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Summary of the Practice

1. Recap on probability distributions of discrete variables

2. Continuous Random Variables

3. Normal distribution

4. Standard Normal Distribution

5. Chi Square, Student’s T and Fisher’s F
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THEME #1

___

Recap on probability

distributions of discrete 

variables
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Recap on Discrete Random Variables

Bernoulli Probability Distribution 

𝑃(𝑥𝑖) = 𝑝𝑥𝑖 (1 − 𝑝)(1−𝑥𝑖) 𝐸(𝑋) = 𝑝 and    𝑉ar(𝑋) = 𝑝 · (1 − 𝑝) 

Binomial Random Variable 

𝑃(𝑥) = 
𝑛
𝑥

𝑝𝑥 (1 − 𝑝)(𝑛−𝑥) with n as total number of occurrences and 𝑥 number of 

selected occurrences

𝐸(𝑋) = 𝑛 · 𝑝 and     𝑉ar(𝑋) = 𝑛 · 𝑝 · (1 − 𝑝) 

Poisson Probability Distribution 

𝑃(𝑋 = 𝑥) =
𝜆𝑥𝑒−𝜆

𝑥!
with 𝜆 as average number of occurrences in a given

interval and 𝑥 number of occurrences

𝐸(𝑋) = 𝑉ar(𝑋) = λ

For Binomial and Bernoulli
sometimes you can find

q instead of (1-p) 
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Exercise 1

For each point, indicate first what probability distribution is used to solve the problem.

a. 60% of people who purchase sports cars are men. If 10 sports car owners are randomly selected,
find the probability that exactly 7 are men.

b. The evaporation of water for a pool in California is (on average) 2 centimeters per month (30
days). Find the probability that the pool has lost 5 centimeters of water in August.

c. 1% of the product sold by Apple have some bugs. Find the probability that for 100 products sold
at most 1 have bugs.

d. A company receives on average 3 returns of defective product per month. Find the probability
that a randomly selected product sold in October could be defective.
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Exercise 1
Solution

a. 60% of people who purchase sports cars are men. If 10 sports car owners are randomly selected, find
the probability that exactly 7 are men.

a. We have to use the Binomial Distribution because the possible outcome are only 2:
men who PURCHASE sports car (event 1) and men who NOT PURCHASE sports car (event 0).
Identify ‘n’ and ‘x’ from the problem.
n is the number of randomly selected items, that in this case is sports car owners, and is 10, and x, the
number of men you are asked to “find the probability” for, that is 7
Find “p” the probability of success and “1-p” or “q” the probability of failure.
We are given p = 60%, or 0.6. therefore, the probability of failure is 1 – 0.6 = 0.4 (40%)

P(X=7)=
𝑛!

𝑛−𝑥 ! 𝑥!
× px × (1-p)n-x =

10!

3! 7!
× 0.67 × 0.43= 120 × 0.0279936 × 0.064 = 0.215= 21.5%

b. The evaporation of water for a pool in California is (on average) 2 centimeters per month (30 days).

Find the probability that the pool has lost 5 centimeters of water in August.

b. We have to use the Poisson Distribution because we have number of occurrence (cm of evaporation) in a
given interval of time (a month).
Identify ‘λ’ and ‘x’ from the problem.
λ=2 (evaporation per month) and x=5 (evaporation in August)

𝑃(𝑋 = 5) =
𝜆𝑥𝑒−𝜆

𝑥!
= 25 × e-2 / 5! = 0.3609 = 3.6%
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Exercise 1
Solution

c. 1% of the product sold by Apple have some bugs. Find the probability that for 100 products sold at most 1
have bugs.

c. We have to use the Binomial Distribution because the possible outcome are only 2:
the product has a bug (event 1) and the product has NOT a bug (event 0).
Identify ‘n’ and ‘x’ from the problem.

n=100 x=1

The probability are: p = 0.01 and (1-p)=0.99

P(X=1)=
𝑛!

𝑛−𝑥 ! 𝑥!
× px × (1-p)n-x =

100!

99!1!
× 0.011 × 0.9999 = 100 × 0.01 × 0.3697 = 0.3697= 36.97%

d. A company receives on average 3 returns of defective product per month. Find the probability that a
randomly selected product sold in October could be defective.

d. We have to use the Poisson Distribution because we have number of occurrence (return of products) in a
given interval of time (a month).
Identify ‘λ’ and ‘x’ from the problem.
λ=3 (return products per month) and x=1 (defective product sold in October)

𝑃(𝑋 = 1) =
𝜆𝑥𝑒−𝜆

𝑥!
= 31 × e-3 / 1! = 3 × 0,049 / 1 = 0,147 = 14,7%
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Exercise 2

On average a household receives 3 telemarketing phone calls per month. Find the probability that a randomly
selected household receives:

a. exactly 2 calls during a given month;

b. exactly 1 call during a given week (assume 4 weeks each month);

c. Find the expected value

Solution

To calculate the points a. b. and c. we have to use the Poisson probability distribution

𝑃(𝑋 = 𝑥) = 
𝜆𝑥𝑒−𝜆

𝑥!

where 𝜆 is the number of telemarketing calls received per month (𝜆 =3)

a. We have to calculate 𝑃(𝑋 = 2).

Using the Poisson distribution, 𝑃(𝑋 = 2) =
𝜆𝑥𝑒−𝜆

𝑥!
=

32𝑒−3

2!
= 9 · 0.049 / 2 = 0.2205 = 22.5%

b. If the calls per month are 3, the calls per week are:

𝜆 = 3 calls per month /4 weeks = 0.75 calls per week 

So, 𝑃(𝑋 = 1) = 0.75^1 · 𝑒^(-0.75) / 1! = 0.75 · 0.4724 = 0.3543 = 35.43%

c. For the Poisson distribution: E(X) = Var(X) = 𝜆 = 3
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THEME #2

___

Continuous Random Variables
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Continuous Random Variables

 Normal distribution 𝑋~𝑁(𝜇, 𝜎2)

 Standard normal distribution Z~𝑁(0,1)

 Chi-square distribution 𝑋~𝜒𝑛
2

 t-Student distribution 𝑋~𝑡𝑛

 F distribution 𝑋~𝐹𝑛,𝑚
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Probability distributions of Continuous Variables

A continuous random variable X can assume any value over an interval.

2 characteristics (similar to discrete variables):

1. For any interval [𝑎, 𝑏], 0 ≤ 𝑃(𝑎 < 𝑋 < 𝑏) ≤ 1

2. The total probability of all the intervals within which X can assume a value is 1

Σ 𝑃(−∞<𝑋<+∞) = 1
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Normal distribution function, 𝑁(𝜇, 𝜎2 )

Most widely used continuous probability distribution

𝑥 ~ 𝑁(𝜇, 𝜎2)

Density function: 𝑓 𝑥 =
1

2𝜋𝜎2
exp −

1

2

𝑥−𝜇

𝜎

2

parameters: 𝜇 (mean), and 𝜎 (the spread)

Some examples of things that follow a Normal Distribution:

• Heights of people
• Size of items produced by a machine
• Errors in measurements
• Blood Pressure
• Test Scores



Normal distribution

• It is a bell-shaped curve
• Symmetry about the mean  μ (mean = mode = median)
• The total area under the curve is 1 (or 100%)
• 50% of the area is to the left of the mean

μ

50% 50%

, and 50% to the right



μ

N(μ;σ2)N(0;1)

𝒙 − 𝝁

𝝈
𝒛 =

The Standard Normal Distribution, 𝑍, is a Normal Distribution with mean equal to 0 and
standard deviation equal to 1, Z~𝑁(0,1)

ANY Normal distribution, X~𝑁(𝜇, 𝜎2), can be converted into a Standard Normal, Z~𝑁(0,1), by

standardization: z =
𝑥−𝜇

𝜎

Move the mean to 0

Reduce the standard 
deviation to unity



Standard normal distribution, Z:

• It is a bell-shaped curve
• Symmetry about the mean  μ (mean = mode = median)
• The total area under the curve is 1 (or 100%)
• 50% of the area is to the left of the mean, and 50% to the right
• Also for standard normal distribution

50% 50%

μ=0



Standard normal distribution, Z:

• It is a bell-shaped curve
• Symmetry about the mean  μ (mean = mode = median)
• The total area under the curve is 1 (or 100%)
• 50% of the area is to the left of the mean, and 50% to the right
• Also for standard normal distribution
• Approximately 68.3% of the area is between [µ-σ=-1; µ-σ=1]

- 1 1μ=0
σ σ



Standard normal distribution, Z:

• It is a bell-shaped curve
• Symmetry about the mean  μ (mean = mode = median)
• The total area under the curve is 1 (or 100%)
• 50% of the area is to the left of the mean, and 50% to the right
• Also for standard normal distribution
• Approximately 68.3% of the area is between [µ-σ=-1; µ-σ=1]
• Approximately 95.4% of the area is between [µ-2σ=-2; µ-2σ=2]

μ=0- 1 1-2 2μ=0
σ σσ σ



- 1 1-2 2-3 3μ=0
σ σσ σσ σ

Standard normal distribution, Z:

• It is a bell-shaped curve
• Symmetry about the mean  μ (mean = mode = median)
• The total area under the curve is 1 (or 100%)
• 50% of the area is to the left of the mean, and 50% to the right
• Also for standard normal distribution
• Approximately 68.3% of the area is between [µ-σ=-1; µ-σ=1]
• Approximately 95.4% of the area is between [µ-2σ=-2; µ-2σ=2]
• Approximately 99.7% of the area is is between [µ-3σ=-3; µ-3σ=3]
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Why it is so useful the Standard Normal Distribution 𝑍~𝑁(0,1) and the
standardization of a Normal distribution in a Standard Normal Distribution?

We have the tables of the Standard Normal Distribution 𝑍~𝑁(0,1)

From the tables, for each z-score we have the area between -∞ to z

The area in the tables is also the probability of having a value lower than z
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Exercise 3

Z is a normally standard distributed variable with mean μ = 0 and standard deviation σ = 1.
Find

a. P(z < 1.95)
b. P(z > 2.32)
c. P(1.19 < z < 2.12)
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a. P(z<1.95)

Exercise 3

= 0.9744 = 97.44%
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b. P(z>2.32)

Exercise 3

= 0.0102 = 1.02%

0 z
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c. P(1.19<z<2.12)

Shaded area (z=2.12) 

= 0.9830

Shaded area (z=1.19) 

= 0.8830

0 1.19 2.12 z

Shaded area =

High value – Low value =

0.9830 - 0.8830 = 

0.1000

Exercise 3

= 0.1000 = 10%
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Exercise 4
X is a normally distributed variable with mean μ = 30 and standard deviation σ = 4. Find
a. P(x < 40)
b. P(x > 21)
c. P(30 < x < 35)

Solution
To solve the point a., b., c. we have to convert the Normal distribution, X in the Normal standard distribution, Z, 
by standardization: 

z =
𝑥 − 𝜇

𝜎
with mean μ = 30 and standard deviation σ = 4.

a. For x = 40, the z-value (or z-score) is: z = (40 − 30) / 4 = 2.5
Hence P(x < 40) = P(z < 2.5) = [area to the left of 2.5] (from the Normal standard distribution table) = 0.9938 
= 99.38%

b. For x = 21, the z-score is: z = (21 - 30) / 4 = -2.25
Hence P(x > 21) = P(z > -2.25) = [total area] - [area to the left of -2.25] = 1 – P(z<-2.25) = 1 - 0.0122 = 0.9878 
= 98.78%

c. For x = 30: z = (30 - 30) / 4 = 0 and for x = 35: z = (35 - 30) / 4 = 1.25
Hence P(30 < x < 35) = P(0 < z < 1.25) = High value – Low value = P(z<1.25) – P(z<0) =
= [area to the left of z = 1.25] - [area to the left of 0] = 0.8944 - 0.5 = 0.3944 = 39.44%
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Exercise 5
A radar unit is used to measure speeds of cars on a motorway. The speeds are normally distributed with a mean of 
90 km/hr and a standard deviation of 10 km/hr. What is the probability that a car picked at random is travelling 
at more than 100 km/hr?

Solution
Let X be the random variable that represents the speed of cars.
X has μ = 90 and σ = 10. 

We have to find the probability that x is higher than 100 or P(x > 100)

For x = 100, the z-score is: z = (100 - 90) / 10 = 1

P(x > 90) = P(z > 1) = [total area] - [area to the left of z = 1] = 1 – P(z<1) = 1 - 0.8413 = 0.1587

The probability that a car selected at a random has a speed greater than 100 km/hr is the 15.87%
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Exercise 6
For a certain type of computers, the length of time bewteen charges of the battery is normally distributed with a 
mean of 50 hours and a standard deviation of 15 hours. John owns one of these computers and wants to know the 
probability that the length of time will be between 50 and 70 hours.

Solution
Let x be the random variable that represents the length of time.
It has a mean of 50 and a standard deviation of 15.

We have to find the probability that x is between 50 and 70 or P( 50< x < 70)

For x = 50 the z-score is: z = (50 - 50) / 15 = 0

For x = 70 the z-score is: z = (70 - 50) / 15 = 1.33 (rounded to 2 decimal places)

P( 50< x < 70) = P( 0< z < 1.33) = [area to the left of z = 1.33] - [area to the left of z = 0] = P(z<1.33) - P(z<0)= 
=0.9082 - 0.5 = 0.4082.

The probability that John's computer has a length of time between 50 and 70 hours is the 40,82%.
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Exercise 7
Entry to a certain University is determined by a national test. The scores on this test are normally distributed with 
a mean of 500 and a standard deviation of 100. Tom wants to be admitted to this university and he knows that he 
must score better than at least 70% of the students who took the test. Tom takes the test and scores 585. Will he be 
admitted to this university?

Solution
Let X be the random variable that represents the scores.
X is normally ditsributed with a mean of 500 and a standard deviation of 100. 

The total area under the normal curve represents the total number of students who took the test. 

If we multiply the values of the areas under the curve by 100, we obtain percentages.

For x = 585 the z-score is: z = (585 - 500) / 100 = 0.85
The proportion P of students who scored below 585 is given by:
P(z<0.85) = [area to the left of z = 0.85] = 0.8023 = 80.23%

Tom scored better than 80.23% of the students who took the test and he will be admitted to this University.
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Exercise 8
The time taken to assemble a car in a certain plant is a random variable having a normal distribution of 20 hours 
and a standard deviation of 2 hours. What is the probability that a car can be assembled at this plant at this plant 
in a period of time
a) less than 19.5 hours?
b) between 20 and 22 hours?

Solution
a) We have to calculate the probability that a car can be assembled in less than 19.8 hours or P(x < 19.5)

The z-score for x=19.9 is: z = (19.5-20)/2, so we have to calculate from the table of Z the probability:
P(z < -0.25) = 0.4013 = 40.13%

b) We have to calculate the probability that a car can be assembled between 20 and 22 hours or P(20 < x < 22)
The z-score for x=20 is z=0 and for x=22 is z=1. So,

P(0 < z < 1) = P(z<1) – P(z<0) = 0.8413 - 0.5 = 0.3413 = 34.13%
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Chi square distribution, 𝜒2

Let 𝑍1, 𝑍2, 𝑍3, … , 𝑍𝑛, be 𝑛 i.i.d. random variables 𝑍𝑖~𝑁(0,1)

𝑋 = σ𝑖=1
𝑛 𝑍𝑖 ~ 𝜒𝑛

2

where n=degrees of freedom (only parameter)

𝐸(𝑋)= 𝑛 and 𝑉(𝑋) = 2𝑛
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t-Student distribution, 𝑡𝑛

Let 𝑍~𝑁(0,1) and Y~𝜒𝑛
2,

𝑋 = 
𝑍

Τ𝑌 𝑛
~ 𝑡𝑛

where 𝑛 = degrees of freedom

• The total area under a t-student distribution curve is 1
• Distribution is bell-shaped and symmetric around 𝐸(𝑋) = 0
• 𝑉(𝑋) = 𝑛/𝑛−2 , for 𝑛 > 2
• For 𝑛 > 60, X converges to 𝑍~𝑁(0,1)
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F distribution, 𝐹𝑛,𝑚

Let X~𝜒𝑚
2 and Y~𝜒𝑛

2,

𝐹 =
Τ𝑋 𝑚

Τ𝑌 𝑛
~𝐹𝑚,𝑛

where 𝑚 = numerator’s degree of freedom, 𝑛 = denominator’s degree of freedom (2 parameters)

The total area under F distribution curve is 1
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Exercise 9

a. Find the value of t for 24 df and 0.05 area in the right tail (one-sided);

b. Find the value of t for 24 df and 0.05 in the two-sided area ;

c. Find the probability that a r.v. t for 24 df assumes a value greater than 2.5;

d. Find the probability that a r.v. t for 24 df assumes a value greater than 1.5;

e. Find the probability that a r.v. χ2 for 3 df assumes a value greater than or equal to 7;

f. Find the probability that a r.v. χ2 for 5 df leaves in the right tail a probability of 0.1;

g. Find the probability tha a r.v. F10,10 leaves in the right tail a probability of 0.05.

Student’s T χ2 F
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Exercise 9

Solution

a. We have to find the 95% percentile of the t di Student with 24 df : t24,0.05. From the table the value is: 1.711

b. We have to find the 2.5% e 97.5% percentile that border the two-sided area that leaves in the tail a 
probability of 5%.  From the table t24,0.025 = 2.064 and t24,0.975 = −2.064

c. If X ∼ t24 then, P(X > 2.5)=0.01

d. If X ∼ t24 then, 0.05 ≤ P(X > 1.5) ≤ 0.1

e. If X ∼ χ2
3, then 0.05 ≤ P(X > 7) ≤ 0.1

f. From the table the 90% percentile of the distribution of the r.v. χ2
(5 , 0.1) with 5 df and a probability of 0.1 on 

the right tail is 9.236

g. From the table the 95% percentile of the distribution of the r.v. F10,10 and a probability on the right tail of 
0.05 is 2.9782
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In Teams under “General” (Generale) - “Assignment” 
(“Attività”) you can find the test:

“Quantitative Methods I - Test”.

The test is for you and it is used to better understand 
if all the themes of the first part of the course are 
clear.

The result of the test will not be used for the final 
exam.


