
Limits of functions: the intuition

Consider the following function:

f (x) =
2x2 − 8

x − 2

The domain is D = R \ {2}.
The function is not defined in x = 2, but we can compute its value in a
neighbourhood of x = 2:

x approaching 2 from right

x = 2.1 f (x) = 8.2

x = 2.01 f (x) = 8.02

x = 2.001 f (x) = 8.002

x = 2.0004 f (x) = 8.0008

x approaching 2 from left

x = 1.9 f (x) = 7.8

x = 1.95 f (x) = 7.9

x = 1.995 f (x) = 7.99

x = 1.9991 f (x) = 7.9982
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Limits of functions: the intuition, cont’d

The function f (x) gets closer and closer to the value 8 as x gets closer and
closer to 2.

Put in other words, if x is sufficiently close to s, then the distance between f (x)
and 8 is small.

Thus, for any ε > 0 arbitrarily small, we can find a δ > 0 such that:

|f (x)− 8| < ε

provided that
|x − 2| < δ
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Importance of limits

Limits serve to answer the following questions:

• How does a function behave when x gets closer and closer to a point x0?

• How does a function behave when x gets larger and larger?

Interesting cases are particular points of the domain:

• Points where the function is not defined, i.e. outside its domain, but on
the boundary

• +∞/−∞, if the domain is unbounded from above/below

We will consider four cases:

• “Finite limit at a point”: limx→x0 f (x) = `

• “Finite limit at infinity”: limx→±∞ f (x) = `

• “Infinite limit at a point”: limx→x0 f (x) = ±∞
• “Infinite limit at infinite”: limx→±∞ f (x) = ±∞
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Finite limit at a point

Intuitively, we say that

lim
x→x0

f (x) = `

if f (x) gets close to l when x approaches x
Remark: Approach... How?
Through points of the domain!
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“Finite limit at a point”: limx→x0 f (x) = `

Definition

Let f : D ⊆ R→ R be a function. Let x0 be a limit point of D. We say that

lim
x→x0

f (x) = `

if

∀ε > 0 ∃δ > 0 : ∀x ∈ D : |x − x0| < δ, x 6= x0 ⇒ |f (x)− `| < ε

Remark: Note that the function is not required to be defined in x0!
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1 + "
<latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit>

1 � "
<latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit>

+�
<latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit><latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit><latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit><latexit sha1_base64="ntVl+WBc67JWX2LdYrG98/Ph4fY=">AAAB+XicbVBNS8NAEN3Ur1q/qh69LBZBEEoigh6LXjxWsB/QljLZTuvSzSbsToQS+iO86smbePXXePC/mMQctPWdHu/NMG+eHylpyXU/ndLK6tr6RnmzsrW9s7tX3T9o2zA2AlsiVKHp+mBRSY0tkqSwGxmEwFfY8ac3md95RGNlqO9pFuEggImWYymAUqlz1h+hIhhWa27dzcGXiVeQGivQHFa/+qNQxAFqEgqs7XluRIMEDEmhcF7pxxYjEFOYYC+lGgK0gySPO+cnsQUKeYSGS8VzEX9vJBBYOwv8dDIAerCLXib+5/ViGl8NEqmjmFCL7BBJhfkhK4xMe0A+kgaJIEuOXGouwAARGslBiFSM02IqaR/e4vfLpH1e99y6d3dRa1wXzZTZETtmp8xjl6zBblmTtZhgU/bEntmLkzivzpvz/jNacoqdQ/YHzsc3sE2T1g==</latexit>

��
<latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit><latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit><latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit><latexit sha1_base64="TKOOpo+LRZA7tRB/pOIeMosXbOY=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGiTykJIrWl0045Xy27tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjR0pact1Pp7Syura+Ud6sbG3v7O5V9w/aNoyNwJYIVWi6PlhUUmOLJCnsRgYh8BV2/OlN5nce0VgZ6nuaRTgIYKLlWAqgVOqc9UeoCIbVmlt3c/Bl4hWkxgo0h9Wv/igUcYCahAJre54b0SABQ1IonFf6scUIxBQm2EuphgDtIMnjzvlJbIFCHqHhUvFcxN8bCQTWzgI/nQyAHuyil4n/eb2YxleDROooJtQiO0RSYX7ICiPTHpCPpEEiyJIjl5oLMECERnIQIhXjtJhK2oe3+P0yaZ/XPbfu3V3UGtdFM2V2xI7ZKfPYJWuwW9ZkLSbYlD2xZ/biJM6r8+a8/4yWnGLnkP2B8/ENs3eT2A==</latexit>



Piecewise-defined functions

Definition

A piecewise-defined function is a function defined by multiple sub-functions on
different intervals.

Example:

f (x) =

{
x2 if x < 0

x if x ≥ 0
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Piecewise-defined functions: the absolute value

A common example is the absolute value:

|x | =

{
x if x ≥ 0

−x if x < 0
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Piecewise-defined functions: other examples

Nevertheless, there is no limit in creating a piecewise-defined function...
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Right and left limits: the intuition

Right and left limits refer to the fact that x approaches x0 from the right or
from the left.

We say that:
lim

x→x+
0

f (x) = `

if f (x) approaches ` when x approaches x0 from the right, i.e. x > x0.

We say that:
lim

x→x−
0

f (x) = `

if f (x) approaches L when x approaches x0 from the left, i.e. x < x0.
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Right and left limits: the definition

Definition

Let f : D ⊆ R⇒ R be a function. Let x0 be a limit point of D. We say that

lim
x→x+

0

f (x) = `

if

∀ε > 0 ∃δ > 0 : ∀x ∈ D : 0 < x − x0 < δ, x 6= x0 ⇒ |f (x)− `| < ε

similarly, we say that
lim

x→x−
0

f (x) = `

if

∀ε > 0 ∃δ > 0 : ∀x ∈ D : −δ < x − x0 < 0, x 6= x0 ⇒ |f (x)− `| < ε
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Right and left limits: an important theorem

Why are right and left limits important?

Theorem

Let f : D ⊆ R⇒ R be a function. Let x0 be a limit point of D. Then the limit

lim
x→x0

f (x) = `

exists if and only if:

lim
x→x+

0

f (x) = ` and lim
x→x−

0

f (x) = `.

This means that, if the right and left limits exist and are different, then we can
conclude that the limit does not exist.
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Right and left limits: an example

The sign (x) function is defined on R\{0} by:

sign (x) =
|x |
x

=

{
−1 if x < 0

1 if x > 0

If x > 0, then sign (x) = +1 so that:

lim
x→0+

sign (x) = +1

If x < 0, then sign (x) = −1 so that:

lim
x→0−

sign (x) = −1

Since the right and left limits are different, the limit does not exist:

@ lim
x→0

sign (x) .
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“Finite limit at infinity”: limx→+∞ f (x) = `

Definition

Let f : D → R be a function and let D be unbounded on the right, e.g.
D = (a,+∞) or D = [a,+∞). We say that

lim
x→+∞

f (x) = `

if
∀ε > 0 ∃K > 0 : ∀x ∈ D : x > K ⇒ |f (x)− `| < ε

In this case we say that the line with equation y = ` is an horizontal asymptote
at +∞
Important: Notice that this case is very similar to limits of sequences. Here K
plays the role as n∗

13 / 67



“Finite limit at infinity”: limx→−∞ f (x) = `

Definition

Let f : D → R be a function and let D be unbounded on the left, e.g.
D = (−∞, b) or D = (−∞, b]. We say that

lim
x→−∞

f (x) = `

if
∀ε > 0 ∃K > 0 : ∀x ∈ D : x < −K ⇒ |f (x)− `| < ε

In this case we say that the line with equation y = ` is an horizontal asymptote
at −∞
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“Infinite limit at a point”

It may happen that a function becomes larger and larger when x approaches a
point x0.

f (x) =
1

(x + 5)2

The domain is D = R \ {−5}. What happens when x approaches −5?

x approaching −5 from right

−4.9 100

−4.95 400

−4.99 1000

−4.999 100000

−4.9999 100000000

x approaching −5 from left

−5.1 100

−5.05 400

−5.005 40000

−5.0005 4000000

−5.0001 100000000
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“Infinite limit at a point”

We now consider the case limx→x0 f (x) = ±∞

Definition

Let f : D ⊆ R→ R be a function and let x0 be a limit point of D. We say that

lim
x→x0

f (x) = +∞

if
∀M > 0 ∃δ > 0 : ∀x ∈ D : |x − x0| < δ, x 6= x0 ⇒ f (x) > M

In this case we say that the line with equation x = x0 is a vertical asymptote
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𝑓 𝑥 =
𝑥2 + 1

𝑥2
 



𝑓 𝑥 =
𝑥2 + 1

𝑥2
 

𝑴 



𝑓 𝑥 =
𝑥2 + 1

𝑥2
 

−𝛿     𝛿 

𝑴 



𝑓 𝑥 =
𝑥2 + 1

𝑥2
 

−𝛿     𝛿 

𝑴 

If −𝛿 < 𝑥 < 𝛿 
Then 𝑓 𝑥 > 𝑀 



“Infinite limit at a point”

Definition

Let f : D ⊆ R→ R be a function and let x0 be a limit point of D. We say that

lim
x→x0

f (x) = −∞

if

∀M > 0 ∃δ > 0 : ∀x ∈ D : |x − x0| < δ, x 6= x0 ⇒ f (x) < −M

In this case we say that the line with equation x = x0 is a vertical asymptote
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𝑓 𝑥 = −
𝑥2 + 1

𝑥2
 

−𝛿     𝛿 

-𝑴 

If −𝛿 < 𝑥 < 𝛿 
Then 𝑓 𝑥 < −𝑀 



“Infinite limit at a point”: right and left limits

The concept of right and left limits can be extended to the case of “infinite limit
at a point”.

Theorem

Let f : D ⊆ R⇒ R be a function. Let x0 be a limit point of D. We say that

lim
x→x0

f (x) = +∞

if and only if: lim
x→x+

0

f (x) = +∞ and lim
x→x−

0

f (x) = +∞. We also say that

lim
x→x0

f (x) = −∞

if and only if: lim
x→x+

0

f (x) = −∞ and lim
x→x−

0

f (x) = −∞.

Remark: If the limit does not exists (i.e. left and right limits are different), but
at least one between the right and left limits are ±∞, we still say that the
function has a vertical asymptote at x = x0.
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“Infinite limit at a point”: right and left limits

We have: limx→0−
1
x = −∞ and limx→0+

1
x = +∞. Therefore, the limit does

not exists, however (we will see this later!) we say that the function has a
vertical asymptote at x = 0.
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Infinite limit at infinity

This case covers four sub-cases:

1 limx→+∞ f (x) = +∞
2 limx→−∞ f (x) = −∞
3 limx→+∞ f (x) = −∞
4 limx→−∞ f (x) = +∞

Definitions are very intuitive. For instance limx→+∞ f (x) = +∞

Definition

Let f : D → R be a function and let D be unbounded from above. We say that:
limx→+∞ f (x) = +∞ if

∀M > 0 ∃K > 0 : ∀x ∈ D : x > K ⇒ f (x) > M

Exercise: Write the definitions of limits for the other three cases.
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𝑓 𝑥 =
𝑥3

10
 



𝑓 𝑥 =
𝑥3

10
 

𝑴 



𝑓 𝑥 =
𝑥3

10
 

𝑲 

𝑴 



𝑓 𝑥 =
𝑥3

10
 

𝑲 

𝑴 

𝑥 



𝑓 𝑥 =
𝑥3

10
 

𝑲 

𝑴 

∀𝑥 > 𝐾 

𝑓 𝑥 > M 



Computations with limits

Let f and g be functions such that

lim
x→x0

f (x) = l , lim
x→x0

g(x) = m

with l and m both finite. Then

lim
x→x0

f (x) + g(x) = l + m, lim
x→x0

f (x)− g(x) = l −m

lim
x→x0

f (x) · g(x) = l ·m

if m 6= 0, lim
x→x0

f (x)

g(x)
=

l

m
, if m = 0 and l 6= 0, lim

x→x0

f (x)

g(x)
=∞

lim
x→x0

[f (x)]p = lp, lim
x→x0

af (x) = al

if l > 0, lim
x→x0

[f (x)]g(x) = lm
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Undetermined forms

Suppose that
lim
x→x0

f (x) = +∞, lim
x→x0

g(x) = −∞.

What is limit of the sum f (x) + g(x)?

This is an undetermined form.
Undetermined forms

+∞−∞, , 0 · ∞, ∞
∞ ,

0

0
, 00, ∞0, 1∞.
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Intuitive and Notable limits

lim
x→+∞

ax =

{
+∞, if a > 1

0, if 0 < a < 1.
lim

x→−∞
ax =

{
0, if a > 1

+∞, if 0 < a < 1.

lim
x→+∞

loga(x) =

{
+∞, if a > 1

−∞, if 0 < a < 1.
lim

x→0+
loga(x) =

{
−∞, if a > 1

+∞, if 0 < a < 1.

lim
x→+∞

log x

xp
= 0, p > 0.

lim
x→+∞

xp

ax
= 0, p > 0, a > 1.

lim
x→0+

xp log x = 0.
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Intuitive and Notable limits

• f (x) = xn, n ∈ N, D = R

lim
x→+∞

xn = +∞, lim
x→−∞

xn =

{
−∞ n odd

+∞ n even

• f (x) = x−n = 1
xn , n ∈ N, D = R\{0}

lim
x→+∞

1

xn
= 0, lim

x→−∞

1

xn
= 0

lim
x→0−

1

xn
=

{
−∞ n odd

+∞ n even
, lim

x→0+

1

xn
= +∞
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Limits of powers, exponentials and logarithms

• f (x) = x
1
n = n
√
x , n ∈ N, D =

{
R if n is odd

[0,+∞) if n is even

• n odd
lim

x→+∞
n
√
x = +∞, lim

x→−∞
n
√
x = −∞

• n even
lim

x→+∞
n
√
x = +∞, lim

x→0+
n
√
x = 0

• f (x) = x−
1
n = 1

x
1
n

, n ∈ N, D =

{
R\{0} if n is odd

(0,+∞) if n is even

• n odd
lim

x→+∞
x−

1
n = 0, lim

x→−∞
x−

1
n = 0

lim
x→0−

x−
1
n = −∞, lim

x→0+
x−

1
n = +∞

• n even
lim

x→0+
x−

1
n = +∞, lim

x→+∞
x−

1
n = 0
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Intuitive and Notable limits

lim
x→+∞

(
1 +

1

x

)x

= e, lim
x→−∞

(
1 +

1

x

)x

= e

lim
x→0

log(1 + x)

x
= 1, lim

x→0

ex − 1

x
= 1, a > 0

lim
x→0

sin x

x
= 1, lim

x→0

1− cos x

x2
=

1

2
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Intuitive and Notable limits

If limx→... g(x) = +∞ (or −∞)

lim
x→...

(
1 +

1

g(x)

)g(x)

= e

If limx→... h(x) = 0

lim
x→...

log(1 + h(x))

h(x)
= 1, lim

x→...

eh(x) − 1

h(x)
= 1

lim
x→...

sin(h(x))

h(x)
= 1, lim

x→...

1− cos(h(x))

h2(x)
=

1

2

Why dots? Because what really matters is the behaviour of h(x) and g(x)!
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Exercises

Compute the following limit:

lim
x→+∞

x − 2

x2 − 3x + 2

This is an indeterminate form ∞
∞ . We use the usual trick:

x − 2

x2 − 3x + 2
=

x
(
1− 2

x

)
x2
(
1− 3

x + 2
x2

) =
1

x

1− 2
x

1− 3
x + 2

x2

→ 0

Now, compute the following limit:

lim
x→2

x − 2

x2 − 3x + 2

This time, we have an indeterminate form 0
0 . To solve these kinds of limit,

observe that the equation x2 − 3x + 2 = 0 has solutions x1 = 2, x2 = 1. We can
thus write:

lim
x→2

x − 2

x2 − 3x + 2
= lim

x→2

x − 2

(x − 2)(x − 1)
= lim

x→2

1

x − 1
= 1
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Exercises

Compute the following limit:

lim
x→+2

x2 − 4

x2 − 3x + 2

It is of the form 0
0 . Factorize both the numerator and the denominator:

lim
x→+2

x2 − 4

x2 − 3x + 2
= lim

x→+2

(x − 2)(x + 2)

(x − 2)(x − 1)
= lim

x→+2

x + 2

x − 1
= 4
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Exercises

Compute the following limit:

lim
x→+∞

√
x − 2−

√
x

It is of the form +∞−∞. Multiply and divide by
√
x − 2 +

√
x :

lim
x→+∞

√
x − 2−

√
x = lim

x→+∞

(
√
x − 2−√x)(

√
x − 2 +

√
x)√

x − 2 +
√
x

=

= lim
x→+∞

x − 2− x√
x − 2 +

√
x

=

= lim
x→+∞

−2√
x − 2 +

√
x

= 0
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Exercises

Compute the following limit:

lim
x→0

√
1 + 2x − 1

3x

It is of the form 0
0 . Multiply and divide by

√
1 + 2x + 1:

lim
x→0

√
1 + 2x − 1

3x
= lim

x→0

(
√

1 + 2x − 1)(
√

1 + 2x + 1)

3x(
√

1 + 2x + 1)
=

= lim
x→0

1 + 2x − 1

3x(
√

1 + 2x + 1)
=

= lim
x→0

2x

3x(
√

1 + 2x + 1)
=

= lim
x→0

2

3(
√

1 + 2x + 1)
=

1

3

31 / 67



Exercises

Compute the following limit:

lim
x→+∞

(
1 +

1

x

)3x

= lim
x→+∞

[(
1 +

1

x

)x]3
= e3

Compute the following limit:

lim
x→+∞

(
1 +

3

x

)x

Let g(x) = x
3 and notice that limx→+∞ g(x) = +∞ then we have:

lim
x→+∞

(
1 +

3

x

)x

= lim
x→+∞

(
1 +

1
x
3

)x

= lim
x→+∞

(
1 +

1
x
3

) x
3 ·3

= lim
x→+∞

((
1 +

1
x
3

) x
3

)3

= e3
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Exercises

Compute the following limit:

lim
x→+∞

(
1 +

7

3x

)x−1

Let g(x) = 3x
7 and notice that limx→+∞ g(x) = +∞. Then

lim
x→+∞

(
1 +

7

3x

)x−1

= lim
x→+∞

(
1 +

1
3x
7

)x−1

lim
x→+∞

(
1 +

1
3x
7

) 3x
7

7
3
(

1 +
1
3x
7

)−1
= e

7
3

33 / 67



Exercises

Compute the following limit:

lim
x→0

log(1 + 3x2)

x2

Looks similar to the notable limit:

lim
log(1 + g(x))

g(x)
= 1, with g(x)→ 0

Let g(x) = 3x2 and notice that if x → 0, then also g(x) = 3x2 → 0.

Then we have

lim
x→0

log(1 + 3x2)

x2
= lim

x→0

log(1 + 3x2)

3x2
· 3 = 1 · 3 = 3
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Exercises

Compute the following limits:

lim
x→0

sin(3x)

2x
Hint: set g(x) = 3x

lim
x→0

22x3 − 1

x3
Hint: set g(x) = 2x3

lim
x→0

sin x

x3
Hint: observe that

sin x

x3
=

1

x2
sin x

x

lim
x→0

1− cos x

x
Hint: observe that

1− cos x

x
= x

1− cos x

x2
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Asymptotes

Vertical Asymptotes

• Compute the Domain

• Look for vertical asymptotes at finite limit points of the Domain

• Compute limx→x+
0
f (x) and limx→x−

0
f (x)

• Is any of these +∞ or −∞?

• YES ⇒ x = x0 is a vertical asymptote
• NO ⇒ there is NO vertical asymptote
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Asymptotes

Horizontal Asymptotes

• Compute the Domain

• Is +∞ and/or −∞ an extreme point of the domain?

• if YES:

• Compute limx→+∞ f (x). If the limit is a finite number `1, then
y = `1 is a horizontal asymptote at +∞.

• Compute limx→−∞ f (x). If the limit is a finite number `2, then
y = `2 is a horizontal asymptote at −∞.

• if the domain is NOT unbounded or any of the limits (limx→+∞ f (x)
and/or limx→−∞ f (x)) are ∞, then there is no horizontal asymptote
(eventually only in one of the two sides).
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Limits of functions: exercises

Determine the asymptotes of the following function:

f (x) =
5− x2

x + 3

First, we determine the domain: D = R\{−3}. Thus, we compute the limit in
−3, +∞ and −∞. We have:

lim
x→−3+

5− x2

x + 3
=

5− (−3+)2

0+
= − 4

0+
= −∞

lim
x→−3−

5− x2

x + 3
=

5− (−3−)2

0−
= − 4

0−
= +∞

lim
x→+∞

5− x2

x + 3
= lim

x→+∞

x2
(

5
x2 − 1

)
x
(
1 + 3

x

) = lim
x→+∞

x

(
5
x2 − 1

1 + 3
x

)
= +∞× (−1) = −∞

lim
x→−∞

5− x2

x + 3
= lim

x→−∞

x2
(

5
x2 − 1

)
x
(
1 + 3

x

) = lim
x→−∞

x

(
5
x2 − 1

1 + 3
x

)
= −∞× (−1) = +∞
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Limits of functions: exercises

-20 -15 -10 -5 0 5 10

-40

-20

0
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40

60

The function has a vertical asymptote in x = −3. The function has no
horizontal asymptotes because limx→±∞ f (x) = ∓∞.
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Limits of functions: exercises

Determine the asymptotes of the following function:

f (x) =

√
x2 + 5

x + 1

The domain is D = R\{−1}. We compute the limit in −1, +∞, −∞.

lim
x→−1+

√
x2 + 5

x + 1
=

√
(−1+)2 + 5

0+
=

√
6

0+
= +∞

lim
x→−1−

√
x2 + 5

x + 1
=

√
(−1−)2 + 5

0−
=

√
6

0−
= −∞

lim
x→+∞

√
x2 + 5

x + 1
= lim

x→+∞

√
x2
(
1 + 5

x2

)
x(1 + 1

x )
= lim

x→+∞

|x |
x

√
1 + 5

x2

(1 + 1
x )

= 1

lim
x→−∞

√
x2 + 5

x + 1
= lim

x→−∞

√
x2
(
1 + 5

x2

)
x(1 + 1

x )
= lim

x→−∞

|x |
x

√
1 + 5

x2

(1 + 1
x )

= −1
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Limits of functions: exercises
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The function has a vertical asymptote in x = −1. The function has two
horizontal asymptotes in y = 1 and y = −1.
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Limits of functions: exercises

Determine the asymptotes of the following function:

f (x) =
x2 + 1

x2 − 1

The domain is D = R\{−1, 1}. We compute the limit in −1, 1, +∞, −∞.

lim
x→−1+

x2 + 1

x2 − 1
=

(−1+)2 + 1

0−
=

2

0−
= −∞

lim
x→−1−

x2 + 1

x2 − 1
=

(−1−)2 + 1

0+
=

2

0+
= +∞

lim
x→1+

x2 + 1

x2 − 1
=

(1+)2 + 1

0+
=

2

0+
= +∞

lim
x→1−

x2 + 1

x2 − 1
=

(1−)2 + 1

0−
=

2

0−
= −∞
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Limits of functions: exercises

lim
x→+∞

x2 + 1

x2 − 1
= lim

x→+∞

x2
(
1 + 1

x2

)
x2(1− 1

x2 )
= lim

x→+∞

(
1 + 1

x2

)
(1− 1

x2 )
= 1

lim
x→−∞

x2 + 1

x2 − 1
= lim

x→−∞

x2
(
1 + 1

x2

)
x2(1− 1

x2 )
= lim

x→−∞

(
1 + 1

x2

)
(1− 1

x2 )
= 1

43 / 67



Limits of functions: exercises
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The function has two vertical asymptotes in x = −1 and x = 1. The function
has one horizontal asymptotes in y = 1.
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Continuity: the intuition

Intuitively, a function is continuous if its graph is a “single unbroken” curve

Examples

• f (x) = x2, f (x) = sin(x), f (x) = |x | are continuous functions

• f (x) = sign(x), f (x) = 1
x , f (x) = sin(x)

x , f (x) =


x x ≤ −4

−4 − 4 < x < 2

3− x x ≥ 2
are not continuous functions
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Continuity: the intuition

f (x) = x2
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Continuity: the intuition

f (x) = sin(x)
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Continuity: the intuition

f (x) = |x |
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Continuity: the intuition

f (x) = sign(x)
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Continuity: the intuition

f (x) =
1

x
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Continuity: the intuition

f (x) =

{
sin(x)

x if x 6= 0

0 if x = 0

-6 -4 -2 2 4 6

-0.2

0.2

0.4

0.6

0.8

1.0
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Continuity: the intuition

f (x) =


x x ≤ −4

−4 − 4 < x < 2

3− x x ≥ 2

-10 -5 5 10

-10
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Continuity: the definition

Definition (Continuity at a point)

Let f : D → R be a function and let x0 ∈ D. We say that f is continuous in x0
if limx→x0 f (x) exists finite and:

lim
x→x0

f (x) = f (x0)

Definition (Continuity in an interval)

Let f : I ⊆ D → R be a function. We say that f is continuous in I if f ia
continuous in any point x ∈ I
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Continuity: conditions for continuity

Conditions for continuity

Suppose we have a function f : D → R and a point x0 ∈ R.

Then, f (x) is continuous in x0 if ALL these three conditions hold:

1 x0 ∈ D

2 lim
x→x+

0

f (x) = lim
x→x−

0

f (x) = L L 6= ±∞

3 L = f (x0)

If at least one of the 3 conditions fails, we have a discontinuity in x0
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Classification of discontinuities

Classification of discontinuities

Let f : D → R be a function.

• If:
∃L1 = lim

x→x+
0

f (x) and ∃L2 = lim
x→x−

0

f (x)

but L1 6= L2, the function f has a jump discontinuity in x0.

• If:
lim

x→x+
0

f (x) = lim
x→x−

0

f (x) = L

but either L 6= f (x0) or x0 /∈ D, the function f has a removable
discontinuity in x0.

• If at least one of the two limits:

lim
x→x+

0

f (x) or lim
x→x−

0

f (x)

is infinite or does not exist, the function f has an essential discontinuity
in x0.
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Theorem on composition of continuous functions

Theorem

Suppose that f and g are continuous in x0.

• Then f + g, f − g, f · g are continuous in x0.

• If in addition g(x0) 6= 0, then f
g is continuous in x0.

• If in addition f (x0) > 0, then f g is continuous in x0.

• If g is continuous in x0 and f is continuous in g(x0) = y0, then f ◦ g is
continuous in x0

• If f is surjective, continuous and strictly increasing (or strictly decreasing)
then f −1 is also continuous and strictly increasing (or strictly decreasing).
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Maximum and minimum of a function

Intuitively, the maximum and minimum of a function f in a subset I of its
domain D are the maximum and minimum values the function can reach in I .

Definition

Let f : I ⊆ D → R. We say that f admits a maximum M ∈ R in the interval I
if:

• there is a point xM ∈ I such that f (xM) = M

• for any other point x ∈ I it holds that f (x) ≤ M
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Example
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Example
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Maximum and minimum of a function

Definition

Let f : I ⊆ D → R. We say that f admits a minimum m ∈ R in the interval I if:

• there is a point xm ∈ I such that f (xm) = m

• for any other point x ∈ I it holds that f (x) ≥ m
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Weierstrass theorem

Maxima and minima are not guaranteed to exist. The Weierstrass theorem
provides sufficient conditions under which a function has maxima and minima
in a subset of its domain.

Theorem (Weierstrass Theorem - compact version)

Any function f : D → R which is continuous function on a closed and bounded
interval [a, b] admits a maximum and a minimum in [a, b] .

Theorem (Weierstrass Theorem - extended version)

Let f : D → R be a function. If:

• f is continuous in an interval [a, b]

• [a, b] is closed and bounded

then there is a point xm ∈ [a, b] and a point xM ∈ [a, b] such that
f (xm) = m is the minimum of f in [a, b] and
f (xM) = M is the maximum of f in [a, b].
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Weierstrass theorem

To apply Weierstrass Theorem three conditions must hold:

• f is continuous in [a, b]

• The interval [a, b] is closed (i.e. no round brackets)

• The interval [a, b] is bounded (i.e. a 6= −∞ and b 6= +∞)
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Weierstrass theorem: examples

f (x) = x2 in [−2, 2]
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The assumptions of the Weierstrass theorem are satisfied. Note that f has a
minimum (m = 0) for x = 0 and a maximum (M = 4) for x = −2 and x = 2.
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Weierstrass theorem: examples

f (x) = x2 in (−2, 2)
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The assumptions of the Weierstrass theorem are not satisfied because (−2, 2) is
not closed. Note that f has a minimum (m = 0) for x = 0 but has no maxima,
why?
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Weierstrass theorem: examples

f (x) = x2 in [0,+∞)
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The assumptions of the Weierstrass theorem are not satisfied because [0,+∞)
is unbounded. Note that f has a minimum (m = 0) for x = 0 but has no
maxima, why?
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Weierstrass theorem: examples

f (x) =

{
x2 x ∈ [−2, 2]\{0}
1 x = 0

The assumptions of the Weierstrass theorem are not satisfied because f has a
removable discontinuity in x = 0. Note that f has a maximum for x = −2 and
x = 2 but has no minima, why?
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Existence of zeros (or Intermediate zero theorem)

For any continuous function in a closed and bounded interval which in takes
both positive and negative values in that interval, there exists at least one point
in which the function is equal to zero.

Theorem (Existence of zeros)

Let f : D → R be a function. If:

• f is continuous in [a, b]

• [a, b] is a closed and bounded interval

• there are two points x1, x2,∈ [a, b] such that:

• f (x1) < 0
• f (x2) > 0

then there exists a point x1 < x0 < x2 (or x2 < x0 < x1) such that f (x0) = 0.
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