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Program

Stationary time series analysis: Basic concepts. Stationarity, autocor-
relation, partial autocorrelation. Linear stationary processes. ARMA
models. Forecasting.

Nonstationary time series analysis: ARIMA models. Seasonality, The
Box-Jenkins approach.

Unit roots in macroeconomic time series: Deterministic trends vs.
random walks. Unit-roots tests.

The analysis of financial time series: Volatility and conditional het-
eroscedasticity. GARCH and IGARCH models.



1 Univariate time series analysis: Basic concepts

We consider a univariate time series, y¢,t =1,...,T.
The information set is the series itself and its position in time.

We now review some basic concepts in time series analysis, along with
simple and essential tools for descriptive analysis.

The main descriptive tool is the plot of the series, by which we represent
the pair of values (¢,y+) on a Cartesian plane.

The graph can immediately reveal the presence of important features, such
as trend and seasonality, structural breaks and outliers, and so forth.

The series may be a transformation of the original measurements: loga-
rithms; changes, log-differences, etc.
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Figure 1: Plots of various time series



2 Stationary stochastic processes

Stochastic process: a collection of random variables {y;(w),w € Q, t € Z}
defined on a probability space (€2, F), P), where the integer number t is a
time-index, €2 is the sample space, F' is a sigma algebra defined on €2 and
P is a probability measure on 2. A time series is a realization of the
stochastic process for a given w € 2 and t=0,1,2,...,7T.

Stationarity: y; is weakly stationary if Vt, k € Z:

E(yr) = w<oo
E(y: — 1) = ~(0) < o0
E(yt — )y — 1) = ~(k)

y¢ is strictly stationary if Vt, k, h € Z:

d
(yt, Yt+1, ---yt+h) — (yt—i—ka Yt+1+k> ---yt+h+k)



Strict stationarity implies weak stationarity whereas the viceversa is in gen-
eral not true. The exception are Gaussian processes, i.e., if the distribution
of (Yt, Y¢+1, ---Yrap) is @ multivariate Gaussian for Vt, h € Z.

Autocovariance function, vy(k), is symmetric: v(k) = v(—k).
The partial autocovariance function at lag &k is the covariance between yy
and y; ;. having removed the effects of wy = (ye—1, - , Y4_g11), i-e.

g(k) = E{[yt — E(yt|we)llys—r — E(ye—g|wi)]}

Autocorrelation function (ACF):

p(k) = ~v(k)/~(0)

i) p(0) = 1;ii) [p(k)| < 1;iii) p(k) = p(—k).
The partial autocorrelation function (PACF):

r(k) = g(k)/ {Elye — Eurlw)PElyy s — Eur_glwn)2} 2



White noise (WN): ; ~ WN(o?2),
E(et) =0, Vi,
E(e?) = 0° < 00 VA,
E(ete; 1) =0,  Vt,Vk % 0.

Lag operator: kat = vy;_1, L is an algebraic operator.
t—k

Wold theorem: (almost) any weakly stationary stochastic process can be
represented as a linear process, i.e.

Yyt = p+ et +Y1ee—1 +Yoero+ - = p+P(L)et,
where (L) = z;?gowjm, with 19 = 1 and 322 y[1);] < oo
Notice that

E(ys) = 1, ¥(0) = 0°S2 095 < 00, v(k) = 0° L2 g1hj )k




2.1 Estimation

T
e sample mean i =73=T"1 %
=1

e sample variance: §(0) = 71 Z;‘gr:l(yt — )2

e sample autocovariance: J(k) = 71 Zfszrl(yt —9)(Yt—k — Y)

e The ACF is estimated by g(k) = A(k)/4(0); the barplot (k, p(k)) is
the correlogram. If y; ~ WN(o2), then TY/25(k) % N(0, 1).



3 Genesis and Properties of Autoregressive - Mov-

ing Average (ARMA) processes

A problem arises with linear stationary process: an infinite number of
coefficients {wj,j > O} need to be estimated.

Since stationarity implies lim 1); = 0, we could approximate (L) by its
j—00

"truncated” version (L) such that
J 0, >m

where m — oo and m/T — 0 as T — oo.



However, the "best” approximation of a co—order polynomial is obtained
by a rational polynomial, i.e.

- L)

where
$(L) =1—-E_19;17, p<oo
O(L) =1+ %9_16;17, q < oo

Autoregressive-Moving average (ARMA) processes: A linear stationary
process such that (L) = 0(L)/¢(L), which can be rewritten as

¢(L)yr = 0(L)et,
Yt = Zgzl%'yt—j + &t + Z?:lejgt—j
It is denoted as y; ~ARMA(p, q), where p is the AR order and ¢ is the MA
order.




A numerical example: Consider a first-order polynomial ¢(L) = (1 — ¢L)
such that |¢| < 1. From the relation

1— (L))" = (1 — L)1 + SL + (FL)? + - - + (4L)"],
we obtain that

1 L [1—|—¢L—|—(¢L)2-|_..._|_(¢L)n]_oo _
1—o¢L - n||—>moo 1 — (¢pL)n+1 — ];(Cblf)]

Assume now that (L) = 1 and ¢(L) = (1 — ¢L) with |¢| < 1. Hence,

we have

_ 2 et
Yt — €t + Pep_1 + @2 + Ty et + QYr—1.




3.1 Autoregressive (AR) processes

AR(1) processes: The autoregressive process of order 1, AR(1), is gener-

ated by the equation

Yyt = m+ Qyi—1 + €t

The process is stationary if |¢| < 1. Indeed, by recursive substitution we
obtain the Wold representation:

yr=m/(1—9¢)+er+deg_1+ -+ ¢"etpn+--

Hence, the condition 322 3|4;] = 3252,4|¢7| < oo is satisfied iff |¢| < 1 or,
equivalently, iff the root of the equation (1 — ¢L) = 0, is greater then 1
in modulus.



Under stationarity, the process is uniquely characterized by its moments.

E(yt) = p=m/(1-¢)
Var(yt) = ~(0) = E[ye(yt — p)] = E[(m + dyr—1 + &) (yr — p)]
= ¢(1) +0°

since E[(y; — p)et] = E[(e¢ + pep—1 + - - - )et] = o°.
(1) = Elye(ye—1 — p)] = E[(m + dyr—1 + ) (yt—1 — )]
= ¢v(0)
since E[(y;—1 — p)et] = El(ep—1+ peg—o+ -+ )er] = 0.

Replacing (1) in the expression for «(0), we obtain:

o2

1— ¢2

v(0) =

Moreover, v(k) = ¢y(k — 1) for k > 1, so that v(k) = ¢*~(0).



e The autocorrelation function (ACF) is thus

p(k) = ¢"

e The partial autocorrelation function (PACF) is easily obtained as

_ (k), k<1
T(k)_{po, k> 1

since yr — E[yt/(ye—1,- -+, Ys—ky1)] = &t for k > 1.
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Fig. 3.1 ACF and PACF of the AR(1) process: (1 - ¢B)Z, = a,.

Figure 2: ACF and PACF of an AR(1) process



AR(2) processes: The AR(2) process is generated by the equation

Yt = M+ P1Yt—1 + P2Yr—2 + €t

It can be shown that w; is stationary if the roots of 1 — 1L — ¢2L2 =0
are greater than 1 in modulus (lie outside the unit circle). This implies the

following constraints on the parameter space (¢1, ¢2):
i) |¢2| <1 andii) [¢1] <1 — ¢o.

The stationarity region of the AR parameters lies inside the triangle with
vertices (-2,-1),(2,-1),(0,1). A pair of complex conjugate roots arises for
$3 + 4 < 0.



A Imaginary Part

Real Part

Figure 3: The complex unit circle
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Figure 4: Stationarity region of an AR(2) process



Under stationarity, the process y; can be uniquely characterized by its
moments:

e Expected value: E(yt) = p=m/(1 — ¢1 — ¢2).

e Autocovariance function: it is given recursively by

v(k) = d1v(k — 1) + gov(k—2), k=2,3,...
with starting values

(1 — ¢2)o?

10 = o) (= 622 — 821

(1) = ¢17v(0)/(1 — ¢2).



The expression for «(k) can be derived as follows:

v(0) = E[(m+ d1yi—1+ d2yr—2 + 1) (yr — 1]
= $17(1) + ¢27(2) + 0

v(1) = E[(m+ d1yi—1 + d2yr—2 + ) (yr—1 — 1]
= $17(0) + ¢2v(1)

¥(2) = E[(m+ d1yi—1+ d2yr—2 + €)(yr—2 — 1]
= ¢17(1) + ¢27(0)

v(k) = E[(m+ ¢1yi—1 + P2yr—2 + et)(Yr—t — )]

¢1v(k — 1) + doy(k — 2)

Compute (1) from the second equation, and substitute in the equa-
tion for y(2), then replace for v(1) and (2) in the first expression to

get v(0).



o ACF:
p(k) = ¢1p(k — 1) + ¢op(k —2), k=2,3,...

with starting values

p(0) =1, p(1) = ¢1/(1 — ¢2)

It is such that p(k) — 0 as k — oo. If the roots of the AR polynomial
are complex the ACF describes a damped cosine wave.

e PACF: It has a cut-off (i.e. it's equal to zero) after k = 2 since

yt — Elyel(ye—1,- - s Ys—nt1) = &, k> 2.
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AR(p) processes: The AR(p) process is generated by the equation

Yt = m~+ Q1Y—1 + @y + -+ PpYt—p + Et, €t ~ WN(o?)

¢(L)yr =m—+et, ¢(L)=1—¢1L—---—pLP.

e y; is stationary if the p roots of ¢(L) are outside the unit circle.

o E(y) = 1= m/(1), where $(1) =1 — 1 — - — ¢p.

e [he Autocovariance Function is

(k) = ¢1v(k—1)+ -+ ¢py(k—p), fork >0
v(k) = ¢1v(k—1)+- -+ ¢py(k —p)+ 02, fork=0



e ACF is given by the Yule-Walker system of equations:

p(k) = ¢1p(k — 1)+ gop(k —2) + - -+ ¢pp(k —p), k=1,2,...,p

e PACF: It has a cut-off after £k = p since

vt — Elyel(ve—1,- - s ye—rr1)]l =€, k> p.



3.2 Moving Average (MA) processes

In the Wold representation set ¢; = 0,7 < q and ¢; = 0,j > g. This
gives the MA(q) process

yt = pt+eg+ 01841+ 0er o+ +0get—g
where ; ~ WN(o?).

Stationarity: Since the condition 37, |¢;| < oo holds, the MA(q) process
is always stationary.




MA(1) processes: The MA(1) process is generated by the equation

yt=p+er+0e1=p+(1+60L)e
The moments are obtained as follows

E(yt) = n+E(et) +0E(er—1) = p

v(0) = E(yt — p)? = E(e + 0g4_1)?
= E(e7) + 20E(ees—1) + 92E(5%_1) = 02(1 + 69)
v(1) = E[(yt — 1)(ye—1 — 1]

E[(et + 0¢—1)(e¢—1 + Oet—2)] = 00?
E[(yt — ) (yt—i — 1)
E[(et + 0e¢—1)(er— + 0t 1) =0, E>1

v(k)




e ACF has a cutoff at &k = 1:

p(0) = 1
p(1) = 2p
p(k) = 0, E>1

Invertibility: y; ~MA(1) is invertible if |§| < 1. Consider the process

Gt = p+er + 0241
with 0 = 1/6 and &; ~ WN(52).
The process §; has the same moments i, v(0) and (1), as
Yt =+ ¢+ 0ep 1
with 02 = 0252, Hence, p(1) = 671/(14+672) = 6/(1+62) in both cases.



The two processes have identical properties and cannot be discriminated
from a time series This problem is known as identifiability and is remedied
upon by constraining 6 in the interval (-1,41).

The term invertibility stems from the possibility of rewriting the process as

an infinite autoregression, AR(o0), with coefficients ; that are convergent:
0@
Yt + TYt—1 + moYr2+ -+ MY+ =mtep, Y 75| < o0
Jj=1

The sequence of weights 7; = (—6)J converges if and only if |§] < 1.

e PACF: Since an invertible MA(1) process can be rewritten as AR(c0),
its PACF has no cutoff but it decays exponentially.
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MA(q) processes: The MA(q) process is generated by the equation

Yt =+ ¢+ 01601 4+ - - + Oget—q

is invertible if the roots of O(L) = 0 are outside the unit circle.
The moments are obtained as follows

E(yt) I
v(0) = E(yr— p)® = E(et + 01601 + - - + Oget—q)°
= o1+ 03+ +62)
v(k) = E[(et +018¢—1+ -+ 0get—q)(et—k + 0161 ——1 + - + gt ——g)]
0%(0f + 04101+ - - - + Og—i0¢)
0, k>gq

v(k)

e ACF has a cutoff at k£ = g.

e PACF has no cutoff, it is similar has the ACF of an AR(q) process.



3.3 ARMA processes

ARMA(p, q) processes: The ARMA(p, q) process is generated by the equa-
tion

Yt=m+QP1yp—1+ -+ Ppyt—p + et + 01641+ - - - + 0gct—q

¢(L)ys = m + 0(L)ey

Stationarity: y; is stationary if the roots of the AR polynomial ¢(L) lie
outside the unit circle.

Invertibility: 1 is invertible if the roots of the MA polynomial 8(L) lie
outside the unit circle. Invertibility implies that y; can be written as an
AR(o0) process with declining coefficients.




ARMA(1, 1) processes: The ARMA(1, 1) process is generated by the equa-
tion

Yt = m—+ Qyi_1 + et + 041

The moments are obtained as follows

E(yr) = m+ oE(yi—1) =m+ou=m/(1 - ¢)
v(0) = E[y(yt — )] = E[(m + dyi—1)(yr — p)] + Elee(yr — 1)
+ E{0si_1lo(yi—1 — p) + et +0s¢—1)}
= ¢y(1) + o%(1 + 09 + 62)
v(1) = Elyt(yi—1 — p)] = E[(m + oyr—1)(ve—1 — 1)] + Elet(yi—1 — 1)]
+ E{0gi_1[P(yt—2 — 1) +e4—1 + 054_2)}
= ¢v(0) + 002
v(k) = Ely(y—p —w)l=v(k—-1), k>1

e Both ACF and PACF have no cutoff!
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3.4 Forecasting from ARMA Models

Let y; ~ARMA(p,q) and I+ = {y, y4—1,--- }. The best linear unbiased
predictor of y; 4 is given by:
ye(h) = E(ysanllt), h=1,2,..,

where E(y;1|1t) is the expected value of y;; conditional to I, which is
the called the natural filtration of the process ;.

From the expression
Yirh = M+ O1Yiyn—1+ -+ PpYirh—ptetrnt018iin—1+---+0¢€14n—q
we get

yi(h) = m + P1E(Ye4n—1l1t) + - + PpE(Ysrn—plLt)
+ E(eiynlly) + 01E(eppp—1l1t) + - + 0gE(eryn—gl1It)



It is then possible to recursively compute the optimal h—step ahead pre-
dictor y¢(h) given that

. _ Yt+h—i> 1 Z h
E(yt—l—h—leIt) = 9 yt(h . ’L), i < h

_ ) €tth—iy 12 h
E(et1n—illt) = 5 +0, i< h

Example: Let assume that yx ~ARMA(1,1), we get

yi(h) = m + ¢E(yi1n—111t) + E(e4-nl1t) + OB(et1n—1111),
which implies

(1) m + ¢yt + Oey
y(h) = m+oy(h—1)=m(L+ ¢+ -+ ¢"72) + ¢ 1y (1)
= m(l+o+-+ ")+ @y + " ey, B> 1




Since any ARMA(p, q¢) admits the Wold representation y; = u + ¢(L)ey,
where (L) = 0(L)/¢(L), we can rewrite h—step ahead predictor as

yt(h) — K= E(Z wjgt—l—h —j ‘|'Zj h¢j£t—|—h let) — J h¢j€t+h —J
Hence, the h—step ahead prediction error is
h—1
et(h) = Yt+h — yt(h) = Zj:o¢j€t+h—j
Since g¢(h) ~MA(h — 1), we have that

Ele:(h)] = 0,
o?(h) = Var[ey(h)] = Z 52,

We note that o2(h) is a non-decreasing function of h such that

h'LmOOOZ(h) = 7(0)



When ¢; is a Gaussian white-noise, it follows that

et(h)/o(h) ~ N(0,1)

since e¢(h) is a linear combination of i.i.d. N(0,o?) random variables.
Hence, the 100(1 — a)% confidence interval for y; 4, is

yt(h) — za/2a(h) < Ytrh < yt(h) + Zoz/ZO-(h)

Remark: when the model parameters are estimated, the above formula
underestimates the true sample variability.



4 Nonstationary processes

Integrated processes: y; is said to be integrated of order d, y; ~ I(d), if

A%y = p+p(L)ey, > 520lY5] < o0
where A=1—-L=A°=(1-L)°=1-2L+ L°

Random Walk (RW): the RW is generated by the equation

Yt = B+ Yt—1+ € = yo + put + Zﬁ;ﬁet—j
Note: RW~ I(1) since Ays = p + &4, p is the "drift” of the RW.

Integrated Random Walk (IRW): the IRW is generated by the equation

Yyt = 2yt—1 — Yt—2 + & = yo + Aypt + Zﬁ;éZﬁ;%et—j
Note: IRW~ I(2) since A%y; = &;.



4.1 The Box-Jenkins Approach

1. ldentification of the orders p,d, q, P, D, (). The integration orders are
determined first. The MA and AR orders are determined from the
analysis of the correlogram.

2. Estimation of the parameters (maximum likelihood)

3. Diagnostic checking and goodness of fit

e Significance tests for the parameters

P

o(L)

e Normality tests on residuals e = =—<y;

¢(L)



e Autocorrelation tests on residuals. Ljung-Box test statistic

Q(m) = T(T+2) 3" (T — k)~ 73(k)

k=1
Under Hy, Q(m) ~ x? with m — (p + q) degrees of freedom.

e Goodness of fit. Coefficient of determination.

e Selection criteria. Choose the ARMA(p*, ¢*) such that either

min {AIC(p, q)=1Iné 2 4 2%} ,

or

min {BIC’(p, q) = In&2 + In T]%}



5 Unit-roots in macroeconomic time series

Consider the AR(1) process y: = ¢y;—1 + €t The test of Hy : ¢ = 1
versus Hy : ¢ < 1 is known as a unit root test. We may reparametrize the
model as

Ays = pyr—1+et, p=(9—1),
and formulate the unit root test as Hy: p = 0 versus Hy : p € (—2,0).

Dickey-Fuller test: The test statistic is

AN

#=" (Zthzyf—Q% )
S

where s is the residual variance and p is the OLS estimate of the regression
coefficient. Under Hg, 7 has no longer a limit N(0,1) distribution. Its
critical values were tabulated by Fuller (1977).

2



The distribution of the test statistic is not invariant to the deterministic
kernel.

If a constant term is included in the model, we have y; = a + u¢, where
ur = Q¢us_1 + €¢. We may reparametrize the model as

Ay = —pa+ py—1+et, p=(p—1),

and the ¢ statistic for the null Hy : p = 0 is denoted 7. Critical values
are in Fuller (1977).

If the model is extended to allow for a linear trend, we have y; = a+Gt+uy.
We may reparametrize the model as

Ay; = (¢8 — pa) — pBt + pyr—1 +€t, p= (¢ —1),

and the t statistic for the null Hy : p = 0 is denoted 7. Critical values are
in Fuller (1977).



5.1 Deterministic Trends vs. Random Walks.

Nelson and Plosser (1982) contrast 2 candidate DGPs:

e Trend-stationary (TS) processes: y; = a* 4+ 3%t + 1(0)

e Difference-stationary (DS) processes: y; ~ I(1) + drift.

Both are nested into the process

O(L)yr = o+ Bt +ep, e~ W N (O, (72)
yt ~ DS if (1) =0 (and g* = 0).

(1)



Rewriting the AR polynomial as

$(L) = p(1)L + AT (L),
with
f f 1t 3
L) =1—@|L—...—¢) IP7T ¢l=— 3" ¢
i=j+1
we can rewrite (1):

p—1
Ay =a* + Bt + pyr—1+ > ¢}Ayt_j + &, (2)
j=1

where p = —¢(1) = 30 _; ¢j — 1.

The test of Hy : p = 0 is known as the Augmented Dickey-Fuller (ADF)
test. The test statistic has the same limit distribution as 7.



Notice that under the null y; ~ I(1), that is y; € DS. The alternative is
p < 0 and implies that y+ € TS.

In their highly influential paper, N&P applied the ADF test to a subset
of annual US macroeconomic time series and concluded that most series
were consistent with the DS hypothesis.

As we shall see, a DS process is driven by a stochastic trend, or permanent
component. Once it is proven that there exists a permanent component,
the next step is to determine its importance.

Another stylized fact is that the ACF of Alny; displays a non-negative
value at lag 1 and is zero elsewhere. This would imply that most of the
fluctuations are permanent (i.e. the transitory component makes little
contribution) and real disturbances are a more important source of output
fluctuations than monetary disturbances.



