Giulia Pavan

Calculus
Problem Set 3

— Topics
Tangent planes, differentiability, gradient, level curves, directional derivati-
ves. Eigenvalues and eigenvectors.

Exercise 1

Find the tangent plane of the following function:
o f(x,y)=a%—19>in P(0,1,-1).
o f(x,y)=aY+y"in P(1,1,2).

Solution
f(z,y) is differentiable in (x¢,yo) < 3 a tangent plane in (xq, yo, f(xo, yo) to
f(x,y) tangent plane equation:

z = f(@o,y0) + fao(@o, yo)(x — @0) + fy(0,%0) (¥ — Yo)
Consider the function f(z,y) = 23 — y3 in P(0,1,—1).
2= f(0,1)+£.(0,1)(2—0)+f,(0, 1) (y—1) = —1+3(0)2x—3(1)*(y—1) = —1-3y+1 = 2—3y
Consider now the function f(z,y) = 2¥ +y* in P(1,1,2).

2= f(L, D+ fo(1, D) (z—1)+f,(1, D (y—1) = 24+1(z—1)+1(y—1) = 24+a—1—y—1 = 2ty

Exercise 2

Consider the following function

oz ify=0
f("”’y)—{o ify£0

Compute the directional derivatives in the origin along an arbitrary di-
rection v. Show that the equality
of

(V£(0,0),v) = = -(0,0) (1)



does not hold in general.
What can you conclude about the differentiability of the function f?

Solution

For any direction v # (1,0), (—1,0) the partial derivative is

of

%(0, 0)=0
In particular

of

a—y((k 0)=0
On the other hand of

— =1

so that
Vf(0,0) = (1,0)

Therefore, for any direction v = (vq,v2) # (1,0),(—1,0),(0,1),(0,—1) one

has
af

(V£(0,0),v) = ((1,0), (v1,v2)) = v1 # 0 = 7 -(0,0)

The function cannot be differentiable otherwise equation (1| would be true for
any direction v.

Exercise 3

Check the continuity and the differentiability at (0,0) of f : R* — R

given by
flx.y) = vVa* +y2
lim /22 + 3?2

(z,y)—(0,0)

Continuity

In polar coordinates:

lim +/22+y? = lim \/p2(0082 0 + sin® )

(z,y)—(0,0) p—0t

= lim |p|

p—0t

=0



Therefore, the function f is continuos in (0, 0)
Differentiability

Consider the function along the x axis, y = 0
f(z,0) = Va? = |z| the absolute value function is continuous in (0,0) but
not differentiable.

It is the same if you consider the function along the y axis, z = 0

F0,9) =2 =yl

Therefore, the function is continuous but not differentiable in the point.
Exercise 4

Check that the
gradient is orthogonal to the correspondent level curve when f(x,y) is:

f(x,y):y—x

L. = {(z,y) € R” | y — x = ¢} This is the set of straight line with slope 1
Gradient

vf(z,y) = (=1,1),¥(x,y) Therefore, the gradient is orthogonal to the cor-
respondent level curve.

Exercise 5

Check that the
gradient is orthogonal to the level curve L. = {(x,y) € R* | f(z,y) = 1}
at the points P(0,1) and P'(0,—1) when f(z,y) is:

f(xvy):yQ_xz

Le={(z,y) eR" |y —a =c}
consider c=1, the hiperbola you get intersect the y axis at P and P’

The gradient is v/ f(z,y) = (—2z, 2y)
At Pitis v f(x,y) = (0,2)
At P'itis 7 f(z,y) = (0,-2)

Exercise 6



Consider the function f(x,y) = x? + 2zy + 2y? in the neighborhood of
the point (2,1). Determine a direction v in which the directional derivative
% at the point (2,1) is null.

Solution

Vi@y) =2+y)20x+2y) = Vf(21)=(6,8)

Therefore for a direction v = (vy,v9) one has

0
0= a_£<2, 1) = (V£(2,1),0) = ((6.8), (v1,02)) = 6v; + 80,
so that vy = —3v; and therefore

4
4 3
(Ula UQ) - (igv :Fg)
Exercise 7

Compute the eigenvalues of the following matrices:
6 —2 2
5 4 3 6
A:( );B:( );C’: -2 5 0
1 2 9 18 0 7
Solution

We are looking for a A such that det(A — A\I) =0

det(A — \I) =

b5—A 4
1 2—-A

‘:0.
(5-N2—-A) —4=0;)\*—T7\+6 = 0;
Therefore, Ay = 6 and A\, = 1.

Notice that this matrix is singular, we expect that one A is equal to zero

3—A 6

det(B—/\]):‘ 9 18—

o



(3—=A)(18 = A\) — 54 = 0; \* — 21\ = 0;
Therefore, A\; = 21 and Ay = 0.

66—\ =2 2
-2 5-=Xx 0
2 0 7—-A

(6N (5N (T=N)—2(5—N)2— (=2)(T—A)(=2) = 0; \*+18)\2—99A+162 = 0
A= 3) A —6)(=A+9) =0

det(C' — \) = — 0.

Therefore, \y =9, A\ =6 and A3 = 3.



