“Practical rules” and indeterminate forms,

contd

Compute the following limit

lim (n? — n)

n—oo

Solution
We have an indeterminate form +co — 0.
To find the limit, we put in evidence the highest power:

-1

—_—

n-n = n? (1—1)—>—|—oo
—— n

——400

We use the same technique to compute the limit of polynomials of higher
degree:

nP-n*+2n-5 = n5(1——+£—%)—>+oo
n* n



“Practical rules” and indeterminate forms,

contd

Compute the following limit

lim (\/n2 +n- n)
n—oo

Solution

We have Vn2 + n — 400 so the limit is of the form +oc0 — 00 and is
undetermined.

To solve it, we use the following trick:

(V- n) (VT 7+ n)

\/n2+n—n) =
( Vn2+n+n
_ nm+n-n n
Vvn2+n+n Nn24+n+n
n 1

1
2

= = —_

n( 1+‘5+1) ( 1+%+1)



“Practical rules” and indeterminate forms,

contd

Compute the following limit

lim (\/n2 +100n - n)

n—oo

Solution
As in the previous exercise, we have an indeterminate form -+oco — co.
To find the limit, we use the same trick:
(V7705 (VA2 + 1007 - n) (Vi T 1007 + n)
Vn2 +100n+n
n?+100n-n? 100n
V2 +100n+n Vm2+100n+n

100 100

o) ()




“Practical rules” and indeterminate forms,

3n" —8nf+15n* —10n

li ?
o 12n—4n?
Solution
30 —8n° + 15 —1on 1 (3-8n7" +15n~* —10n°)
12n— 4n’ - n’ (12n6 — 4)

(3 ~8(2)+15(2)" - 10(%)6)
(12(%)6—4)

The terms in 1/n tend to zero. Thus, we have:

fim 3n"—8nf +15n°* —10n 3
n—co 12n — 4n’ 4




“Practical rules” and indeterminate forms,

3n® —8n®+15n°* —10n

.
n—co 12n—4n’ ’

Solution

3n® —8n% + 15n3 — 10n n® (3—8n‘2+15n‘5—10n‘7)
12n - 4n7 n’ (12n-¢ — 4)

(3 —8(1) +15(1) - 10(%)7)
(12(‘5)6 - 4)
We get a limit of the form (-+e0) X a, with & = —2 and thus:

i 3n® —8nf +15n°* —10n
n—e0 12n - 4n7 B

= nXx

—00



“Practical rules” and indeterminate forms,

contd

—-5n° +15n® —10n

lim ?

n—oo 12n —4n7
Solution
—5n% + 1513 — 10n ne(—5+15n‘3—10n‘5)
12n—4n’ - n” (12n76 — 4)

1 3 1 5
1 (—5+15(5) —10(5))
n” 1\

(12(3) —4)
We get a limit of the form 0 x a, with o = % and thus:

lim —-5nf +15n® —10n 0
n—eo 12n — 4n7 B




The comparison theorem

Theorem (Comparison Theorem)

Let (an)nen, (Sn)nen, (bn)nen be three sequences such that
an < s, < by

The following three results hold:
e |[fa, —» ¢andb, — € then also s, — ¢
e |fa, —» +oo then also s, — +o0

® |[fb, —» —oo then also s, —» —



The notable limit: lim,_. nsin

lim nsin (1) =1
n

n—oo

Proof:
Notice that we have an indeterminate form +co x 0.

We exploit the following key inequality:
1 A
cos(—) <nsin (—) <1
n n

Let's set a, = cos (), s, = nsin(1) and b, = 1.

Since a, — 1 and b, — 1, the comparison theorem implies that s, — 1.



The notable limit: lim,_. nsin

1,1

1 A A A & ﬁ a a
| ]
]
0,9
]

0,8

0,7

0,6

[ ]

0,5

0 1 2 3 4 5 [ 7

e Green sequence

e Orange sequence

e Blue sequence a, = cos (%)



The key inequality: cos

For small angles 0, the length of the arc PA is between the length of
segments PH and BA:

PH<PA<BA

sin(0) < 6 <tan(0)
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The key inequality: cos

Dividing all members by sin(0) leads to

1< o < 1
~ sin(0) ~ cos(0)
Taking the reciprocals we obtain

cos(0) < %(6) <1

Finally, we set 6 = 1 and get
1 A
cos(—) < nsin (—) <1
n n

This is the end of the proof.
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: . (1
e lim nsin (—) =1
n—oo n

1 1
e i 2 _ A |
r!'_rlln (1 cos(n)) 5

1
o If s, — 0, then lim snsin<_) 1
n—oo Sn

1

”
° ; 2 _ Ihed
If s, — 0, then n'E'l,(S") (1 cos(Sn)) 5



Notable limits

LetaeR,a#1. Then:

0 if la] < 1
nlima”: +oo ifa>1
A ifa<-1

Notice that for the case a = —1 we obtain the well known limit

; _1\n
i (1)

which does not exist!
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Consider the sequence (Sp)nen With s, = 2".

oo o0 0000000008 ?®
2 4 [ 8 10 12 14 16 18 20

It is easy to see that
lim 2" = +c0

n—oo

Exercise Prove the above limit using the definition.
14/53



Consider the sequences (Sp)nen With s, = (%)n and (pn)nen With p, = (—%)n

R R B B B S B Y
g o 12 1 15 18 W0

* % o0 00000000000
FE 8 10 1 14 1 18 0 08

Figure: sp = (%)n Figure: pp = (—%)n
Then, we get that

. 1\" ) 1\"
lim (5) =0 and lim (—5) =0

n—oo n—oo

Exercise Prove the above limits using the definition.
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Consider the sequences (Sp)nen With s, = (-2)" .

n s_n
1 -2
2 4
1500000 3 -8
1000000 * X =
5 -32
500000 6 64
* 7 -128
0 R R I R N S B
0 2 4 6 g 10 12 14 1% 8 256
- 9 —od2
10 1024
11 -2048
12 4096
13 -8192
. 14| 16384
2500000 15 ~32768
16 65536
. 17| -131072
Figure: sp = (-2)"
9 n=(-2) 18] 262144
19| -524288
Then, we get that 20| 1048576
Ali 2)"
Im (— 21| -2097152
n—.oo

Exercise Prove that the above limit does not exist.
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The factorial

Definition
Let n € IN. The factorial is defined as:

n=1.2-3-...-(n-1)-n
and 0! =1

Examples

o 11=1

e 21=1.2=2

e 31=1.2.3=6
41=1.2.-3-4=24
5/=1.2.3-4-5=120
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Notable limits, cont’d

The following notable limits hold:
/oga -0

® Vb >0,Ilim,_
o Vb>0anda>1,|imn_mg—’;:0
e Va>1,limpwd =0
o limpe =0
Note that the above results imply:
o Vb >0, liMy e gl = liMy o ,gi = +o0

e Vb>0anda> 1, liMp e & = liMy_e & = +00
° Va>1,limn_,m57hmn_, o — o0

. n" . 1
° ||mn_>m = ||mn_>oo -r = +00
’ nn
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Notable limits, cont’d

The above results can be interpreted in terms of “speed” of divergence:

o limy e logjb(”) —0 = The power diverges faster than the logarithm

b

® lim,.. 25 =0 = The exponential diverges faster than the power
® limy_e % =0 = The factorial diverges faster than the exponential

e lim, & =0 = n"diverges faster than the factorial

At +co we have the following “order of infinity”

log(n)< ¥n<Vn<n<n?<n®<...<2"<e"<3"<...<nl<n"
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log(n)

0,69
1,09
1,38
1,60
1,79
1,94
2,07
2,19
2,30
2,39
2,48
2,56
2,63
2,70
2,77
2,83
2,89
2,94
2,99

\n

1,41
1,73

2,23
2,44
2,64
2,82

3,16
3,31
3,46
3,60
3,74
3,87

4,12
4,24
4,35
4,47

O 0N ULD WNE

NP R RERRE R R R
O LW NOUIDEWNERELO

O B -

16
25
36
49
64
81
100
121
144
169
196
225
256
289
324
361
400

27’1.

o BN

16

32

64

128
256
512
1024
2048
4096
8192
16384
32768
65536
131072
262144
524288
1048576

AN -

24

120

720
5040
40320
362880
3628800
39916800
4,79E+08
6,23E+09
8,72E+10
1,31E+12
2,09E+13
3,56E+14
6,4E+15
1,22E+17
2,43E+18



Examples, cont'd

Examples

-0
—
log,(n)

14
3" +1
lim M lim 3n—3":o
n—oo n_ n—oo |
— 400

, ni 1
lim ————— = |lim
n=e log,(n™00)  n=e 100 |092( )

al~

-0
—_—
11200000
nl 4 200000 1+ pY
lim =n! — =0
n—oo nn nn

Put always in evidence the term diverging faster!
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Increasing/Decreasing sequences

A sequence (Sp)nen is said to be
e strictly increasing if s, < s, for all n.
® increasing if s, < sp.1 for all n.
e strictly decreasing if s, > sp1 for all n.

e decreasing if s, > s,.1 for all n.

(i) Let(sn)nen be increasing. Then s, — € if and only if AM such that
Sp < M, for all n.

(i) Let (sn)new be decreasing. Then s, — ¢ if and only if AM such that
sp > M, for all n.



The Euler sequence

The sequence (Sp)nen With

is called the Euler sequence.
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Sequences: the Euler sequence

Properties

e Euler sequence is defined by )
Snp = (1 + l) .
n

It can be proved that:

® s, < s, forall n,i.e. Euler sequence is (strictly) increasing (For a
rigorous proof see Lecture Notes).

e 2 < s, < 3forall n,i.e. Euler sequence is bounded from above and
below.

In particular

. . . 1"
Increasing + bounded from above = There eX|stsnI|m (1 + ﬁ) =e.

Besides, 2 < e < 3. The number e is called the Euler’'s number or Neper’s

number.
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The Euler sequence

Euler Sequence

PPPPTTYYYTIITLIL AL AL AL A4 4
o0?®
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The Euler sequence

Exercise Compute
n2

. , 1\"
Solution. Recall that lim (1 + —) =e.
m—+oo m ;

In order to recover this expression we set + = %, then

n? 5 o
m:7 m=n and n — ocoimplies m — co.

Then we make a change of variable and get

7 n? 1 7m 1 m\7
lim (1 +—2) ~ lim (1 +—) lim ((1 +—) ) _ .
n—oo n m—oo m m—oo m
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The Geometric sum

Let x € R and consider the following sum:
So(x) =1+ Xx+x2+ x>+ 4+ x"

Recall that S,(x) can be re-written using the “summation” symbol:

n

Sn(x) = Z XX

k=0
The above sum is called Geometric sum.

Question: What is the result of this sum?
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The Geometric sum

The result can be easily found. Recall that:
So(X) =14+ x+x2+x3+---4x"
Multiply both sides of the above equation by x:
xSn(X) = x4+ x2 + x3 4 x* .. 4 x"T
Now, subtract the first equation from the second:
xSn(X) = Sp(x) = x"1 -1

and therefore:
Xn+1 -1

Sn(x) =

x -1
Thus, we can write:
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The Geometric sum: examples

Examples

e Assume that we want to compute:
1 1 2 1 3 1 10
1+3+(3) +z) =+ (3)

In this case, x = § and n = 10. Thus:

1 10+1
(3 -
Sto5) = = — 19990234375

e Now, let's compute:
143432435 +3%43°

In this case, x = 3 and n = 5. Thus:

3541 1

Ss(3) = —3—1— = 364

30/53



The Geometric series

Assume now that we want to compute S,(x) when n becomes very large.

Observe that Sp(x) is a sequence, and thus we can try to compute its limit,
that we denote by:

(e8]

Y xk = lim Sy(x)

n—oo
k=0

This limit is called Geometric series.
Using the result of the previous slide, we have:

R G
ZX = lim ﬁ

n—oo —
k=0

We know how to compute this limit: it is the limit of the power function.
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The Geometric series

Remind the following result:

Letx e R, x # 1. Then:

0 if [x] <1
lim x"={+4o00 ifx>1
n—oo

A if x < —1

Thus, the limit we want to compute is given by:

" L ifx <1
XK =340 ifx>1
k=0 A if x < —1

What if x = 1? Observe that Yy _o 1K =1+---+1=n+1—> +oo. It follows
| —
n+1 times

that Y i_o XK = oo for x = 1.

32/53



The Geometric series: examples

Examples

2K =1424+22 428 4. = 40
k=0

Y (2 =1-2422-224... =1
k=0
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Limits of functions: the intuition

Consider the following function:

2x%2 -8

The domainis D = R\ {2}.

The function is not defined in x = 2, but we can compute its value in a
neighbourhood of x = 2

x approaching 2 from right x approaching 2 from left

x =21 f(x) = x=19 f(x ):78

x =2.01 f(x) = 8.02 x=1.95 f(x) =

x = 2.001 f(x) = 8.002 x=1.995 | f(x)=7.99
(x) = (x) =

x =2.0004 | f(x)=8.0008 x =1.9991 | f(x)=7.9982
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Limits of functions: the intuition, cont’d

The function f(x) gets closer and closer to the value 8 as x gets closer and
closer to 2.

Put in other words, the distance between f(x) and 8 can be made as small
as we want by “choosing” an x sufficiently close to 2.

Thus, for any € > 0 arbitrarily small, we can find a 6 > 0 such that:
If(x) -8l <e¢
provided that
X =2| <6

Remark: Note that it must be possible to approach xy as much as we want
through the points of the domain.
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2,5

1,5

0,5

0,5

fl) =x

x can approach x, = 0 only from the right









s X can

approach 0
from the left
and from
the right.



Importance of limits

Limits serve to answer the following questions:

e How does a function behave when x gets closer and closer to a point
Xo?

e How does a function behave when x gets larger and larger?
Interesting cases are particular points of the domain:

e Points where the function is not defined, i.e. outside its domain, but
on the boundary

® oo/ — oo, if the domain is unbounded from above/below
We will consider four cases:

e “Finite limit at a point™: limy_x, f(x) =L

e “Finite limit at infinity”: limy_.. f(x) =L

e “Infinite limit at a point”: limy_x, f(x) = oo

e “Infinite limit at infinite”: limy_,.+ f(X) = +o0
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“Finite limit at a point”

Let’s first consider the case limy_y, f(x) = L.

Definition
Letf: D € R — R be a function. Let xp be a limit point of D. We say that

lim f(x) =L

X—Xo

YVe>0 F6>0: VxeD:|[x—x|<6 x#x0 = |f(x)-L|<e

Remark: Note that the function is not required to be defined in xp!
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“Finite limit at a point”, cont'd

Note that the condition [x — xp| < 6 can be rewritten as:

X=Xl <0 ©& -0<Xx—-X<0 & X—-0<Xx<Xp+06 & xe Nys(xo)
Similarly, the condition |f(x) — L| < e can be rewritten as:
If(x)-Ll<e & —e<f(X)-L<e & L-e<f(x)<L+e & f(x)eN(L)

Thus, an equivalent definition of limit of a function is:

Definition
Letf: D C R = R be a function. Let xp be a limit point of D. We say that

lim f(x)=L

X—Xp

if, for any neighborhood N,(L), we can find a neighborhood N;s(xp), such
that, Vx € D: x € Ns(Xp), X # Xo, f(x) € Ne(L).
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f(w) = sin(z) /2

1.4

1.2

-0.4
-10

1'0:0

10



-0.4

-10 -5 0~

10
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Piecewise-defined functions

Definition
A piecewise-defined function is a function defined by multiple sub-functions
on different intervals.

Example:
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x2  ifx<0

f(x):{x ifx=0




x2  ifx<0

f(x):{x ifx=0

@




Piecewise-defined functions: the absolute

value

A common example is the absolute value:

X ifx>0
IX| = .
-x ifx<0
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-25

fQ) = x|

20

0

25



Piecewise-defined functions: other examples

Nevertheless, there is no limit in creating a piecewise-defined function...

x?+sin(x) ifx<-10
f(x) =40 if —10<x<1
—In(x) if x >1
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Right and left limits: the intuition

Right and left limits refer to the fact that x approaches x, from the right or
from the left. See for instance the example in slide 2.
We say that:

lim f(x)=1L

x—x5
if f(x) approaches L when x approaches xp from the right, i.e. x > xo.
We say that:

lim f(x)=1L

X—>XU_

if f(x) approaches L when x approaches X from the left, i.e. x < Xo.

42/53



Right and left limits: the definition

Let f: D C R = IR be a function. Let xo be a limit point of D. We say that
lim f(x)=L

X—)X0

YVe>0 J6>0: VxeD:0<x—-Xx9<0, XX = |f(x)-L|<e

similarly, we say that
lim f(x) =L

X—>X0

YVe>0 F6>0: VxeD:-6<x-Xx<0,x#xo = |f(x)-L|<e



Right and left limits: an important theorem

Why are right and left limits important?
Theorem Let f: D € R = R be a function. Let xp be a limit point of D. Then
the limit

lim f(x)=1L

X—Xo

exists if and only if:

lim f(x)=L and lim f(x)=L.

T _
X=X X—=Xg

This means that, if the right and left limits exist and are different, then we
can conclude that the limit does not exist.
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Right and left limits: an example

The sign (x) function is defined on R\{0} by:

. x| -1 ifx<0
g0 =711 x>0

If x > 0, then sign (x) = +1 so that:
XlLrg+ sign (x) = +1
If x <0, then sign (x) = —1 so that:
XILrT()]_ sign (x) = -1
Since the right and left limits are different, the limit does not exist:

i Iirr‘(l) sign (x).
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f(x) = sign (x)
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“Finite limit at infinity”

We now consider the case limy_,. f(x) = L

Definition

Let f: D — IR be a function and let D be unbounded from above, e.g.
D = (a,+c) or D = [a, +0). We say that

lim f(x)=L

X——+o0

YVe>0 AM>0: VxeD:x>M = |[f(x)-L|<e

We say that f(x) has an horizontal asymptote at y = L.

Very similar to the analogous limit in the case of sequences, see Class 6.
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“Finite limit at infinity”

Definition
Let f: D — R be a function and let D be unbounded from below, e.g.
D = (-, a) or D = (-0, a]. We say that

Jim 109 =L

YVe>0 IM>0: VxeD:x<-M = |f(x)-L|<e
We say that f(x) has an horizontal asymptote at y = L.

Very similar to the analogous limit in the case of sequences, see Class 6.
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“Infinite limit at a point”

It may happen that a function becomes larger and larger when x
approaches a point xp.

f(x) =

]
(x+ 52

The domainis D = R\ {-5}. What happens when x approaches —57?

x approaching —5 from right

-4.9
-4.95
-4.99
-4.999
—-4.9999

100

400

1000
100000
100000000

x approaching -5 from left

-5.1
-5.05
-5.005
-5.0005
-5.0001

100

400

40000
4000000
100000000
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1
f(X) = m =>D= (—00,—5) U (—5,+OO)



1
f(X) = m =>D= (—00,—5) U (—5,+OO)




“Infinite limit at a point”

We now consider the case limy_,x, f(Xx) = +co

Definition
Letf: D € R — R be a function and let xp be a limit point of D. We say that

lim f(x) = +oo

X—Xo

VK>0 36>0: VxeD:|x—x| <9 x#x0 = f(x)>K

We say that f(x) has an vertical asymptote at x = xg.

Intuitively, the definition means that f(x) can be made larger than any
positive number K, provided that x is sufficiently close to xp.
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“Infinite limit at a point”

Definition
Letf: D C R — R be a function and let xp be a limit point of D. We say that

lim f(x) = —c0

X—Xo

YVK>0 36>0: VxeD:[x—xo <06 x#X = f(x)<-K

We say that f(x) has an vertical asymptote at x = xo.

Intuitively, the definition means that f(x) can be made lower than any
negative number —K, provided that x is sufficiently close to xp.
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“Infinite limit at a point”: right and left limits

The concept of right and left limits can be introduced even in the “infinite
limit at a point” case. For instance, in the case Iimx_>xo+ f(x) = +o0, we have:

Definition
Let f: D € R = R be a function. Let xp be a limit point of D. We say that

lim f(x) = +oo

+
X—>XO

VK>0 36>0: VxeD:0<x-Xx<06, Xx#X = f(x)>K

Remark: Even in this case, the limit exists if and only if the right and left
limits exist and are equal. If the limit does not exists, but at least one
between the right and left limits are +co, we still say that the function has
a vertical asymptote.
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“Infinite limit at a point”: right and left limits

We have: limy_,o- 1 = —co and limy_,o+ T = +o0. Therefore, the limit does
not exists, however we say that the function has a vertical asymptote in
x =0.
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Infinite limit at infinity

This case covers four sub-cases:

© limyoyo f(X) = +o0

O My f(X) = +o0

Definitions are very intuitive. For instance, let’s consider the case
liMxo 400 F(X) = +00

Definition
Let f: D — R be a function and let D be unbounded from above. We say
that: limy— o f(X) = +oo if

YVK>0 AM>0: VxeD:x>M = f(x)>K
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