8,72E+10

2,70 3,87 15 225 32768 1,31E+12

2,77 4 16 256 65536 2,09E+13

2,83 4,12 17 289 131072 3,56E+14

2,89 4,24 18 324 262144 6,4E+15

2,94 4,35 19 361 524288 1,22E+17

2,99 4,47 20 400 1048576 2,43E+18



Examples, cont’d

Examples

lim
n→∞

3n + log2(n)
n!

= lim
n→∞

3n
1 +

→0︷   ︸︸   ︷
log2(n)

3n

n!
= 0

lim
n→∞

n
1

10

log2(n100)
= lim

n→∞

1
100

→+∞︷   ︸︸   ︷
n

1
10

log2(n)
= +∞

lim
n→∞

n! + n200000

nn = n!
1 +

→0︷  ︸︸  ︷
n200000

n!
nn = 0

Put always in evidence the term diverging faster!
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Increasing/Decreasing sequences

Definition
A sequence (sn)n∈N is said to be

• strictly increasing if sn < sn+1 for all n.

• increasing if sn ≤ sn+1 for all n.

• strictly decreasing if sn > sn+1 for all n.

• decreasing if sn ≥ sn+1 for all n.

Theorem

(i) Let (sn)n∈N be increasing. Then sn → ` if and only if ∃M such that
sn ≤ M, for all n.

(ii) Let (sn)n∈N be decreasing. Then sn → ` if and only if ∃M such that
sn ≥ M, for all n.
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The Euler sequence

Definition
The sequence (sn)n∈N with

sn =
(
1 +

1
n

)n

is called the Euler sequence.
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Sequences: the Euler sequence
Properties

• Euler sequence is defined by

sn =
(
1 +

1
n

)n

.

It can be proved that:

• sn < sn+1 for all n, i.e. Euler sequence is (strictly) increasing (For a
rigorous proof see Lecture Notes).

• 2 ≤ sn < 3 for all n, i.e. Euler sequence is bounded from above and
below.

In particular

Increasing + bounded from above ⇒ There exists lim
n→∞

(
1 +

1
n

)n

= e.

Besides, 2 < e < 3. The number e is called the Euler’s number or Neper’s
number.
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The Euler sequence
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The Euler sequence

Exercise Compute

lim
n→∞

(
1 +

7
n2

)n2

.

Solution. Recall that lim
m→+∞

(
1 +

1
m

)m

= e.

In order to recover this expression we set 1
m = 7

n2 , then

m =
n2

7
7m = n2 and n→∞ implies m→∞.

Then we make a change of variable and get

lim
n→∞

(
1 +

7
n2

)n2

= lim
m→∞

(
1 +

1
m

)7 m

lim
m→∞

((
1 +

1
m

)m)7

= e7.
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The Geometric sum

Let x ∈ R and consider the following sum:

Sn(x) = 1 + x + x2 + x3 + · · ·+ xn

Recall that Sn(x) can be re-written using the “summation” symbol:

Sn(x) =
n∑

k=0

xk

The above sum is called Geometric sum.

Question: What is the result of this sum?
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The Geometric sum
The result can be easily found. Recall that:

Sn(x) = 1 + x + x2 + x3 + · · ·+ xn

Multiply both sides of the above equation by x:

xSn(x) = x + x2 + x3 + x4 + · · ·+ xn+1

Now, subtract the first equation from the second:

xSn(x) − Sn(x) = xn+1
− 1

and therefore:

Sn(x) =
xn+1

− 1
x − 1

Thus, we can write:

Sn(x) =
n∑

k=0

xk =
xn+1

− 1
x − 1
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The Geometric sum: examples
Examples

• Assume that we want to compute:

1 +
1
2
+

(1
2

)2

+
(1
2

)3

+ · · ·+
(1
2

)10

In this case, x = 1
2 and n = 10. Thus:

S10

(1
2

)
=

(
1
2

)10+1
− 1

1
2 − 1

= 1.9990234375

• Now, let’s compute:

1 + 3 + 32 + 33 + 34 + 35

In this case, x = 3 and n = 5. Thus:

S5(3) =
35+1

− 1
3 − 1

= 364
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The Geometric series

Assume now that we want to compute Sn(x) when n becomes very large.

Observe that Sn(x) is a sequence, and thus we can try to compute its limit,
that we denote by:

∞∑
k=0

xk = lim
n→∞

Sn(x)

This limit is called Geometric series.

Using the result of the previous slide, we have:

∞∑
k=0

xk = lim
n→∞

xn+1
− 1

x − 1

We know how to compute this limit: it is the limit of the power function.

31 / 53



The Geometric series

Remind the following result:

Let x ∈ R, x , 1. Then:

lim
n→∞

xn =


0 if |x | < 1
+∞ if x > 1
@ if x ≤ −1

Thus, the limit we want to compute is given by:

∞∑
k=0

xk =


1

1−x if |x | < 1
+∞ if x > 1
@ if x ≤ −1

What if x = 1? Observe that
∑n

k=0 1k = 1 + · · ·+ 1︸       ︷︷       ︸
n+1 times

= n + 1→ +∞. It follows

that
∑
∞

k=0 xk = +∞ for x = 1.
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The Geometric series: examples

Examples

∞∑
k=0

(1
2

)k

= 1 +
1
2
+

(1
2

)2

+
(1
2

)3

+ · · · =
1

1 − 1
2

= 2

∞∑
k=0

(
−

1
2

)k

= 1 −
1
2
+

(1
2

)2

−

(1
2

)3

+ · · · =
1

1 −
(
−

1
2

) =
2
3

∞∑
k=0

2k = 1 + 2 + 22 + 23 + · · · = +∞

∞∑
k=0

(−2)k = 1 − 2 + 22
− 23 + · · · = @
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Limits of functions: the intuition

Consider the following function:

f(x) =
2x2
− 8

x − 2

The domain is D = R \ {2}.

The function is not defined in x = 2, but we can compute its value in a
neighbourhood of x = 2:

x approaching 2 from right

x = 2.1 f(x) = 8.2

x = 2.01 f(x) = 8.02

x = 2.001 f(x) = 8.002

x = 2.0004 f(x) = 8.0008

x approaching 2 from left

x = 1.9 f(x) = 7.8

x = 1.95 f(x) = 7.9

x = 1.995 f(x) = 7.99

x = 1.9991 f(x) = 7.9982
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Limits of functions: the intuition, cont’d

The function f(x) gets closer and closer to the value 8 as x gets closer and
closer to 2.

Put in other words, the distance between f(x) and 8 can be made as small
as we want by “choosing” an x sufficiently close to 2.

Thus, for any ε > 0 arbitrarily small, we can find a δ > 0 such that:

|f(x) − 8| < ε

provided that
|x − 2| < δ

Remark: Note that it must be possible to approach x0 as much as we want
through the points of the domain.
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can approach only from the right
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Importance of limits
Limits serve to answer the following questions:

• How does a function behave when x gets closer and closer to a point
x0?

• How does a function behave when x gets larger and larger?

Interesting cases are particular points of the domain:

• Points where the function is not defined, i.e. outside its domain, but
on the boundary

• +∞/ −∞, if the domain is unbounded from above/below

We will consider four cases:

• “Finite limit at a point”: limx→x0 f(x) = L

• “Finite limit at infinity”: limx→±∞ f(x) = L

• “Infinite limit at a point”: limx→x0 f(x) = ±∞

• “Infinite limit at infinite”: limx→±∞ f(x) = ±∞
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“Finite limit at a point”

Let’s first consider the case limx→x0 f(x) = L .

Definition
Let f : D ⊆ R→ R be a function. Let x0 be a limit point of D. We say that

lim
x→x0

f (x) = L

if
∀ε > 0 ∃δ > 0 : ∀x ∈ D : |x − x0| < δ, x , x0 ⇒ |f(x) − L | < ε

Remark: Note that the function is not required to be defined in x0!
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“Finite limit at a point”, cont’d

Note that the condition |x − x0| < δ can be rewritten as:

|x − x0| < δ ⇔ −δ < x − x0 < δ ⇔ x0 − δ < x < x0 + δ ⇔ x ∈ Nδ(x0)

Similarly, the condition |f(x) − L | < ε can be rewritten as:

|f(x) − L | < ε ⇔ −ε < f(x) − L < ε ⇔ L − ε < f(x) < L + ε ⇔ f(x) ∈ Nε(L)

Thus, an equivalent definition of limit of a function is:

Definition
Let f : D ⊆ R⇒ R be a function. Let x0 be a limit point of D. We say that

lim
x→x0

f (x) = L

if, for any neighborhood Nε(L), we can find a neighborhood Nδ(x0), such
that, ∀x ∈ D: x ∈ Nδ(x0), x , x0, f(x) ∈ Nε(L).
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Piecewise-defined functions

Definition
A piecewise-defined function is a function defined by multiple sub-functions
on different intervals.

Example:

f(x) =

x2 if x < 0
x if x ≥ 0
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Piecewise-defined functions: the absolute
value

A common example is the absolute value:

|x | =

x if x ≥ 0
−x if x < 0
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Piecewise-defined functions: other examples

Nevertheless, there is no limit in creating a piecewise-defined function...

f (x) =


x2 + sin (x) if x < −10
0 if − 10 ≤ x ≤ 1
− ln (x) if x > 1
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Right and left limits: the intuition

Right and left limits refer to the fact that x approaches x0 from the right or
from the left. See for instance the example in slide 2.

We say that:
lim

x→x+
0

f (x) = L

if f(x) approaches L when x approaches x0 from the right, i.e. x > x0.

We say that:
lim

x→x−0
f (x) = L

if f(x) approaches L when x approaches x0 from the left, i.e. x < x0.
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Right and left limits: the definition

Definition
Let f : D ⊆ R⇒ R be a function. Let x0 be a limit point of D. We say that

lim
x→x+

0

f (x) = L

if

∀ε > 0 ∃δ > 0 : ∀x ∈ D : 0 < x − x0 < δ, x , x0 ⇒ |f(x) − L | < ε

similarly, we say that
lim

x→x−0
f (x) = L

if

∀ε > 0 ∃δ > 0 : ∀x ∈ D : −δ < x − x0 < 0, x , x0 ⇒ |f(x) − L | < ε
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Right and left limits: an important theorem

Why are right and left limits important?
Theorem Let f : D ⊆ R⇒ R be a function. Let x0 be a limit point of D. Then
the limit

lim
x→x0

f (x) = L

exists if and only if:

lim
x→x+

0

f (x) = L and lim
x→x−0

f (x) = L .

This means that, if the right and left limits exist and are different, then we
can conclude that the limit does not exist.
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Right and left limits: an example

The sign (x) function is defined on R\{0} by:

sign (x) =
|x |
x

=

−1 if x < 0
1 if x > 0

If x > 0, then sign (x) = +1 so that:

lim
x→0+

sign (x) = +1

If x < 0, then sign (x) = −1 so that:

lim
x→0−

sign (x) = −1

Since the right and left limits are different, the limit does not exist:

@ lim
x→0

sign (x) .
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“Finite limit at infinity”

We now consider the case limx→±∞ f(x) = L

Definition
Let f : D → R be a function and let D be unbounded from above, e.g.
D = (a,+∞) or D = [a,+∞). We say that

lim
x→+∞

f (x) = L

if
∀ε > 0 ∃M > 0 : ∀x ∈ D : x > M ⇒ |f(x) − L | < ε

We say that f(x) has an horizontal asymptote at y = L .

Very similar to the analogous limit in the case of sequences, see Class 6.
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“Finite limit at infinity”

Definition
Let f : D → R be a function and let D be unbounded from below, e.g.
D = (−∞,a) or D = (−∞,a]. We say that

lim
x→−∞

f (x) = L

if
∀ε > 0 ∃M > 0 : ∀x ∈ D : x < −M ⇒ |f(x) − L | < ε

We say that f(x) has an horizontal asymptote at y = L .

Very similar to the analogous limit in the case of sequences, see Class 6.
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<latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit>
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<latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit>
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<latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit>
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<latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit><latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit><latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit><latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit>



0 10 20 30 40 50
0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1 + "
<latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit>
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<latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit>

M
<latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit><latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit><latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit><latexit sha1_base64="OknGFQkULsmJJrlL5IoAvPJhkzY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04kVIwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANDhJFW</latexit>



“Infinite limit at a point”

It may happen that a function becomes larger and larger when x
approaches a point x0.

f(x) =
1

(x + 5)2

The domain is D = R \ {−5}. What happens when x approaches −5?

x approaching −5 from right

−4.9 100

−4.95 400

−4.99 1000

−4.999 100000

−4.9999 100000000

x approaching −5 from left

−5.1 100

−5.05 400

−5.005 40000

−5.0005 4000000

−5.0001 100000000
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“Infinite limit at a point”

We now consider the case limx→x0 f(x) = ±∞

Definition
Let f : D ⊆ R→ R be a function and let x0 be a limit point of D. We say that

lim
x→x0

f (x) = +∞

if
∀K > 0 ∃δ > 0 : ∀x ∈ D : |x − x0| < δ, x , x0 ⇒ f(x) > K

We say that f(x) has an vertical asymptote at x = x0.

Intuitively, the definition means that f(x) can be made larger than any
positive number K , provided that x is sufficiently close to x0.
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“Infinite limit at a point”

Definition
Let f : D ⊆ R→ R be a function and let x0 be a limit point of D. We say that

lim
x→x0

f (x) = −∞

if
∀K > 0 ∃δ > 0 : ∀x ∈ D : |x − x0| < δ, x , x0 ⇒ f(x) < −K

We say that f(x) has an vertical asymptote at x = x0.

Intuitively, the definition means that f(x) can be made lower than any
negative number −K , provided that x is sufficiently close to x0.
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x0 = 0
<latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit>
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<latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit>

x0 = 0
<latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit>



-1 -0.5 0 0.5 1
0

20

40

60

80

100

K
<latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit>

x0 = 0
<latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit>

+�
<latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit><latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit><latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit><latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit>

��
<latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit><latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit><latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit><latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit>
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<latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit><latexit sha1_base64="luPhy8t3eAU/nf4asF/VPTz4Tcc=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj0InhJwDwgWcLspBOHzD6Y6RFCyBd41ZM38eoHefBf3F33oIl1Kqq66eoKEiUNue6ns7K6tr6xWdoqb+/s7u1XDg7bJrZaYEvEKtbdgBtUMsIWSVLYTTTyMFDYCSY3md95RG1kHN3TNEE/5ONIjqTglErNu0Gl6tbcHGyZeAWpQoHGoPLVH8bChhiRUNyYnucm5M+4JikUzst9azDhYsLH2EtpxEM0/iwPOmen1nCKWYKaScVyEX9vzHhozDQM0smQ04NZ9DLxP69naXTlz2SUWMJIZIdIKswPGaFl2gCyodRIxLPkyGTEBNecCLVkXIhUtGkl5bQPb/H7ZdI+r3luzWteVOvXRTMlOIYTOAMPLqEOt9CAFghAeIJneHGs8+q8Oe8/oytOsXMEf+B8fANAZpFU</latexit>

x0 = 0
<latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit><latexit sha1_base64="awH3VIyJsOWKDWiQt5BFMsH8SNY=">AAAB93icbVBNS8NAFNz4WetX1aOXxSJ4KhsR9CIUvXisYNpCG8pm+1qXbjZh90Usob/Bq568iVd/jgf/i0nMQVvnNMy8x5s3QaykRcY+naXlldW19cpGdXNre2e3trfftlFiBHgiUpHpBtyCkho8lKigGxvgYaCgE0yuc7/zAMbKSN/hNAY/5GMtR1JwzCTvccAu2aBWZw1WgC4StyR1UqI1qH31h5FIQtAoFLe257IY/ZQblELBrNpPLMRcTPgYehnVPATrp0XYGT1OLMeIxmCoVLQQ4fdGykNrp2GQTYYc7+28l4v/eb0ERxd+KnWcIGiRH0KpoDhkhZFZC0CH0gAiz5MDlZoKbjgiGEm5EJmYZLVUsz7c+e8XSfu04bKGe3tWb16VzVTIITkiJ8Ql56RJbkiLeEQQSZ7IM3lxps6r8+a8/4wuOeXOAfkD5+Mbps2SpQ==</latexit>

+�
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“Infinite limit at a point”: right and left limits

The concept of right and left limits can be introduced even in the “infinite
limit at a point” case. For instance, in the case limx→x+

0
f(x) = +∞, we have:

Definition
Let f : D ⊆ R⇒ R be a function. Let x0 be a limit point of D. We say that

lim
x→x+

0

f (x) = +∞

if
∀K > 0 ∃δ > 0 : ∀x ∈ D : 0 < x − x0 < δ, x , x0 ⇒ f(x) > K

Remark: Even in this case, the limit exists if and only if the right and left
limits exist and are equal. If the limit does not exists, but at least one
between the right and left limits are ±∞, we still say that the function has
a vertical asymptote.
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“Infinite limit at a point”: right and left limits

We have: limx→0−
1
x = −∞ and limx→0+

1
x = +∞. Therefore, the limit does

not exists, however we say that the function has a vertical asymptote in
x = 0.
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Infinite limit at infinity
This case covers four sub-cases:

1 limx→+∞ f(x) = +∞

2 limx→−∞ f(x) = −∞

3 limx→+∞ f(x) = −∞

4 limx→−∞ f(x) = +∞

Definitions are very intuitive. For instance, let’s consider the case
limx→+∞ f(x) = +∞

Definition
Let f : D → R be a function and let D be unbounded from above. We say
that: limx→+∞ f(x) = +∞ if

∀K > 0 ∃M > 0 : ∀x ∈ D : x > M ⇒ f(x) > K
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