MATHEMATICS 1
ADDITIONAL EXERCISES N. 6

KATIA COLANERI

Notation: log stands for the natural logarithm (i.e. the logarithm with the basis e)

1. DERIVATIVES AND APPLICATIONS

(1) Use the definition of the derivative to compute the derivative of the following functions at

the given point xg

f(z) =32" + 1, xo =10
_ 2 _
lim FO0+h) - £(0) = lim M =lim3h=0
h—0 h h—0 h h—0
f(.’l?):E)ZC—l—’?, o =1
limf(1+h)—f 1) im5(1+h)+7—5—7_5
h—0 h _h—>0 h N
f(z) = v, Ty = 2
lim fe+h) - f2) = lim M = lim f = 1
h—0 h h—0 h h—0 h(w/Q + h+ \/i) 2\/§
r+1
f(l') = T ; To = -3
—3+h+l _ —3+1
- —J{= - 1
limf( 34+ h) — f( 3):hm —3+h - _ 1
h—0 h h—0 h 9
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f(z) =log(e +3),  x=0

/0

+h) — f(0) lim log(h+3) —log(3) 1

lim
h—0

h _hHO h 3
(x) = Va? + 2, o =3
B m\/(3+h)2+2—\/32+2_

3

h h—0 h

f(z) =32 +1, 29=0

)
)= fO) . 3R H1-1

h a0 h

f(z) = |2* — 4, xg=—1

IR = f(=1) (LR =4[ = =3

2

lim 10

f(z) = e*, 2o =10
+h)—f(0) .. -1 _

h—0

h h—0 h

(2) Compute the derivatives of the following functions

3.

f'(z) =1+ cos (z) — 3sin (x)

f'(x)

1

9 4
Ve + — 4.
2 3z3

5. f'(z) = 32* — 3cos (1)
6. f(z) = 2ze” + e*a?

7. fl(x) =2 (Izg\/(? + %)
8. f(z) =log(z) +1
9. fl(z)= C;S\/(? — Vzsin (x) + cos ()

10.  f'(x) = 2xsin () + cos (z) 2

V11



11.
12.
13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
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f'(w) = — 2e** + cos () — 3sin (1)
f,(@:@ 2%+ e — "
f'(x) = 2¢” cos (z)
o) = L
fe) = cos?(x)
fl(a) = Cosi (1 — 2ten(@)
f'(z) = 2sin (x) tan (z) + oE (D) (1—2cos (z))
f'(z) = 2z arctan (z) + xf—i— -
() = — 22resin (2)
f(z) = Vi 1
f/(gc) = 31‘2 sin (l‘) In (:C) + <COS (gj) In (:C) + Slnx(x)) 3;3
flz) =123z 4+ 1)°
f'(z) = 6cos (3x)
1o — 2041 20 +1
f'(x) =e** 2+
P) = 20 8o 1) (2= 20) = (S 2) (4 20)
Y- T
f/(l') _ T (21’2 + 1)
Viog (at + 22 + 1) (#* + 22 + 1)
fi(x) = 210 (z) +3
F'(x) = log® (z) + 3log? (z) (v + 1)
(o) Aa s
f(x) = (x + 1>2
1o x+2
f(z) = FrD vl
) = 1

(z4+ Va2 —1) Va2 -1
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40.

41.
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45.

46.

47.

48.

49.

0.

K. COLANERI

N e
@) = 2/ (z + 2)°
) — er —e T +2
P =
(1) — 1
f@ z (14 log (z))*
) = 2sin? () — cos (x) (1 — 2cos (z))
sin? (z)
——+— (sin (z) — cos (z)) — (cos (z) + sin (7)) (1 — tan (z))
/ . cos?(x)
fla) = 1 — sin (27)

f(z) = —sin (z* + 4z) (42° + 4)
fllz) = =282

f'w) = o (xl— 1)
f'w) = :U2i- 4
,  6cos(3z+1)
Jw) = sin (3z + 1)
@) =5
fiw) = cosf(x)
flo) =5+
, 1
filz) = 3 (z+1)
, 2
F@ =
10 - =
flx)=5 (639”2*2 — 2x>4 <e3”‘“2+2 - 6x — 2)
oy log(z) 1
f (ZE) = 4\/5 + 2\/5
eV [z
f'(x) = ev" + f

$2

z+1

f'(x) =2zxlog (x4 1) +



(3)
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For each of the following functions, compute the equation of the tangent line at the given
point xq

f(z) =32* — 9z + 4, ro =1
Tangent line: y =1 — 3z
f(z) = 2% + 1, xg=1
Tangent line: y = 2x

Tangent line: y = —x — 1

Tangent line: y =x +4

1
f(l') _ 6437—1’ To= ——
2
Tangent line: y = i—? + 6%
2
x
= =—1
/(@) r+3 o

S5x

Tangent line: y = —2¢

>

f(z) =log(3z + 2), zg=0

Tangent line: y = 2 + log(2)
For each of the following functions, say if they continuous and differentiable, and if not,
identify the nature of discontinuity and non-differentiability points

L fe) =19
Continuous in R, differentiable in R\ {—3,3}. z = 3 and x = —3 are angle points.

2. f(z) = |2* + 3]

Continuous and differentiable in R

3. fl(z)=Va2—4x+3

Continuous in (—oo, 1] U [3, 0o ). Differentiable in (—oo, 1)U (3, o0).

4. f(x) = V222 -8

Continuous in R. Differentiable in R\ {—2,2}. x = —2 and = = 2 are
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5. f(z)=+v3x—1

Continuous in R. Differentiable in R \ {1/3}. # = 1/3 is an inflection point with vertical
tangent.

Continuous in [0, +00), differentiable in [0, +00).

7. f(z)=|z|+ |z + 1]

Continuous in R, differentiable in R\ {—1,0}. £ = 0 and z = —1 are angle points.

1
~ log(x)

8. f(z)

Continuous in (0,1) U (1, +00). Differentiable in (0,1) U (1, 400).

9. flz)==2Vx

Continuous in R, differentiable in R.

2

|2° —

10. f(z) =

X

Continuous in (—oo, 0) U (0, oo ). Differentiable in (—oo, 0)U(0,1)U (1loo). x =11is an
angle point.

For each of the following functions, compute the first order Taylor approximation P(x) at
the point xy. Evaluate also the error (absolute R and in percentage r) that is made by
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approximating the function f(x;) with P(x;).

(1). flx)=vx+1, xo =0, r1=0.1

P(x)=1+ %x R(0.1) = V1.1 —1.05 ~ —0.0012, 7(0.1) = % ~0.0011 = —0.11%
(2). flx) =2° Ty = 2, z; = 2.01

P(z) =8+412(x—2)  R(2.01) ~0.240601, 7(2.01) ~ 2.9%
(3). f(x)= %—1—1’ xo =0, x1 =0.01

P(x)=1—2  R(0.01) ~ 0.0000990099, 7(0.01) ~ 0.01%
). fx)= ‘”;1, vo=—1, 1 =-09
P(x)=—(x+1)  R(=09)~ —0.0111111, 7(—0.9) ~ 10%
(5). f(x)=log(x+ 1), xo =0, x1 =02

P(z)=2  R(0.2) ~ —0.0176784, 1(0.2) ~ —9%

6). flx)=vV1—a3  zo=1  x3=101

AP ()

(7). f(x)=¢€", xog =0, ry =—0.2

P(z)=1+z  R(—02)~0.0187308, r(—0.2)=2.2%
). f@) =) w=0. =1
(

P(z) ==z R(m/6) ~ —0.023, 7r(7/6) ~ —4.7%
(6) Determine the intervals in which the functions are increasing and decreasing
1. flz) =2%+ 22
Increasing: x > —1 Decreasing: x < —1
2. flx)=2>-22+3
Increasing:x > 1 Decreasing: = < 1
3. f(x) =22" —27x
Increasing: x > % Decreasing: x < %

1

4 f<x)::c—|—1

Increasing: never Decreasing: x € (—oo, —1) or z € (—1,+00)

2t -1

5. fa) =

T
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Increasing:x € (—00,0) or x € (0, +00) Decreasing: never
6. flo)=Varl
Increasing: x > —1 Decreasing: never
7. fx)=a2v2z+1
Increasing: « > —3 Decreasing: —3 <z < —3
8. f(x) = =+ sin(z)
Increasing: for all x € R Decreasing: never
9. f(z) =+ cos(z)
Increasing: for all x € R Decreasing: never
10. f(z) =log(x) — g
Increasing: for all x > 0 Decreasing: never
11.  f(z) = 2* —log(2® — 1)
Increasing: —V2<x<—-lorz>V2 Decreasing: x < —V2orl<z<+2
9. f(x) = 1 + log(z)

x
Increasing: 0 < x < 1 Decreasing: = > 1
13. f(z) = log*(x) — log®(x)

Increasing: 0 < o < 1 or z > €?/3 Decreasing: 1 < z < e*/3

W g -1 (55)

x?—4
Increasing: x < —2 Decreasing: x > 2
15. f(z)=¢€"—e€"
Increasing: for all z € R Decreasing: never
16. f(z) = (x + 1)e”

Increasing: x > —2 Decreasing: * < —2

r—1
17. =
fla) ==
Increasing: x < 2 Decreasing: x > 2
r+1
18. =
fla) =

Increasing: x < 2 Decreasing: =z > 2

19. f(x)=1+2va?2 -1
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Increasing: x > 1 Decreasing: = < —1
1
20. =

Increasing: 0 < x < 1 Decreasing: = > 1
(7) Determine the intervals in which the functions are concave and convex

L. f(z)=42" -1

Concave : —oo <z <0, Convex : 0 <z < 00
2. flz)=a2*—-32+3
Concave : —oo <z < 1, Convex : 1 <z <00

3. f(z) =22 —22°

1
Convex : —o0 <a:<0and§<x<oo, Concave : 0 <z < =

2
1
4. =
fla) = ——
Concave : —oo <z < 1, Convex : 1 <z <00
x
5. =
/(@) T+ 2

Convex : —o0 <z < —2, Concave : —2 < x < 00

6. flz) =2Va?+1
Concave : —oo <z <0, Convex : 0 <z < 00

7. flx)= e T2

2—2 1 2—v2 1
Convex : —00 < x < \/—and\/;+1<x<oo,Concave: 2\/—<x<\/;+1
8. f(z) = 2* — xlog(x)

1 1
Concave :0<x<§, Convex :§<x<oo

2

Convex : —o0 <z < —land0 <z < CRE Concave :—1<x<0and§<x<oo
10. f(z) =log*(z) — 9log(x)

1 1
Concave : 0 <z < —ande® <z < 0o, Convex : - <z < ¢
e e
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1. f(z) = 2(x +2)°

Convex : —o0 <z < —2and —1<x < oo, Concave : —2 <z < —1

1
12. f(z) = —a* — 227

4
C <zr< 2 d2 <z< C 2 <x< 2
onvex : —o0 s ———= and — s oo, oncave . ——— s —
V3 V3 V3 V3
3
1
3. f(e) =

Convex : —o0 <x < —land 0 <z < oo, Concave : =1 <z <0
14. f(z) = 2* — sin(z)

Convex : —oc0 < x < 00

Convex : —00 < x < 00
16. f(z) =log(x® — 1)
Concave : 1 <z < 00

17. flo) ==

(&

Concave : —oo < x < 2, Convex :2 < x <00

18 f(z) =log*(x + 1)

Concave : —1 <z < o0
19. f(x)=+v2x—1
1
Concave : 3 < <oo

20. flz) =2 Vx

Convex : 0 <z < o0
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(8) Compute the stationary points of the following functions and determine if these are local
maxima, local minima or inflection points with horizontal tangents

L. flz)=2* -9z

z = —+/3 (local maximum), x = /3 (local minimum)

2. f(z) =a* — 227
r = —1 (local minimum), x = 0 (local maximum), z = 1 (local minimum)
3. flz)=a"—42>+5

z = 0 (inflection point with horizontal tangent), z = 3 (local minimum)

1
4 T) =
fla) = ——
no stationary points
x
D. =
fla) = =
no stationary points
3—x
6 x) =
/() x+2
no stationary points
2
x
7 T) =
f(@) 2 +1

z = 0 (local minimum)

z =0 (local minimum)

z = 2 (local minimum)

z =0 (local minimum)

z = e (local maximum)

x =1 (local maximum)
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r = —1/v/2 (local minimum), z = 1/v/2 (local maximum)
14. flz) = e’ 0%
z =0 (local maximum), x = 4 (local minimum)

_w2—3
r—5

z =5—/(22) (local maximum) = = 5 + /(22) (local minimum)

15.  f(x)

16. f(z) :x2+é

z =1/2(1/3) (local minimum)

2

T
17. =
/() 22+ 3z —3
z = 0 (local maximum), z = 2 (local minimum)
72 + 4x
18. =
/(@) 22+ 6x+5

no stationary points
19.  f(x) = log*(z) — log*(z)
2 =1 (local maximum), z = e*/V2 and z = e~'/¥2 (local minima)

20. flx) =2 -

z = 1 (local minimum)

Compute the maxima and minima of the following functions in the given intervals

1. flz)=vaz2+1 in [-1,1]

Maximum at £ = —1 and x = 1. Minimum at 2 =0
2
T
2 f(z) = 2y —1,1]
Maximum at x = —1 and x = 1. Minimum at £ =0

3. flx)=2>=3z+7 in [0,4]

Maximum at £ = 4. Minimum at x =1

4. flx)=2yx in [-2,-1]
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Maximum at x = —2. Minimum at £ = —1

5. f(x):x(;_—xf;l in o [-2,2]

Minimum at x = —2, the maximum does not exist.
Explanation:
Here one cannot apply the Weierstrass Theorem because the function is not continuous

in [—2,2]. To conclude that the maximum does not exist we observe that lim, ,;+ % =

+o00 (it also holds that lim, ;- f‘f(itﬁ;gl = +00).
To get that the function has a minimum at = —2 we observe that the function is

increasing in [—2,1) and decreasing in (1,2], hence if a minimum exists it has to be at

x = —2orat x =2. Since f(—2) = 5 and f(2) = 6, then the minimum is at z = —2.

6. flx)=e"" in [-3,3

Maximum at £ = —3. Minimum at z = 1

T fay =22 e

T

Maximum at £ = e. Minimum at z =1

8. f(m):x2_3 in  [-1,2]

No maximum nor minimum exists

Explanation:

Here one cannot apply the Weierstrass Theorem because the function is not continuous
in [—1,2]. To conclude that nor the minimum nor the maximum exist we observe that
Hm, o —— = 400 and Hm | e -5 = —00.

(10) Use De L’Hopital rule to compute the following limits

I lim z cos(z) — sin(z) = lim cos(x) — wsin(x) — cos(x) = lim Ln(x) = 1
o v o=0 312 z—0 3z 3
Jr — 1,.-2/3 ] .
2 lim v — lim 3° i L2
z—=1 ¢ —1 rz—1 213 3
s g MY cos@em

z=0 ¢ +sin(z)  2=0 14 cos(w)
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4. lime _ezlime—:e
x—1 1 — 1 r—1 1
1
5.t toloslra) g 17T
xz—0 x z—0 1
6 lim ze® = lim = lim = lim —e* =0
T——00 z——0c0 e~ % z——00 —e ¥ T——00
1 1
7.

im——— —
z—0 sin?(z) a2

Difficult (multiple application of De ’Hopital rule) We make the common denomi-
nator

We apply De I'Hopital rule

_ 2z — sin (27)
= lim —5 -
2= 0 \ 2z sin® (z) + sin (2x) 22

We apply De I'Hopital rule

. 2 —cos(2x) - 2
= lim . . 2
2= 0 \ 222 cos (2z) 4 4o sin (2x) + 2sin® (z)

, 2sin? (z)
= lim - —5
e—0 \ 22 cos (2x) + 2z sin (2z) + sin” (z)

We apply De I"'Hopital rule

_ 2sin (2x)
= lim - .
=0 \ —2x%sin (2z) + 6 cos (2z) + 3sin (22)

We apply De I'Hopital rule

, 4 cos (21)
= lim -
z—0 \ —4x? cos (2z) — 16z sin (2x) + 12 cos (22)
4cos(2-0) 1

—4-0%2cos(2-0)—16- 0-sin(2- 0) +12cos(2- 0) 3

log(z2 + 32+ 5 (2243 97 1+ 3
8. lim 108 3T 45) L s ) lim T
z=+o0 2 +1 z—+o0 2z z—+oo 2x(x? 4+ 3z + 5)
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2cos(z) — 2+ z? —2sin(z) + 2z
= lim

- glcli% x4 - glclao 43
_ lim —2cos(z) + 2
z—0 1222
B 2sin(x)
S an0 24x
B 2cos(z) 1
Cas0 24 12
.1 : : log(t)
10. xlggr - + log(z) = t£+moot —log(t) = tLlfrnoot (1 -
1 — log(t)
= lim —L
t—+00 7
1—log(t)
= lim tf = 400
t—+00 — 3

Notice that this can be solved in a much simpler way by using the notable limits.

2. SKETCH OF THE PLOT OF A FUNCTION

(1) for each of the following functions determine, if possible
(a) the domain
(b) the sign
(c) the asymptotes
(d) the intervals in which functions are increasing and decreasing
(e) the intervals where the functions are concave and convex
(f) local maxima, local minima and inflection points
Finally use the information collected above to sketch the graph of the functions.

15
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3.0+
25¢
20
1.5+
0
0b -
-10 -5 i 5 10
RY
F1GURE 3. T) =
100y
5q -
-1 1 2 3
-50 1
-100
2 +2

FIGURE 4. flz) =

T2 —x
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1000
500 -
-1.0 -0.5 ] 0.5 1.0 1.5
-900 -
—10$0*
1 3
FIGURE 5.  f(z) = (1 + —)
T
20
101
10 20 30 40 50

-10F

-20-

1
FIGURE 6. flx) =]z + o
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-5 -4 =3 2 =1
1
1 —
FIGURE 7. f(z) = ’
X
201
101
[ 7m .
-4 1
-10
-20-
2
FIGURE 8. flz) = (@ +2)lz|

1 — 22
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2 4 6 10
-10¢
~20}
-30}
FIGURE 9. f(z) =2+ “"3
5_
-10 -5 5 10 15
-5}
FIGURE 10.  f(z) =e>>
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40+
20
20 40 60 80 100
-20r
-40+
log(z)
FIcure 11. = —
/(@) 2 — log(z)
15f
10
5/
-1 i 1 2 3 4 5 6
_5}
-10
~150
1 1
FIGURE 12. flz) = og( + 1)
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10

15 20 25

30

-5+
-10~
log®(x)
FIGURE 13. f(z) =
Zz
1.0
0.5
-4 -2 2
-0.5
-10r
FIGURE 14. fl@)=1—¢"
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1.0+

0.5/
1.0/
FIGURE 15. f(z)=+v1—¢"
41
2 I ¥
-2 -1 1 2 3
-2+
-4+

FIGURE 16. flx) =2 —Va? -2z

23
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FIGURE 17.

20

10

r—1

e.CC

FIGURE
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20

10

-10 -5 ] 5 10

-10

-20-

FIGURE 19. f(z)=1+4+2va?2 -1

-10

-20F

-30

FIGURE 20. f(x)
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