University of Rome Tor Vergata

Department of Economics and Finance
Static Regression - Fall 2018 - Prof. Cubadda

Problem Set 2 - Solutions

TA Claudia De Palo

claudia.depalo@alumni.uniroma2.eu

Exercise 1

Consider the testing procedure:

H()IRB:T'
HAZRB#T

where R is ¢ X k with ¢ < k, fis k x 1 and r is ¢ x 1.

The distribution of least squares estimator is the following:

B~ N(B02(x X))
Then, we have:

RB ~ N(R@ a2R(X’X)—1R’)
Show that:
a) Under the null hypothesis, R3 — r ~ N(O7 UZR(X/X)’lR/)

(RB - 7’), {52R(X'X)‘1R/} - (RB - 7‘)
q

b) NF(%n*k)

Hint: Be reminded that if a g-dimensional random variable U is distributed as N(0,%),
then U'SIU ~ x2(g)



Moreover, to show that the numerator and denominator are two independent x> variables, recall that

you can write the above expression in terms of restricted and unrestricted residuals.

Solution
We compute the first and the second moments in order to show that under the null hypothesis, F (RB —r)=0
and Var(RB —r) = 02R(X'X) 'R/

a)
E(RB—r)=RB—RB=0

—E R{(X’X)*X’a] {(X’X)_lX’a}/R’}

{R (X’X)*X’e} [E’X(X’X)*l}R’}

(X'X)'X'B(ee) X(X'X) 'R
——

o2

=?RX'X) ' X'X(X'X)' R
————/
Iy

=o’R(X'X)" 'R

b) We know that the F distribution is a ratio between two independent x? variables divided by their
respective degrees of freedom.
In order to derive the numerator of the F distribution, we recall that if a g-dimensional random variable
U is distributed as N(0,%), then U'S'U ~ x?(g). Applying this, we obtain:

(RB - r)’ [JQR(X’X)_IR’] B (RB - 7‘) ~x2(q)

where q degrees of freedom are the number of the elements of the vector ~ Rf3
-

(gxk)(kx1)
In the denominator, in order to get rid of the unknown quantity o2 we use:

n—=k)sz2 e*e*
( 2) — 02 Nxz(n—k)

g



Thus, we have:

(RB - r)l {JQR(X’X)”R’} o (R/S’ - 1") /q

) ok

(RB - r)' [R(X/X)—lR'} o (RB — r) /q

(n—k)

Since ¢’e — e*'e* = (R — r)'[R(X'X) "' R'|(RB — r), then the above expression become:

_ (e —e*’e*)/q
e*'e*/(n — k)

Notice that, e’'e — e*’e* =&’ (M — M*)e and tr(M — M*) = (n —k + q) — (n — k) = q. Hence,

2 / /%
qs e —e*'e
2 - 2~ XZ(Q)

In addition, &/(M — M*)e and &’ Me are independent because (M — M*)M =0
Thus, we have:
(e —e*e*)/q
= ~F —k
e*/e*/(n _ k) (q’ n )

Rearrange the terms as follows

(fe—ee*)/q (RB - 7")/ {R(X/X)AR/} - (RB - 7‘) /q

er'er/(n—k) =5
(n—k)
(ma=r) [rxx)w] " (R3- 1)/
_ (R,B—r) [SQR(XO;MR/} (RB _T) ~ F(q,n—k)

Exercise 2

Consider the population regression model

Y=XB+e.

Use the Law of Large Number (LLN) and the Central Limit Theorem (CLT) to show that:

a) asn — 00, (B—f) B0 < E(X’e) =0, namely iff X and & are uncorrelated.



b) as n — oo, \/ﬁ(ﬁ - B) < N(0,0°Q™"), where Q = Plim(X,;X)-

Recall that if {w;} is an i.1.d. sequence and Var(w;)< oco. Then

-

Il
Ja

e Law of Large Number (LLN): 1

3

e Central Limit Theorem (CLT): ﬁ > (wi — E(w;)) < N(0,Var(w;))

=1

Solution
a) Let us start from the expression for B :
f= (X)X
= (X'X)'X'XB+ (X'X) ' Xe
=B+ (X'X)'Xe

Hence,
3—B=(X'X)"'Xe
B-B=(xX)"Xes
. X'X\"1Xe
i-e=(50) S

/ -1 ’ ~
By the LLN we know that plim(%) = Q! and plim(Xng) = E(Xe). Therefore, (3 —8) 5 0,

iff £(X’e) = 0. In other words, /3 is a consistent estimator of 3 if and only if X and ¢ are not correlated.

b)
-

B—p= XnX)_ljﬁ(jﬁ
Vil 8) = (X;X)_l)j;

X'e

NG

!

<4 N (0, D) by Central Limit

X'X\-1
Note that plim( ) = Q™! by Law of Large Numbers and that

Theorem, where D = o2(Q).
We have that \/n(3 — ) has a finite mean and a finite variance:

Xy o

n



var[vas - ) = 4 [(55) 7 (52) - B[(55) 7]

I RIGT) R
() RG]
:Qflmel

n
, X'X

n n

— Qflo_ Q71
——
Q
-Q'*QQ!
~~

D

Then, we have the following limiting distribution:

X'X\-1X'e 4
) 4,

V(- 8) = ( N

Exercise 3

)

X'e
NG

)

n

)

-1X'e
vn

N(0,Q7'DQ™) = N(0,Q7'0*QQ™") = N(0,0°Q™")

=0

Consider the classical Gaussian linear model Y = X3 + ¢, with € ~ Nn(O,O'QIn), and the null hypothesis

RpB = r, where R is a ¢ X k matrix of full row rank.

a) Write down the likelihood ratio (LR) test statistic.

b) Write down the Wald (W) test statistic.

¢) Comment on the relation among the above test statistics and the classical F test statistic.

Solution

The sample log-likelihood for the classical Gaussian linear model is

L(0) = —gzn%—ﬁ Ino? —

Sno® — Sl (Y - X6)'(V - X6)

Sn(B)

C

0= (8,07

Let 6 = (3,52) be the ML estimator of the constrained model, that is the model under which the con-
straints hold. Let 6 = (3,62) be the ML estimator of the unconstrained model.

a) The likelihood ratio (LR) test statistic is:

¢t =o(L - L)

}



where L = L(é) is the log-likelihood evaluated at the unconstrained estimator and L = L(é) is the
log-likelihood evaluated at the constrained estimator.

0 is the maximizer over the parameter space of the log-likelihood in the unrestricted model:

0 = argmax L(6)
gee

whereas 6 is the maximizer over the parameter space of the log-likelihood in the restricted model:

0 =argmax L(f) st. RO=r
0€o

For a fixed 3, L(f) attains its unique maximum at o2 = S(3). Thus 62 = S(8), 52 = S(B).

A a n né2 n n
L=L@)=c—"ms?— :(—7>—71 52
0)=c 5 6"~ o3 €= 3 T
E= 1) = o= 21?200 = (o= 1) = Mg
N N 2 262 2 2

The LR principle leads to test that reject the null hypothesis for large values of £&.

The LR test requires computing both the unconstrained and the constrained ML estimator.

b) The Wald test only requires computing the unconstrained estimator.
Since RB — 1 ~ N,(0,02R(X’'X)"*R’) under Hy, where the vector (RB — r) indicates the extent to
which the unrestricted ML estimates fit the null hypothesis, the Wald test statistic is:

w _ (RB—r)[RX'X)' R (Rf — 1)

5-2

3

We can rewrite the numerator of the Wald test statistic as the difference between the residuals sum of

squares in the constrained model and the residuals sum of squares in the unconstrained model

dé—eé'ée=(RB—r)[R(X'X) 'R YRB —r)

Then
w_ (RB—7)[R(X'X)'R|"Y(RB — 1)
6 - (5'2
gé—é'ée  ne?—né?
5% — 62
=n 52

Reject the null hypothesis for large values of the test statistic.



c¢) Recall the F statistic under the classical Gaussian linear model:

_ (BB —r)[RX'X)" 'R (RB—1)/q

F 2

~ F(g,n—k) under Hy

Rewrite the F statistic as:

_ (e'e—¢é'é)/q _ (e'e—¢é'é)(n—k)
ée/(n—k) é'e q
n(6? — &%) (n — k)
no? q
52 —62(n—k)

52 q

In order to show the equivalence to the F statistic let us rewrite the expressions for the LR and the

Wald tests:
MR = nin gi
v _ n52(;2&2
Thus, we have:
et =nin 1+ ngk)AQ} = ln(l + %)
¢ = ”(ank)

Exercise 4

Consider the classical Gaussian linear model Y = X3 + ¢, with ¢ ~ N,(0,021I,), and the null hypothesis
RB = r, where R is a ¢ X k matrix of full row rank. Show that the Lagrange Multiplier (or Score) test can

be written as

a) &5 = NR?

where R? is the determination coefficient of the regression of the restricted residuals é on X.




Solution

The sample log-likelihood for the classical Gaussian linear model is

(Y - XB)'(Y - XB), 0= (8,07
S@)

n n 9 1

C

a) The Score o Lagrange Multiplier (LM) principle leads to test that reject for large values of a statistic
that is a quadratic form of the score vector, that is the gradient of the log-likelihood. The quadratic
form to consider is one that uses as a weighted matrix the inverse of the information matrix.

The test statistic is:
¢ =8'1"18

where S = L/() and I = —E[L"(0)] are, respectively, the likelihood score and the (expected) infor-
mation matrix evaluated at the constrained Maximum Likelihood (ML) estimator.
The Score or LM test only requires computing the constrained ML estimator.

2 unconstrained, we can focus on the derivatives with respect to 8. This is possible

Since Hy leaves o
since S can be partitioned and the information matrix is block diagonal between B and o2 with cross

derivatives equal to 0.

- 9L 1, .

5(9):675—? (Y —Xp)
. F2(X'X) T 0

1(9)1:[ ( . - ]

How do we obtain the inverse of the information matrix?

First, we compute the second derivatives of the log-likelihood function:

0’L 1.,
opop ~ a2 X X)
9L N 1 = .
902007 ~ 251 o0~ XAV = XP)
9L 1 .
95007 — s XY X' XP)



Second, we consider their expected values taken with the opposite sign:

E< L ) - L (x'x)

-
)
E (-a‘?af)g) _ —% 4 %E(E'g)
B (- 590 ) = 35X~ X'XB)
— %(X’XB - X'XB)=0

Therefore, the information matrix is:

1(0) = [‘}Z(JSIX) 2]

Since the information matrix is diagonal, its inverse is given by:

o, |efX’X)"t 0
16)~' = 4
v [ 0 S ]

Coming back to the score test statistic, we have:

= %(Y — XB)'X&Q(X’X)*%X'(Y - Xpj)
(Y = XB)X(X'X) "L X'(Y — Xp)

5—2
CEX(X'X)'X'e

5—2

Now, let us consider the following auxiliary regression model
é=~vX +errors

We have that the OLS estimator of v is equal to
F=(X'X)"1X'¢e

and that the predicted values are

Qv

= X4
= X(X'X)"'X'e



The R-squared of the above auxiliary regression is:

R* =

-
(X(X'X)"1Xe) (X (X'X)"1X'E)
é'e
EX(X'X)TIX'X(X'X)1X'e
é'é

dX(X'X)"tX'e

e'e

We saw above that

s eX(X'X)'X'e
&= =2
o
Given that % = %7 we can rewrite the Score test statistics as

EX(X'X)1X'e

55 = B
N
EX(X'X)"1X'e
=N BT
= NR?

b) We saw that the Score test statistic is:
é—S _ S/j_lg

Notice that the quadratic form in the score vector is equivalent to a quadratic form in the Lagrange

multiplier associated with the constraint:
¢35 =8'T'S=NRI'R'\

where A is the Lagrange multiplier associated with the constraint Rf# = r. The reason they are
equivalent comes from the first order conditions from the constrained maximization problem. If 6
solves this problem, then L'(8) —R'A = 0.
——
s
Therefore -
~ 0L 1 ~
S3(0) = —===X'(Y —XB)=R'\
()= 55 = =XV = XP)

-1 .
where A = 2% |R(X'X)"'R'| (RB—7)

10



By computing S = R'A = L R[R(X'X) ' R|"Y (RS — r), we obtain:

% = S’j?lS»
= E(Rﬁ —r[R(X'X)'R]'R-&*(X' X))t %R’[R(X’X)—lR’]—l(RB —7)
= %(RB —Y[R(X'X)"'"R) ' R(X'X) 'R'[R(X'X) 'R (RS — 1)
Iq
_ %(RB Y [RXX) VRN RE - 1)
5.2 _ 5’2
Exercise 5
Consider the model y = X8 + ¢ and assume that F(e) = 0 and Var(y) = Var(e) = E(ee’)

positive definite.

a) Compute E(BOLS) and Var(BOLS)

b) Transform the data in order to restore the ideal conditions of the classical linear model

¢) Derive Bers

d) Compute E(BGLS) and Var(BGLS)

e) Prove that (Bqrs) is BLUE
Solution

a) We know that fors = (X'X)"1X'y.

E(BOLs) = B[(X'X)'X'XB+ (X' X)"' X'¢]

=B+ (X' X)X E(e)
e

~ 5

VCLT(BOLS) =F

[
[

E
E

(Bors — E(B))(Bors — E(B))']
(Bors — B)(Bors — B)']
(X' X) ' X'e)(X'X) "' X'e)']

= (X'X)"'X'E(e)x(X'X)™!

= (X'X)"' X'VX(X'X)?

11

=V, where V is



b) Since V is positive definite, V=1 is positive definite too. Therefore, there exists a nonsingular matrix
P such that V—! = P'P.

Use P to transform the model as follows:

Py=PXp+ Pe
Since
E(Pe)=0
and

Var(Pe) = E(Pee' P')
= PVP
=P(P'P)"'P
=

then, the transformed model satisfies the conditions of the classical linear model.

¢) The GLS estimator for 3 in the model y = X + ¢ is the Least Squares estimator for 5 in the model
Py = PXp + Pe. Hence,

Bars = [(PX)'(PX)|"'(PX)' Py
= (X'P'PX)"'X'P' Py
— (X/V71X)71X/V71y

d) The expected value of BerLs is:

E(Bars) = E[(X'V7IX)1X'V 1y
= BI(X'V'X) XV IX B+ (XVTIX) TNV
1

=B+ (X'VIX)TIX'VTLE(e)
N
0

=B

12



The variance of Bgrs is:

Var(Bars) = ElBars — E(Bars))lBars — E(BoLs))
= ElBars — BlBars — B
=EB((X'V'X)' X'V ) ((X'VIX) X'V )]
= (XVI'X)'X'VIEE)VTIIX(X'VTIX) !
= (X’V‘lX)‘lX’V‘ll/l/:X(X’V‘lX)‘l
1
=XV IX)'Xvix(x'vix)T!

I

— (X/V—lx)—l
e) In order to prove that BerLs is BLUE, let us consider another linear estimator, b, such that
b=[(X'VIX)"IX'V-! + Ay
— Unbiasedness

E(b) = [(X'VIX)'X'V 4+ A|E(y)
=[(X'VIX)TI X'V + Al XB
=XV X)) X'VIX B+ AXB
I
=B+ AXp

Thus, b is not biased when AX = 0.

— Efficiency
We need to show that Var(Bars) < Var(b)

Var(h) = E{[(X'V'X)' X'V + Aly - EQ)H[( X'V X)XV~ + Aly — E(b)Y
= FB{(X'V X)XV I+ A(XB+¢) - BH[(X'VIX) X'V L+ A(XB +¢) — BY

Notice that

(X'VIIX)TIXVT 4 A(XB+e) - B=[(XVIX)'XVIXB+ (X VX)XV e + AX B+ A — f]
I 0
=B+ (X'VIX) X'V le+ Ae - B
= (X'VIX)TIX'V e + Ae

13



Therefore

Var() = E{[(X'V'X) ' X'V e + Ae][(X'VIX) X'V e + Ag)'}
=[(X'VIX)' X'V EEHVIIX(XVIX) ™+ (X'VTIX)IX'V L E(e) A+
~— S~~~

14 174
+AEENVIX(X'VIX) 4+ AE(ee)) A
N—— N——
Vv 1%
= —1X)” —1X)” X+ X))~ + X))+
XVIIX) U X VIO TIXVIIX XV T XA + AX X(X'VEX) T+ AV A
——
T 0 0

= (X'VIX)l4avA
N————
Var(Bers)

Hence,

Var(b) — Var(Bars) = AVA >0

since AV A’ is positive definite.

Exercise 6

Consider the model specified in the previous exercise and let V be equal to 02Q
a) Derive the asymptotic distribution of QGLS, with Q known.

b) Suppose now that € is unknown. Write down the expression for the Feasible GLS (FGLS) estimator,

5’ rarLs- Is it a consistent estimator for 37

X' -0 Ve

rrH—1 —1 A
X(QN;Q)X = 0 and plim=———F——= = 0 are sufficient conditions for Bgrs and

¢) Prove that plim
BFGLS to have the same asymptotic distribution.
Solution

a) Let us start from the expression for BG s we derived above and recall that now V = o2

BGLS — (X/(O_2Q)—1X)—1X/(O_ZQ)—1y

X'Q 1X\ -1 X'Q" 1y
- () T

(o g

X'Q-1
—1,2 Y

-1
= (X'Q71X) .

g
—_ (X/Q—IX)—IX/Q—ly
= (X'Q'X)7IX'QHXB +€)
= (X' X)X X B+ (X' X)TIX'Q e
I

=6+ (X' X)L X0 e

14



X’Q_lX)*lX’Q_ls

VN(Baws - 8) = (= o=

By the Central Limit Theorem, X0 'e 4 N(0,D)

E[VN(Bgrs — B)] =0

Var[VN(BaLs — B)] = E{(X/%le)_lXif/lﬁlé} { X’(;lX)—l X/\g/)ﬁlg}/
_ (X’Q*lx)—l X'Q 1 E(e)Q X (X’Q*lx)q
N N ¥
_ (X/Q_lX)fl X'015200-1x (X’Q_lX)fl
N N N
o (S (st
I

Thus, \/N(BGLS ) i N(0702<X/91\;1X)71)

Brors = (X'Q71X)1X'Q7 1y

Brers = B+ (X'Q71X)7IX'O 7 te

X/Q*lx)flx’(rle

BFGLS_ﬁ: ( N N

BrarLs is a consistent estimator for 3 if

where @ is pd and finite and

¢) We have that

X’Q”X) -1 X0~ 1¢ (X'Qflx)—l X'O-!

VN(Bars — B) — VN(Brars — B) = ( N N

15



VN(Bars — Brars) = (X/Q_lX)le/Q_IE _ <X’Q—1X)71 X'Qte

N VN N VN
Thus,
, X X CXQTIXN X0 e XOTIX\ 1 X0 e
pllmm(BGLS _BFGLS) _pllm ( N ) \/N _( N ) \/N
If
o /X'OTIX L L /X'QTIX L
plzm(iN ) = plzm(iN )
and
y X0 e i X/t
plim N = plim
then

p lim\/ﬁ(é oLs — Br Grs) =0= Bers and Brars have the same asymptotic distribution.

16



