MATHEMATICS 1
ADDITIONAL EXERCISES N. 3

KATIA COLANERI

Notation: log stands for the natural logatithm (i.e. the logarithm with the basis e)

1. INVERSE FUNCTION, COMPOSITE FUNCTIONS AND PLOTS
(1) For each of the following functions, say if they are invertible and if so, compute the inverse.
(@) f:R—>R f(z)=4-3x

This functions represents a line. It is strictly decreasing for all z € R (You must prove that

it is strictly decreasing!) and its range is Ry = R, hence by the theorem on invertibility of
4 —

monotonic functions it is invertible and its inverse is ™' : R = R, f~'(y) = Ty

b f:R=R flr)=4—27

this function is not injective, hence not bijective. Therefore it is not invertible.

() f:[0,400) = (~00,4] f(x)=4—a?
This functions represents a branch of a parabola. It is strictly decreasing for all z € [0, +00)
(You must prove that it is strictly decreasing!) and its range is Ry = (—o0,4], hence

by the theorem on invertibility of monotonic functions it is invertible and its inverse is
fil : (—00,4]—> [O7+OO)7 fﬁl(y): 4_y

(d) f:R\{-1} >R\ {0} f(x):%H

This function is bijective (You must prove that it is bijective!), hence invertible. Its inverse

is [T R\{0} = R\ {~1}, f1(y) = 2.
Notice that this function is not monotonic on R\ {—1}, hence the theorem on invertibility
of monotonic functions cannot be applied.

(e) f:R—[5,+o0) flz)=2"+5
This function is not injective, hence not bijective. Then it is not invertible.
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(f) f:(=00,4 —=[0,4+00) f(z)=+8—-2z

This function is monotonic strictly decreasing (You must prove that it is strictly decreasing!)
for all z € (—o00,4] and its range is Ry = [0, +00), hence by the theorem on invertibility of

monotonic functions it is invertible. The inverseis f~! : [0, +00) — (—00,4], f~'(y) = #.

(9) f:R—=(0,400) f(x)=e*"

This function is monotonic strictly increasing for all x € R (You must prove that it is

strictly increasing!) and its range is Ry = (0, +00), hence by the theorem on invertibility of

monotonic functions it is invertible. The inverse is f~!: (0,+00) = R, f~(y) = %.

(h) f:R\{2} =R\ {1} f(a:)=xf;

This function is bijective (You must prove that it is bijective!), hence invertible. Its inverse
is TR\ {1} = R\ {2}, f1(y) =
Notice that this function is not monotonic on R\ {—1}, hence the theorem on invertibility

of monotonic functions cannot be applied.

(7)) f:(3,400) >R f(x) =log(x —3)

This function is strictly increasing for all z € (3, 400) (You must prove that it is strictly
increasing!) and the range is Ry = R. Hence by the theorem on invertibility of monotonic
functions it is invertible. The inverse is f~!: R — (3,+00), f~'(y) =¥ + 3.
(2) Given the following plots of functions g(x), draw, if possible:
e the inverse function
e |g(x)| (red line)
e g(z +2) (green line)
e g(x) — 3 (black line)
(3) For each of the following pair of functions f and g, compute f(g(x)) and g(f(x)) and specify
their domain and range

(@) f:R=>R f(z)=22+1, g:R—[0,4+00) g(x)=2a?

flglx))=22*+1, fog:R —[l,4+00)
g(f(x) =2z +1)* gof:R—]0,+o0)

b fR=R flr)=2° g:R\1—=R\{0} g(z)=
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) , fog:R\1—R\{0}

9(f(x)) = 55— gof:R\1—=R\{0}

(¢) f:R—(0,400) f(zr)=¢€¢" g:R—R g(xr)=3x+5

flg(x)) =e**°, fog:R— (0,+00)
g(f(x)) =3e"+5, gof:R— (5 +00)

(d) f:(0,400) =R f(x)=log(z), ¢g:R—[-1,+00) g(x)=2>—1

flg(x)) =log(a® = 1), fog:(~00,~1) = (1,+00)
g(f(l‘)) = IOgQ(:L') - 1’ go f : (Ou +OO) — [_17 +OO)

(e) f:[-1L,1]—=10,1 f(x)=v1—-22 g:(-1,400) >R g(z)=log(x+1)

fg@) = J1-logw+1), fog:(e —Le—1) =01
g(f(@) =logWI =22 +1), gof:[~11] = [0,log(2)

2. SEQUENCES

(1) Prove the following limits using the definition.

(a) lim nto

n—oo TL2

0

We will show that
+5

n
Ve>0In*eN:n>n"= 5
n

<€
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< ¢ and we solve it with respect to n:

To do this we consider the inequality 5
n

Recall that n € N, and hence n > 0, then we have

n—|—5‘
< €
n2
n-+5

3 <€
n

—en®’+n+5<0

- 14++vV1+20e
/,’L —_—

2e

Then we set n* = |1/ +20e V21:205 . Notice that if ¢ is small (for example £ = 0.01), then n* is
large (in case € = 0.01, we get that n* = [104.7723] = 104).
By reading bottom-up the chain of inequalities above we get that for all n > n* =

5
‘ < ¢, and hence the definition is verified.

[1+\/1+205} then n -+
2e ’ TL2

) 1w 2L

n—oo n

We will show that
2n+1

n

-2 <e

Ve>0dn*eN:n>n"=

+1 o
— 2’ < € and we solve it with respect to n:

To do this we consider the inequality

Recall that n € N, and hence n > 0, then we have

2n+1
n

—2‘<5

<é€

1
—<ec
n
1
n> -
€

Then we set n* = [1]. Notice that if ¢ is small (for example ¢ = 0.01), then n* is large (in

case € = 0.01, we get that n* = 100).
By reading bottom-up the chain of inequalities above we get that for all n > n* = [ﬂ,

2 1
n—+ _9
n

< ¢, and hence the definition is verified.

then

. nf4+n+1
(¢) lim —— =+00
n—oo n
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We will show that

n>+n+1
_— >
n

VM >03In*eN:n>n" = M

. . . .oni4+n+1 o
To do this we consider the inequality ——— > M and we solve it with respect to n:
n

n®+n+1
n
n*—(M—-1n+1>0

M—1+4+/(M—1)2—4
n > 5

> M

Then we set n* = [MH Y (QMI)24] Notice that if M is large (for example M = 1000),

then n* is large (in case M = 1000, we get that n* = [998.999] = 998).
By reading bottom-up the chain of inequalities above we get that for all n > n* =

2

(M) = 1

[M s (QM b 4}, then nntl > M, and hence the definition is verified.
n

(d) lim v/n = +oo

n—oo

We will show that
VM>03n*eN:n>n"=vn>M

To do this we consider the inequality v/n > M and we solve it with respect to n:

Vn > M

n> M?

Then we set n* = [M?]. Notice that if M is large (for example M = 100), then n* is large
(in case M = 100, we get that n* = 10000).

By reading bottom-up the chain of inequalities above we get that for all n > n* = [M?],
then /n > M, and hence the definition is verified.

1— 2
(e) lim o

n—oo TL2

We will show that

1 —n?

n2

V5>OE|n*€N:n>n*:>’ +1’<5
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2
-n
n? +1

Recall that n € N, and hence n > 0, then we have

To do this we consider the inequality < ¢ and we solve it with respect to n:

Then we set n* = [\/Lg} . Notice that if ¢ is small (for example e = 0.0001), then n* is large
(in case € = 0.0001, we get that n* = 100).
1

By reading bottom-up the chain of inequalities above we get that for all n > n* = [75] ,
2

then

7+ 1’ < g, and hence the definition is verified.
n

(f) lim1-n®=—c0
n—oo

We will show that
VM >03In"eN:n>n*"=[1-n*|>M

To do this we consider the inequality |1 — n3\ > M and we solve it with respect to n:
Notice that n > 1, then 1 —n? < 0 and hence |1 —n?*| =n3 -1

1 —n®| >M
n—1>M
n>vM+1

Then we set n* = [v/M + 1]. Notice that if M is large (for example M = 10000), then n*
is large (in case M = 10000, we get that n* = 21).

By reading bottom-up the chain of inequalities above we get that for all n > n* =
[V/M + 1], then |1 — n’| > M, and hence the definition is verified.

5
=0
ng{olon—l—?)

(9)

We will show that

Ve>0In*eN:n>n*"= <e€

n+3
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< ¢ and we solve it with respect to n:

5
To do this we consider the inequality '—
n

+3
Recall that n € N, and hence n > 0, then we have

5

Then we set n* = [g — 3}. Notice that if e is small (for example € = 0.01), then n* is large
(in case € = 0.01, we get that n* = 497).
By reading bottom-up the chain of inequalities above we get that for all n > n* = [g — 3} ,

then

n ‘ < ¢, and hence the definition is verified.
n

242 1
(h) dim 2=

11 = —
n—oo 3n? + 1 3

We will show that

n?+2n 1’
—| <€

Ve>03dn"eN:in>n"= —
o R EVENI

24on 1
—gn; _’_T — g‘ < ¢ and we solve it with respect to
n: Recall that n € N, and hence n > 0, then we have

To do this we consider the inequality

n?+2n 1
3n2+1 5' =€
6n —1
’3(3n2+1)
6n — 1
3(3n%2+1)

3+ /9 —9%(1+ 3¢)
~ 9e

<

<€

n

Then we set n* = [H— W}. Notice that if € is small (for example ¢ = 0.01), then

n* is large (in case € = 0.01, we get that n* = 66).
By reading bottom-up the chain of inequalities above we get that for all n > n* =
[3+ 9—9e(1+3a)} ther n?+2n 1

— —| < &, and hence the definition is verified.
9 3211 3| 7 v

) gt =t
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We will show that
VM >0In"eN:n>n"=e">M

To do this we consider the inequality " > M and we solve it with respect to n:

e" > M
n > log(M)

Then we set n* = [log(M)]. Notice that if M is large (for example M = 100000), then n*
is large (in case M = 100000, we get that n* = 11).

By reading bottom-up the chain of inequalities above we get that for all n > n* =
[log(M)], then €™ > M, and hence the definition is verified.

(j) lime™=0

n—o0

We will show that
Ve>0§|n*€N:n>n*:>‘e’”| <e

To do this we consider the inequality ‘e‘”‘ < ¢ and we solve it with respect to n:

}e_”| <e
e <e

—n < log(e)

1
n > log <g>

Then we set n* = [log (%)] Notice that if € is small (for example ¢ = 0.00001), then n* is
large (in case ¢ = 0.00001, we get that n* = 11).

By reading bottom-up the chain of inequalities above we get that for all n > n* =
[log (%)], then |e‘"| < g, and hence the definition is verified.

(k) lim log(n+1) = 400
n—oo
We will show that
VM >03dn" e N:n>n"=log(n+1) > M

To do this we consider the inequality log(n + 1) > M and we solve it with respect to n:

log(n+1) > M
n+1>eV

n>eM -1
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Then we set n* = [eM — 1}. Notice that if M is large, then n* is large.
By reading bottom-up the chain of inequalities above we get that for all n > n*

[eM — 1], then log(n + 1) > M, and hence the definition is verified.

n
[) lim ] — | =
(I) lim og(n+1) 0

n—oo

We will show that
1 o <
og 1 €

n o
log [ —— || < € and we solve it with respect to
n+1

Ve>0In*eN:n>n*=

To do this we consider the inequality

n: notice first that ;25 < 1, and hence log (HLH) < 0, therefore

Then we set n* = [125_5} . Notice that if € is small (for example e = 0.01), then n* is large

(in case € = 0.01, we get that n* = 99).
By reading bottom-up the chain of inequalities above we get that for alln > n* = [i—:_s] ,

| n
O S —
& n—+1

then < g, and hence the definition is verified.

(m) lim en+1 =e¢
n—o0

We will show that

_n_
entl —e|l <¢

Ve>0dn"eN:n>n"=
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To do this we consider the inequality enit — e‘ < ¢ and we solve it with respect to n:

notice first that ;25 < 1, and hence ent1 — e < 0, therefore

_n_

entl —e| < €
_n_

e—entl < ¢

_n_

entl > e —¢

LIS log(e —¢)

n+1
1 _
. og(e —¢)
1 —log(e —¢)
Then we set n* = [%]. Notice that if ¢ is small (for example ¢ = 0.01), then n* is

large (in case € = 0.01, we get that n* = 270).

By reading bottom-up the chain of inequalities above we get that for all n > n* =

[ log(e—e¢)

m} , then ‘6#1 — e‘ < ¢, and hence the definition is verified.

Show that the following limits do not exist

(a) lim cos(nm)

Let s, = cos(nm), and consider the even subsequence s,, = cos(2nm) = 1 for all n and
the odd subsequence sy,,1 = cos((2n + 1)m) = —1 for all n. Since lim,, o S2, = 1 and
lim,, o0 S2ns1 = —1 (that is they are different), by the theorem on subsequences we get
that lim,,_,, cos(nm) does not exist.

. (=1)"n
b lim
( ) n—oo N, + 1
Let s, = %, and consider the even subsequence sy, = 2211 for all n and the
odd subsequence sy,11 = _23:1_21 for all n. Since lim,,_ o So, = lim,Hoos—"Jrl = 1 and
lim,, o0 Sopt1 = limy, o % = —1 (that is they are different), by the theorem on subse-

(—)"n

] does not exist.

quences we get that lim,, .

im n(-D"
@)

Let s, = n"D", and consider the even subsequence s, = (2n)"D"" = 2n for all n and
the odd subsequence $p,41 = (2n + 1)V = (3T
lim,, o 2n = 400 and lim,, . Sop1 = lim, o Tlﬂ = 0 (that is they are different), by the

) for all n. Since lim,_ S2n =
theorem on subsequences we get that lim,_,. (""" does not exist.

(d) lim (—2)"

n—oo



ADDITIONAL EXERCISES 3. 11

Let s, = (—2)", and consider the even subsequence s,, = (—2)** = 22" for all n and the
odd subsequence sy, = (—2)?**!
+00 and lim,, o0 Sopy1 = lim, o —2-22" = —oo (that is they are different), by the theorem

= —2-2" for all n. Since lim,,_,oo S2,, = lim,,_,o0 22" =

on subsequences we get that lim, ., (—2)" does not exist.

(e)  lim (—n)"

n—0o0

Let s, = (—2)", and consider the even subsequence so, = (—2n)** = (2n)?" for all n
and the odd subsequence g, 11 = (—2n — 1)*"™ = (=2n — 1) - (2n + 1)*" for all n. Since
1im,, o0 Sop = limy, 00 (21)?" = +00 and lim,, o o1 = limy, oo(—2n—1)-(2n+1)?" = —00
(that is they are different), by the theorem on subsequences we get that lim,,_,..(—n)" does
not exist.

Compute the following limits using the Absolute value Theorem or the Comparison Theo-
rem.

Let s, = %(2”) and observe that

Let a,, = ;—21 and b, = n—12 Since lim,, ;—21 = 0 and lim,,_,~ % = 0, by the Comparison

Theorem we also get that lim,, %(2”) = 0.

(0) tim AL

n—00 1 —n?

Let s, = (_11)_# and observe that

—n+1< (—1) n+1< n+1

1—-n2 = 1—-n%2 — 1-—n?
Let a,, = 17_1—221 and b, = % Since lim,,_,o ;ﬁ;; = 0 and lim,,_, % = 0, by the
Comparison Theorem we also get that lim,, (_llizﬂ =0.
3+ sin(n)

(¢) lim

Let s,, = %ﬁ”) and observe that
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—1 <sin(n) <1
3—-1 < 3 + sin(n) < 3+1
n+4~- n+4 T n+4

Let a, = %H and b, = %H. Since limn%oon%r4 = 0 and limTHOOH%r4 = 0, by the
Comparison Theorem we also get that lim,, 3+;i+ni”) = 0.
3

(d) lim

n—o0 n cos(n)

3
n cos(nm)

Let s, = —>— and observe that |s,| = = % Since lim,, o S5 | = lim,, o0 % =

n cos(nm)

0, by the Absolute Value Theorem we get that lim,, .., #(m)

() lm— >
n—oo n cos(n) + 2n

Let s, = m and observe that

—1<cos(n) <1

3 3 3

< < —
n+2n ~ ncos(n)+2n — n

[a—

Let a, = % and b, = % Since limn_ﬂw% = 0 and imn_mo% = 0, by the Comparison

Theorem we also get that lim,, m =0.
_1)"
(f)  lim n+n(-1)"
n—00 n
Let s,, = "+"T(LQ_ D" and observe that
o<t n(—1) < 2n

= n2 =2
Let a,, = 0 and b,, = % Since lim,,_,o a, = 0 and limn_m% = 0, by the Comparison
Theorem we also get that lim,, M"TE—Q_IYL =0.

2n cos(n)

(9) lim

n—oo N + n?

Let s,, = 2";15157;”) and observe that |s,| = 2";15752”) = n(iil) = n%l Since lim,, o |$,| =
lim,, o n%rl = 0, by the Absolute Value Theorem we get that lim,, %%Sé;m) =0
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