MATHEMATICS 2

Exam

5/02/2019, A.Y. 2017/2018

WARNING! Examiners are allowed to collect only THIS A3 paper, any other additional papers
(drafts, notes, scribbles or anything else) will not be taken into consideration. Use a clear and clean
handwriting. Unclear or ambiguous sentences may result in a negative impact on the final grade of

the exam.

PENALTIES: Each examiner can, UNQUESTIONABLY, assign a penalty if he considers that two
participants have communicated with each other (in any way). One penalty does not imply anything
for the valuation of the exam. However, should an attendee be given two penalties, it will be
immediately expelled from the exam session and her/his exam will be invalidated.
SUGGESTION: Remember to always double check the consistency of your results. Inconsistent
statements may result in a negative impact on the final grade of the exam.

MATRICOLA .............. Lastname .................... Name ....................

1) (8 p.ts) Solve the following integral

/x\/ 14 22dx
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2) (12 p.ts) Find eigenvalues and eigenvectors of the following matrix and determine if it is diago-
nalizable? If so, identify the invertible matrix 7" that transforms A into a diagonal matrix, and show
how T realizes this transformation.

NN
[ -

Let us look for Real eigenvalues
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the characteristic polynomial has three real zeroes Ay = 0 (simple eigenvalue) and Ay = A3 = 2
(double eigenvalue). Let us check if the algebraic and geometric multiplicities are equal. For the
eigenvalue \; the condition is trivially verified. Regarding \; = 2, whose algebraic multiplicity is
mg = 2, notice that
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A—-2I; = 0 0 O
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is such that rank(A —2I3) = 1 (first and third row are multiple by factor —1, and the second row is
a null row), hence the geometric multiplicity of Ay = 2 is m, = 3 — rank(A — 2I3) = 2. This implies
the diagonalizability of the given matrix A. Let us calculate a base of three independent eigenvectors
(1 correspondent to the eigenvalue A\; = 0 and two correspondent to the double eigenvalue Ay = 2).
If A = 0 we obtain a first eigenvector by solving the homogenoeus system

x
(A—0-13)X =0, where X=1[ y
z
that we can write as
r+2y+2=0
{ 20=20
r—=2y+z=0
-
this system has solutions vy = 0 , with @ € R and a # 0. If we choose a = 1 we obtain
o
-1
Vi = 0
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If A =2, we obtain the remaining independent eigenvectors by solving the homogenoeus system

x
(A—2-13)X =0, where X=1[ y |,
z



that we can write as
{ —r+2y+2=0

0=0
r—2y—2z=0
28+~
This system has solutions vy = B , with 3,7 € R and 3% + 42 # 0. If we choose
Y
2
(B,7) = (1,0) we obtain vo = | 1
0
1
If we choose (3,7) = (0,1) we obtain vg = [ 0 | .If we display vy, vy and vz in the following matrix
1
-1 2 1
T = 0 10
1 01

by setting D = , diagonal matrix with eigenvalues in the diagonal, it is easy to prove
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that T-'AT = D, where
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3) (10 p.ts) Find max/min of the following function

fla,y) =a* —y*

subject to the following constraint
z—y=0

The Lagrangian funtion is
ﬁ('T?ya )‘) = 1'2 - y2 - )\(33'2 - y)7

with gradient

V(ZE, Y, /\) = (21' - 2)\ZE, —2y + )\’ —g;2 + y)7

whose components cancel in the three following cases

(0,0) for A\ =0

1 1 1 1
—, = — —,—) both for A = 1.
(552) (-73)
Second order conditions imply calculation of the Bordered Hessian H(x,y, \):
0 2x —1
H(z,y,\)=| 2z 2-2X 0 hence |H(z,y,)\)| = 2\ — 2 4 827
—1 0 -2

Let us analyze second order conditions case by case :
If (z,y,A) =(0,0,0), |H(0,0,0)] = —2 < 0, and this implies that (0,0) is a local minimum.

If (z,y,\) = (\/Li, %, 1), |H(\/L§7 %, 1>| =4 > 0, and this implies that (\%, %) is a local maximum.

If (z,y,\) = (— \%,%,1), ]H( — \%,%,1)\ = 4 > 0, and this implies that (— \%,%) is a local

maximum.



