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Sets: a summary of the quantifiers

a ∈ A reads as “the element a belongs to the set A”.

∀a ∈ A reads as “for all the elements of A”.

∃a ∈ A reads as “there exists at least one a in A”.

@a ∈ A reads as “it does not exist an a in A”.

∃!a ∈ A reads as “there exists one and only one a in A”.
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Negation of the logical symbol

Statement Negation

∀x ∈ A⇒ P (x)

∃x ∈ A : ¬P (x)

∃x ∈ A : P (x) ∀x ∈ A⇒ ¬P (x)

∃!x ∈ A : P (x) (∀x ∈ A⇒ ¬P (x)) ∨ (∃y ∈ A, y 6= x : P (y))

Example

¬
(
∀x ∈ A⇒ x2 < 1

)
=

(
∃x ∈ A : x2 ≥ 1

)
¬
(
∃x ∈ A : x2 < 1

)
=

(
∀x ∈ A⇒ x2 ≥ 1

)
¬
(
∃!x ∈ A : x2 < 1

)
=

(
∀x ∈ A⇒ x2 ≥ 1

)
∨
(
∃y ∈ A, y 6= x : y2 < 1

)
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Sets: operations

The ∪ and ∩ symbols
Let A and B be two sets

The set A ∪ B is the set

A ∪ B = {x | x ∈ A or x ∈ B} = {x | x ∈ A ∨ x ∈ B}

The set A ∩ B is the set

A ∩ B = {x | x ∈ A and x ∈ B} = {x | x ∈ A ∧ x ∈ B}
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Sets: operations

The ∪ and ∩ symbols: some examples.

A = {♣,♠,F} , B = {♣, �} .

then

A ∪ B =

{♣,♠,F, �}.

A ∩ B = {♣}.

Definition
The symbol ∅ indicates the set WITHOUT elements, also said the empty

set.

Remark. For ANY set E

E ∪ ∅ = E , E ∩ ∅ = ∅
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Sets and subsets

The ⊂ and ⊆ symbols
Let A and B be two sets.

We say that A ⊆ B if

x ∈ A⇒ x ∈ B.

We say that A ⊂ B if

x ∈ A⇒ x ∈ B ∧ ∃b ∈ B : b /∈ A.

We say that A ⊃ B if B ⊂ A.

We say that A ⊇ B if B ⊆ A.

We say that A = B if and only if

A ⊆ B ∧ B ⊆ A.
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Sets and subsets

Example.

A = {All cities of Europe} , B = {x ∈ A | x is a capital city} .

then B ⊂ A.
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Sets: the complement set

The minus set
Let A and B be two sets. We define A \ B = {x ∈ A | x /∈ B}.

Example.
A = {♣,♠,F} , B = {♣, �} .

then A \ B = {♠,F}.

The complement

Let A and B be two sets and suppose B ⊆ A. We define Bc = A \ B .

Example.

A = {All cities of Europe} , B = {x ∈ A | x is a capital city} .

then Bc = {x ∈ A | x is not a capital city}.
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The complement

Let A and B be two sets and suppose B ⊆ A. We define Bc = A \ B .

Example.

A = {All cities of Europe} , B = {x ∈ A | x is a capital city} .

then Bc = {x ∈ A | x is not a capital city}.
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Sets: the complement set

Remark If B ⊆ A then

B ∪ Bc =

A.

B ∩ Bc = ∅.
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Sets: the cartesian product

Example. Consider the two sets

A = {4,©,F} , B = {4, �} .

then

A× B = {(4,4) ,

(4, �) , (©,4) , (©, �) , (F,4) , (F, �)}

and

B × A = {(4,4) , (4,©) , (4,F) , (�,4) , (�,©) , (�,F)}

so typically A× B 6= B × A.
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The power set

Definition
For any set A the power set is the set denoted with P (A) and it is defined

as the set of all possible subsets of A, that is

P (A) = {B is a set | B ⊆ A} .

Example. Consider the set

A = {4,©,F}

then

P (A) = {∅, {4,©,F} , {4,©} , {4,F} , {©,F} , {4} , {©} , {F}} .
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Cardinality

Definition
For any set A the cardinality of A is indicated as Card (A) and it is defined

as the number of elements of A.

Examples.
A = {4,©,F}

⇒ Card (A) = 3

Since

P (A) = {∅, {4,©,F} , {4,©} , {4,F} , {©,F} , {4} , {©} , {F}}

then Card (P (A)) = 8 = 23.

More generally if Card (A) = n then Card (P (A)) = 2n.



12/38

Cardinality

Definition
For any set A the cardinality of A is indicated as Card (A) and it is defined

as the number of elements of A.

Examples.
A = {4,©,F} ⇒ Card (A) = 3

Since

P (A) = {∅, {4,©,F} , {4,©} , {4,F} , {©,F} , {4} , {©} , {F}}

then Card (P (A)) = 8 = 23.

More generally if Card (A) = n then Card (P (A)) = 2n.



13/38

Cardinality

Definition
For any set A the cardinality of A is

Card (A) = Number of elements of A ∈ N.

Examples.

A = {All numbers greater or equal than zero}

then

Card (A) = +∞.
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Properties of union and intersection

Theorem
Given A, B and C sets, the following properties hold trivially

A ⊆ A ∪ B .

A ∩ B ⊆ A.

If A ⊆ B then A ∪ B = B and A ∩ B = A.

A ∪ B = B ∪ A and A ∩ B = B ∩ A.

(A ∪ B) ∪ C = A ∪ (B ∪ C ) and (A ∩ B) ∩ C = A ∩ (B ∩ C ).

A ∩ (B ∪ C ) = (A ∩ B) ∪ (A ∩ C ).
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Countable and uncountable unions and intersections

Examples. Consider the following set of subscripts

E = {1, 2, 3} ,

and the following family of sets associated to E

A1 = {©, �, †} , A2 = {©, �,z} , A3 = {
,$} ,

so ⋃
α∈E

Aα = A1 ∪ A2 ∪ A3 = {©, �, †,z, 
,$}

and ⋂
α∈E

Aα = A1 ∩ A2 ∩ A3 = ∅.
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Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]

=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 =

[0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An =

A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩

A2 ∩ A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩

A3 ∩ · · · = [0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · =

[0, 1] .



16/38

Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1+

1
n + 1

]
=

{
All numbers between 0 and 1+

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .



17/38

The set of integer and rational numbers

We indicate with Z the set

Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . .} =

N
⋃
{−n | n ∈ N, n > 0} .

We indicate with Q the set

Q =
{ n

m

∣∣∣ n ∈ Z,m ∈ Z \ {0}
}
.
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Standard operations on Q

Product:
n

m
· k
q
=

n · k
m · q

. Example:
1
3
· 7
4
=

1 · 7
3 · 4

=
25
12

.

Inverse:
1
n
m

=
m

n
. Also indicated with:

1
n
m

=
( n

m

)−1
.

k-th power:(m
n

)k
=

m

n
· m
n
· · · m

n︸ ︷︷ ︸
k−times

=
mk

nk
. Example:

(
1
2

)10

=
1
210 .

and (m
n

)−k
=

nk

mk
Example:

(
1
2

)−10

= 210.
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Standard operations on Q

Moreover for any q ∈ Q it’s easy to prove that

qn+m = qn · qm

for any n and m in Z.

For example(
1
2

)3+2

=
1

23+2 =
1
25 =

(
1
2

)5

.

Theorem

For all q ∈ Q with q 6= 0 we have q0 = 1.

Proof. Take an arbitrary integer number n,then it holds that

q0 = qn−n = qn · q−n = qn · 1
qn

= 1.
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Decimal representation of Q

Definition
For every q ∈ Q we use the notation

q = knkn−1 . . . k0, d1d2 . . .

to indicate the decimal representation of q, that is

q = kn·10n+kn−1·10n−1+kn−2·10n−2+. . .+k0·100+d1·10−1+d2·10−2+. . .

Example

3
10

= 0, 3 = 0 · 100 + 3 · 10−1

173
2

= 86, 5 = 8 · 101 + 6 · 100 + 5 · 10−1

1
3

= 0, 3333333 . . . = 0 · 100 + 3 · 10−1 + 3 · 10−2 + 3 · 10−3 + . . .
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Decimal representation of Q

Theorem
Let q = m

n be a rational number. Then there are two mutually exclusive

possibilities:

1 The decimal representation of q is made by a finite number of digits.

2 The decimal representation of q is made by an infinite number of

digits but it is periodic. In this case the period contains at most n − 1

different digits.
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Decimal representation of Q

Number Decimal Representation Length of the period

9
11 0, 8181818181 . . . = 0, 81 2

1
7 0, 14285714285714 . . . = 0, 142857 6

1
81 0, 01234567901234679 . . . = 0, 012345679 9

1
29 0, 0344827586206896551724137931 28


