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THEME #1

___

How to use the Table of 
Standard Normal distribution
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How to use the Table of 
Standard Normal
distribution

zα
Standardized
value

α

zα

α
Shaded Area [-∞;zα]
Probability P(x)< zα

zα =-1.65

α =0.0495=4.95%~5%

α =0.025=2.5%

Find the nearest value
to 0.025 in the Table

The value of z for the α 
is -1.96
zα =z0.025 =-1.96

Area [-∞;-1.96]=0.025
the 2.5% of the values
are lower than -1.96

Area [-∞;-1.65]=0.0495
P(x<zα) =0.0495=4.95%
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α=0.01 → zα=-2.33

α=0.025    → zα=-1.96

α=0.05 → zα=-1.64 or -1.65

α=0.1 → zα=-1.28
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α=0.99 → zα=2.33

α=0.975     → zα=1.96

α=0.95 → zα=1.64 or 1.65

α=0.90 → zα=1.28
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THEME #2

___

Confidence Intervals



7

Inferential Statistics

“making decision on a population based on sample results”

Estimation

Point Estimate

Estimate a parameter:
Ex: µ 

by an estimator:
Ex: ҧ𝑥

Estimate a parameter:
Ex: µ 

by an interval in which we have
confidence that the parameter

fall:
Ex: ҧ𝑥 ± 𝑧 Τ𝛼 2

𝜎 ҧ𝑥

Find values
(Estimation) or Test 

statements
(Hypothesis Tests) 

on population
parameters based

on sample estimator

Hypothesis Testing

Interval of Confidence
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What are Confidence Intervals in Statistics?

The confidence interval (CI) is a range of values that’s likely to include a population value with a 
certain degree of confidence. It is often expressed a % whereby a population mean lies between an 
upper and lower interval.



Confidence Interval

The confidence interval is given as

Point estimate ± Margin of error

Ex. the (1-α)% confidence interval for the population mean µ is:

ҧ𝑥 ± 𝑧 ൗ𝛼 2
𝜎 ҧ𝑥

ҧ𝑥 is the sample mean (the point estimate of the population mean)

𝜎 ҧ𝑥 is the standard error 𝜎 ҧ𝑥 =
𝜎

𝑛
(the standard deviation of the sample mean)

𝑧 Τ𝛼 2
is a z-score

The confidence level (1-α) associated with a confidence interval states how much confidence we
have that this interval contains the true population parameter.

The confidence level is denoted by (1-α)% and express a probability.
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is called margin of error
ҧ𝑥 is the point estimate of the 

population mean µ



Confidence Level and Confidence Interval

The confidence interval is Point estimate ± Margin of error

The (1-α)% confidence interval for the population mean µ is:

ҧ𝑥 ± 𝑧 ൗ𝛼 2
𝜎 ҧ𝑥

Ex.

We have a sample mean of $1970

We have a statistical confidence of the 95%
that the population mean µ lies in the interval
from $ 1630 and $2310.

In other terms we have a 95% probability that population mean lies in the interval:
[$ 1630 ; $2310].

10
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What does a 95% confidence interval mean?

The 95% confidence interval is a range of values that you can be 95% certain contains the true mean 
of the population.

As the sample size increases, the range of interval values will narrow, meaning that you know that 
mean with much more accuracy compared with a smaller sample.

We can visualize this using a standard normal distribution

For example, the probability of the population mean value 
being between -1.96 and +1.96 standard deviations (z-scores) 
from the sample mean is 95%.

Accordingly, there is a 5% chance that the population mean 
lies outside of the upper and lower confidence interval (as 
illustrated by the 2.5% of outliers on either side of the 1.96 z-
scores).

https://www.simplypsychology.org/normal-distribution.html


If the standard deviation of the population (𝝈) is known the standard error
(the standard deviation of the sample mean) is:

𝜎 ҧ𝑥 =
𝜎

𝑛

If the standard deviation of the population (𝝈) is NOT known the standard
error (the standard deviation of the sample mean) is:

𝜎 ҧ𝑥 =
ො𝜎

𝑛

ො𝜎 (or sometimes is noted with the letter «s») is the sample standard deviation and the
unbiased estimator of the standard deviation
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If the standard deviation of the population (𝝈) is known the margin of error is

𝒛 ൗ𝜶 𝟐
𝝈ഥ𝒙 = 𝑧 ൗ𝛼 2

𝜎

𝑛

where 𝑧 Τ𝛼 2
is a z score

and
𝜎

𝑛
is the standard error (with 𝜎 known)

If the standard deviation of the population (𝝈) is NOT known the margin of error is

𝒕𝒏−𝟏; ൗ𝜶 𝟐
𝝈ഥ𝒙 = 𝑡𝑛−1; ൗ𝛼 2

ො𝜎

𝑛

where 𝑡𝑛−1; Τ𝛼 2
is a Student’s T with n-1 degrees of freedom

and ො𝜎 is the sample standard deviation (with 𝜎 not known)

ො𝜎2 =
1

𝑛 − 1
෍

𝑖=1

𝑛

(𝑥𝑖 − ҧ𝑥)2 =
1

𝑛 − 1
෍

𝑖=1

𝑛

𝑥𝑖
2 − 𝑛 ҧ𝑥2

13
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X Normal r.v. ~𝑁(𝜇 ; 𝜎2) ?

σ known?

n ≥ 25?

1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛
1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑡𝑛−1; ൗ𝛼 2

ො𝜎

𝑛
; ҧ𝑥 + 𝑡𝑛−1; ൗ𝛼 2

ො𝜎

𝑛

1 − 𝛼 %𝐼𝐶 𝜇 ≅ ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛
1 − 𝛼 %𝐼𝐶 𝜇 ≅ ҧ𝑥 − 𝑧 ൗ𝛼 2

ො𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

ො𝜎

𝑛

σ known?

Yes No

Yes

Yes

No

No

NO Interval 
of 

Confidence

No

Yes, 

apply the Central Limit Theorem
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X Normal r.v.

σ known
1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛

σ unknown
1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑡𝑛−1; ൗ𝛼 2

ො𝜎

𝑛
; ҧ𝑥 + 𝑡𝑛−1; ൗ𝛼 2

ො𝜎

𝑛

X not Normal r.v. (apply the Central Limit Theorem)

σ known
1 − 𝛼 %𝐼𝐶 𝜇 ≅ ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛

σ unknown
1 − 𝛼 %𝐼𝐶 𝜇 ≅ ҧ𝑥 − 𝑧 ൗ𝛼 2

ො𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

ො𝜎

𝑛

X Bernoullian r.v., 𝜋 unknown

σ known

1 − 𝛼 %𝐼𝐶 𝜋 ≅ Ƹ𝑝 − 𝑧 ൗ𝛼 2

Ƹ𝑝 (1 − Ƹ𝑝)

𝑛
; Ƹ𝑝 + 𝑧 ൗ𝛼 2

Ƹ𝑝 (1 − Ƹ𝑝)

𝑛
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Exercise 1b
A company has made a new smartphone. Before the company decides the price at which to sell the
smartphone, it wants to know the average price of all smartphones in the market. The research
department took a sample of 50 comparable smartphones and collected information on their prices.
This information produced a mean price of $145 for this sample. It is known that the standard
deviation of the prices of all smartphones is $35 and the population of such prices is normal.
a. What is the point estimate of the mean price of all smartphones?
b. Calculate the standard deviation of the sample mean.
c. Construct a 90% confidence interval for the mean price of all smartphones. Which is the margin of

error?
d. Construct a 95% confidence interval for the mean price of all smartphones.
e. The research department add to the first sample other 50 smartphones with a mean price of $165.

Calculate the new point estimate of the mean price and the 95% confidence interval for the mean.

Solution
From the given information, n=50  ҧ𝑥=145 and standard deviation is 35 (σ known).

a. The point estimate of the mean price is $145 (the sample mean ҧ𝑥)

b. The standard deviation of the sample mean (standard error) with σ known is:

𝜎 ҧ𝑥 = 𝜎/√𝑛 = 35/√50 = 35 / 7.07 = 4.95

17



Exercise 1b
A company has made a new smartphone. Before the company decides the price at which to sell the
smartphone, it wants to know the average price of all smartphones in the market. The research
department took a sample of 50 comparable smartphones and collected information on their prices.
This information produced a mean price of $145 for this sample. It is known that the standard deviation
of the prices of all smartphones is $35 and the population of such prices is normal.

c. Construct a 90% confidence interval for the mean price of all smartphones. Which is the margin of
error?

Solution
c. The confidence level is 90%. 

The z-value (from the Table of the standard normal distribution) for a 90% confidence level is 1.65

The 90% confidence interval for the mean µ is:

1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛

90%𝐼𝐶 𝜇 = 145 − 1.65
35

50
; 145 + 1.65

35

50
= [136.83 ; 153.17]

We are 90% confident that the mean price of all smartphones is between $136.83 and $153.17.

The margin of error is 𝑧𝜎 ҧ𝑥 = 1.65 ∙ 4.95 = 8.1675

18
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Exercise 1b
A company has made a new smartphone. Before the company decides the price at which to sell the
smartphone, it wants to know the average price of all smartphones in the market. The research
department took a sample of 50 comparable smartphones and collected information on their prices.
This information produced a mean price of $145 for this sample. It is known that the standard deviation
of the prices of all smartphones is $35 and the population of such prices is normal.

d. Construct a 95% confidence interval for the mean price of all smartphones.

Solution

d. The confidence level is 95%. The z value for a 95% confidence level is 1.96

The 95% confidence interval for the mean µ is:

1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛

95%𝐼𝐶 𝜇 = 145 − 1.96
35

50
; 145 + 1.96

35

50
= [135.298 ; 154.702]

We are 95% confident that the mean price of all smartphones is between $135.298 and $154.702.

19



Exercise 1b
A company has made a new smartphone. Before the company decides the price at which to sell the
smartphone, it wants to know the average price of all smartphones in the market. The research
department took a sample of 50 comparable smartphones and collected information on their prices.
This information produced a mean price of $145 for this sample. It is known that the standard deviation
of the prices of all smartphones is $35 and the population of such prices is normal.

e. The research department add to the first sample other 50 smartphones with a mean price of
$165. Calculate the new point estimate of the mean price and the 95% confidence interval for the mean.

Solution

e. The mean of the first sample is ҧ𝑥1=145 and the mean of the second sample is ҧ𝑥2=165 

ҧ𝑥1+2 =
ҧ𝑥1 ∙ 𝑛1 + ҧ𝑥2 ∙ 𝑛2

100
=
50 ∙ 145 + 50 ∙ 165

100
= 𝟏𝟓𝟓

The standard error is 𝜎 ҧ𝑥 = 𝜎/ 𝑛 = 35/ 100 = 35 / 10 = 𝟑. 𝟓

The confidence level is 95%. The z value for a 95% confidence level is 1.96

The 95% confidence interval for the mean is

1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛

95%𝐼𝐶 𝜇 = 155 − 1.96 ∙ 3.5 ; 155 + 1.96 ∙ 3.5 = [148.14 ; 161.86]

We are 95% confident that the mean price of all smartphones is between $148.14 and $161.86. 20



21

Exercise 1
For a data set obtained from a sample, n = 20 and ഥ𝒙 = 35. It is known that the population
standard deviation is 3.1 and the population is normally distributed.
a. What is the point estimate of µ?
b. Make a 99% confidence interval for µ.
c. What is the margin of error?
d. What is the margin of error of the 95% confidence interval?

Solution
We know that the population is normally distributed, so

X ~ 𝑁(𝜇 ;𝜎2)

with the unknow mean µ and a standard deviation σ = 3.1

X ~ 𝑁(𝜇 ;𝜎2=3.12 = 9.61)

Also the sample mean is normally distributed,

ҧ𝑥~𝑁(𝜇 ;
𝜎2

𝑛
)

ҧ𝑥 ~ 𝑁(𝜇 ;
𝜎2

𝑛
=

3.12

20
= 0.4805)

If
𝜎2

𝑛
= 0.4805 the standard error

𝜎

𝑛
=

3.1

20
= 0.6932
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Exercise 1
For a data set obtained from a sample, n = 20 and ҧ𝑥 = 35. It is known that the population standard 
deviation is 3.1 and the population is normally distributed.
a. What is the point estimate of µ?
b. Make a 99% confidence interval for µ.
c. What is the margin of error?
d. What is the margin of error of the 95% confidence interval?

Solution

a. The point estimate of the population mean (µ) is the sample mean ҧ𝑥 = 35

b. We have to calculate the 1 − 𝛼 %𝐼𝐶 𝜇 for the population mean, 𝜇, for the confidence levels of
(1 − 𝛼) = 0.99

If (1- α)=0.99, α=0.01 and Τ𝛼 2=0.005

The 𝑧 Τ𝛼 2
(in absolute value) from the table

of the standard normal distribution for
Τ𝛼 2=0.005 is

𝑧 ൗ𝛼 2
= 𝑧0.005 = 2.58
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A little tip

To find the value of the 𝑧 Τ𝛼 2
you use the table of the standard normal distribution.

If you have the negative table of Z the 𝑧 Τ𝛼 2
will

be (in general) negative.

You have to use it in absolute value.

Ex. For (1- α)=0.99, α=0.01 and Τ𝛼 2=0.005

𝑧 ൗ𝛼 2
= 𝑧0.005 = 2.58

If you have only the positive table of Z you
have α values only ≥ 0.5.

To find the correct Z-score you have to find
the symmetric and complementary value of
Τ𝛼 2 : (1- Τ𝛼 2)

Ex. For (1- α)=0.99, α=0.01 and Τ𝛼 2=0.005
1 − Τ𝛼 2=0.995

𝑧1− ൗ𝛼 2
= 𝑧0,995 = 2.58
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Exercise 1
For a data set obtained from a sample, n = 20 and ҧ𝑥 = 35. It is known that the population standard 
deviation is 3.1 and the population is normally distributed.
a. What is the point estimate of µ?
b. Make a 99% confidence interval for µ.
c. What is the margin of error?
d. What is the margin of error of the 95% confidence interval?

Solution
The IC formula for X normally distributed and σ known is:

1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛

We have: ҧ𝑥= 35 , n=20 , σ = 3.1

The standard error (or the standard deviation of the sample mean) is: 𝜎 ҧ𝑥 =
𝜎

𝑛
= 3.1/√20 = 0.69

99%IC(𝜇)=[ ҧ𝑥 - 𝑧 Τ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 Τ𝛼 2

𝜎

𝑛
] = [35 – 2.58 ∙ 0.69 ; 35 + 2.58 ∙ 0.69] = [33.23 ; 36.77]

c. The margin of error is 𝑧 Τ𝛼 2

𝜎

𝑛
= 2.58 ∙ 0.69 = 1.77

d. The margin of error is 𝑧 Τ𝛼 2

𝜎

𝑛
. The difference with c. is only for the z score 𝑧 Τ𝛼 2

that for (1 − 𝛼) =

0.95 is 𝑧 Τ𝛼 2
= 𝑧0.025= 1.96

The margin of error is 𝑧 Τ𝛼 2

𝜎

𝑛
= 1.96 ∙ 0.69 = 1.35
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Exercise 2
A machine is set up such that the average content of juice per bottle is equals to µ with a variance
of 25 cl.
A sample of 100 bottles yields an average content of 48cl.
Calculate a 90% and a 95% confidence interval for the average content.

Solution
The average content of juice per bottle of the machine is the variable X with the unknown mean µ and
a variance σ2 = 25. The standard deviation of the machine is the square root of the variance, so σ =
5

It is not known if the X is normally distributed, but the sample of bottles is large enough
(n=100>25) to apply the Central Limit Theorem.

For the Central Limit Theorem,

ҧ𝑥~𝑁(𝜇 ;
𝜎2

𝑛
)

We have to calculate the 1 − 𝛼 %𝐼𝐶 𝜇 for the population mean, 𝜇, for the confidence levels of
(1 − 𝛼) = 0.90 and (1 − 𝛼) = 0.95

For (1- α)=0.90, α=0.1 and Τ𝛼 2=0.05. The 𝑧 Τ𝛼 2
for (1 − 𝛼) = 0.90 is 𝑧 Τ𝛼 2

= 𝑧0.05= 1.645

For (1- α)=0.95, α=0.05 and Τ𝛼 2=0.025. The 𝑧 Τ𝛼 2
for (1 − 𝛼) = 0.95 is 𝑧 Τ𝛼 2

= 𝑧0.025= 1.96
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Exercise 2
A machine is set up such that the average content of juice per bottle is equals to µ with a variance
of 25 cl.
A sample of 100 bottles yields an average content of 48cl.
Calculate a 90% and a 95% confidence interval for the average content.

Solution
The IC formula for X not normally distributed and σ known is:

1 − 𝛼 %𝐼𝐶 𝜇 ≅ ҧ𝑥 − 𝑧 ൗ𝛼 2

𝜎

𝑛
; ҧ𝑥 + 𝑧 ൗ𝛼 2

𝜎

𝑛

We have: ҧ𝑥= 48 , n=100 , σ = 5

The standard error is: 𝜎 ҧ𝑥 =
𝜎

𝑛
= 5/√100 = 5 / 10 = 0.50

The 𝑧 Τ𝛼 2
for (1 − 𝛼) = 0.90 is 𝑧 Τ𝛼 2

= 𝑧0.05= 1.645

The 𝑧 Τ𝛼 2
for (1 − 𝛼) = 0.95 is 𝑧 Τ𝛼 2

= 𝑧0.025= 1.96

90%IC(𝜇) ≅ [ ҧ𝑥 - 1.64
𝜎

𝑛
; ҧ𝑥 + 1.64

𝜎

𝑛
] = [48 – 1.645 ∙ 0.5 ; 48 + 1.645 ∙ 0.5] = [47.18 ; 48.82]

95%%IC(𝜇) ≅ [ ҧ𝑥 - 1.96
𝜎

𝑛
; ҧ𝑥 + 1.96

𝜎

𝑛
] = [48 - 1.96 ∙ 0.5 ; 48 + 1.96 ∙ 0.5 ] = [47.02 ; 48.98]



Confidence Interval for µ (σ not known)

The (1-α)% confidence interval for µ is:

ҧ𝑥 ± 𝑡𝜎 ҧ𝑥

where

𝜎 ҧ𝑥 =
ෝ𝜎

𝑛
(the standard error)

with

𝜎 ҧ𝑥 = the standard deviation for a sample

The value of t used here is obtained from the t distribution table for n-1 degrees of
freedom and the given confidence level.

𝐸 = 𝑡𝜎 ҧ𝑥 is the margin of error

27
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Exercise 3
A sample of 30 products selected from a normally distributed population has a mean weight of
150 gr and a standard deviation of 15 gr. Make a 95% confidence interval for µ.

Solution

The IC formula for X normally distributed and σ NOT known is:

1 − 𝛼 %𝐼𝐶 𝜇 = ҧ𝑥 − 𝑡𝑛−1; ൗ𝛼 2

ො𝜎

𝑛
; ҧ𝑥 + 𝑡𝑛−1; ൗ𝛼 2

ො𝜎

𝑛

We have: ҧ𝑥 = 150 , n=30 , ො𝜎 = 15

The standard error is: 𝜎 ҧ𝑥 =
ෝ𝜎

𝑛
= 15/√30 = 15 / 5.48 = 2.74

The degrees of freedom for the calculation of the Student’s T are n-1=29 and (1 − 𝛼) = 0.95, so we 
have that: 𝑡𝑛−1; Τ𝛼 2

= t(29;0.025) that from the table of the Student’s T is: t(29;0.025) =2.045

95% 𝐼𝐶 𝜇 = [ ҧ𝑥 - 𝑡𝑛−1; Τ𝛼 2

ෝ𝜎

𝑛
; ҧ𝑥 + 𝑡𝑛−1; Τ𝛼 2

ෝ𝜎

𝑛
] = [150 – 2.045 ∙ 2.74 ; 150 + 2.045 ∙ 2.74] =

= [144.4 ; 155.6]
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Exercise 4
For a data set obtained from a sample, n = 25 and ҧ𝑥 = 35. The sample standard deviation is 3.1. Make a 95%
confidence interval for µ.

Solution

ҧ𝑥 = 35 , n=25 , ො𝜎 = 3.1

𝜎 ҧ𝑥 =
ෝ𝜎

𝑛
= 3.1/√25 = 3.1 / 5 = 0.62

Degrees of freedom=n-1=24, so we have that,  t(24;0.025)=2.064

95% confidence interval: [ ҧ𝑥 - 2.064 ො𝜎/√n ; ҧ𝑥 + 2.064 ො𝜎/√n] = [35 – 2.064 ∙ 0.62 ; 35 + 2.064 ∙ 0.62] =

= [33.72 ; 36.28]

Exercise 5
A sample of 30 products has a mean weight of 150 gr and a standard deviation of 15 gr. Make a 95%
confidence interval for µ.

Solution

ҧ𝑥 = 150 , n=30 , s = 15

𝜎 ҧ𝑥 =
ෝ𝜎

𝑛
= 15/√30 = 15 / 5.48 = 2.74

Degrees of freedom=n-1=29, so we have that, t(29;0.025)=2.045

95% confidence interval: [ ҧ𝑥 - 2.045 ො𝜎/√n ; ҧ𝑥 + 2.045 ො𝜎/√n] = [150 – 2.045 ∙ 2.74 ; 150 + 2.045 ∙ 2.74] =

= [144.4 ; 155.6]
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Confidence Interval for proportion p

The (1-α)% confidence interval for p is:

ො𝑝 ± 𝑧
ො𝑝 ∙(1− ො𝑝)

𝑛

Variance of 
Bernoullian
distribution

Mean of 
Bernoullian
distribution
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Exercise 6
By a sample of 100 customers, 10 reply that are satisfied with the service they received.
Calculate a 90% confidence interval for the proportion of satisfied customers.

Solution
The IC formula for X Bernoullian r.v. and 𝜋 unknown is:

1 − 𝛼 %𝐼𝐶 𝜋 ≅ Ƹ𝑝 − 𝑧 ൗ𝛼 2

Ƹ𝑝 (1 − Ƹ𝑝)

𝑛
; Ƹ𝑝 + 𝑧 ൗ𝛼 2

Ƹ𝑝 (1 − Ƹ𝑝)

𝑛

The 𝑧 Τ𝛼 2
for (1 − 𝛼) = 0.90 is 𝑧 Τ𝛼 2

= 𝑧0.05= 1.645

The observed value (proportion of the sample) is:

Ƹ𝑝 =
𝑛. 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟𝑠 𝑠𝑎𝑡𝑖𝑓𝑖𝑒𝑑

𝑛. 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟𝑠
=

10

100
= 0.10 = 10%

The variance of a Bernoullian variable Ƹ𝑝 is Ƹ𝑝 ∙ (1 − Ƹ𝑝)

The standard error of Ƹ𝑝 is equal to 
ො𝑝 (1− ො𝑝)

𝑛
=

0.10 0.90

100
= 0.03

90% 𝐼𝐶 𝜋 ≅ [ Ƹ𝑝 - 𝑧 Τ𝛼 2
√ p(1- p)/n ; Ƹ𝑝 + 𝑧 Τ𝛼 2

√ p(1- p)/n] = [0.1 – 1.64 ∙ 0.03 ; 0.1 + 1.64 ∙ 0.03] = 

= [0.0508, 0.1492]
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Exercise 7
Sample of 80 customers 60 reply they are satisfied with the service they received. Calculate a
95% confidence interval for the proportion of satisfied customers.

Solution
The observed value (proportion of the sample) is:

Ƹ𝑝 =
𝑛. 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟𝑠 𝑠𝑎𝑡𝑖𝑓𝑖𝑒𝑑

𝑛. 𝑐𝑢𝑠𝑡𝑜𝑚𝑒𝑟𝑠
=

60

80
= 0.75 = 75%

Variance of  Ƹ𝑝: 
𝑉𝑎𝑟(𝑋)

𝑛
=

ො𝑝 (1− ො𝑝)

𝑛
= 0.0023

Standard deviation of  Ƹ𝑝: 
ො𝑝 (1− ො𝑝)

𝑛
= 0.048

95% Confidence interval for the true proportion 𝜋 : 

95% 𝐼𝐶 𝜋 ≅ [ Ƹ𝑝 - 𝑧 Τ𝛼 2

ො𝑝 (1− ො𝑝)

𝑛
; Ƹ𝑝 + 𝑧 Τ𝛼 2

ො𝑝 (1− ො𝑝)

𝑛
] = 0.75 – 1.96 ∙ 0.048 ; 0.75 + 1.96 ∙ 0.048 =

= [0.654, 0.846]
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THEME #2

___

Confidence intervals on two means
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σ known and the same for the two means

σ known and different for the two means σ1 and σ2

σ unknown
(σ1 and σ2 unequal)

σ unknown
(σ1 and σ2 equal) pooled t procedure (df=n1+n2-2)

ҧ𝑥1 − ҧ𝑥2 ± 𝑧𝜎
1

𝑛1
+

1

𝑛2

ҧ𝑥1 − ҧ𝑥2 ± 𝑧
𝜎1
2

𝑛1
+
𝜎2
2

𝑛2

ҧ𝑥1 − ҧ𝑥2 ± 𝑡
𝑠1
2

𝑛1
+
𝑠2
2

𝑛2
with df = 

𝑠1
2

𝑛1
+
𝑠2
2

𝑛2

2

𝑠1
2

𝑛1

2

𝑛1−1
+

𝑠2
2

𝑛2

2

𝑛2−1

ҧ𝑥1 − ҧ𝑥2 ± 𝑡𝑠𝑝
1

𝑛1
+

1

𝑛2
𝑠𝑝
2 =

(𝑛1 − 1)𝑠1
2+(𝑛2 − 1)𝑠2

2

𝑛1 + 𝑛2 − 2

Confidence intervals on two means with independent samples
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Exercise 1

A sample of 40 pine trees grown on the north side of a hill has a mean of 25.4 metres and a standard 
deviation of 2.1 metres.
A second sample of 40 trees from the south side has a mean of 23.2 metres and a standard deviation of 1.7
metres.
Find the 95% confidence interval for the difference in the mean heights of the two populations of trees.

Solution

(1 − 𝛼)%𝐼𝐶 𝜇1 − 𝜇2 = ҧ𝑥1 − ҧ𝑥2 ± 𝑡
𝑠1
2

𝑛1
+
𝑠2
2

𝑛2

തx1 = 25.4 with s1 = 2.1 and തx2 = 23.2 with s2 = 1.7

s1
2 = 4.41 and s2

2 = 2.89

𝑆𝐸 =
𝑠1
2

𝑛1
+
𝑠2
2

𝑛2
=

4.41

40
+
2.89

40
= 0.1825 = 0.427
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Exercise 2

A sample of 40 pine trees grown on the north side of a hill has a mean of 25.4 metres and a standard deviation of 
2.1 metres.
A second sample of 40 trees from the south side has a mean of 23.2 metres and a standard deviation of 1.7 
metres.
Find the 95% confidence interval for the difference in the mean heights of the two populations of trees.

Solution

𝑑𝑓 =

𝑠1
2

𝑛1
+
𝑠2
2

𝑛2

2

𝑠1
2

𝑛1

2

𝑛1 − 1
+

𝑠2
2

𝑛2

2

𝑛2 − 1

=
0.18252

(
4.41
40

)2

39
+
(
2.89
40

)2

39

=
0.033

0.0003 + 0.0001
= 82.5 ≅ 83

𝑡83;0.025 = 2.884

So,

95%𝐼𝐶 𝜇1 − 𝜇2 = ҧ𝑥1 − ҧ𝑥2 ± 𝑡
𝑠1
2

𝑛1
+
𝑠2
2

𝑛2
= 25.4 − 23.2 ± 2.884 ∙ 0.427 = (0.97; 3.43)


