A. Fabretti

Mathematics 2
A.Y. 2015/2016

A. Fabretti Matrices



Table of contents

Matrix Algebra
Basic operations
Special Matrices
Algebra of Square Matrices

Determinant, Inverse matrix
Determinant
Inverse Matrix

A. Fabretti Matrices



Basic operations
Special Matrices
Algebra of Square Matrices

Matrix Algebra

Introduction

A matrix is a rectangular array of numbers. The size of a matrix is
indicated by the number of rows and the number of its columns. A
matrix with k rows and n columns is called a k x n (" k by n")
matrix. The number in row i and column j is called the (i, )th
entry and it is denoted by aj;.

The matrix A with entries aj; with i =1,...,kand j=1,..nis a

k X n matrix is representing as follows

A=

Matrices can be added, subtracted, multiplied and even divided if
their sizes respect some conditions.
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Addition

Two matrices can be added only if they have the same size, i.e.
the same number of rows and columns. Their sum is a new matrix
of the same size as the two matrices being added.

Let A and B be two k x n matrices with entries a;; and b;; for
i=1,...,kand j=1,... n, respectively. Their sum A+ B is a

k x n matrix with entries a;; + bjj for i =1,...,kand j=1,...,n.
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Addition (2)

Explicitly
air -+ ain bi1 -+ bin
A + B == aU + : b’./ . =
aki - akn bir -+ bin

a1 + b e ain + bin

ajj + b,‘j :
ak1 + biy . akn + bin
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Addition: Example

2 -1 0 -2 0 5
LetA—<3 1 _3>andB—<1O 7 _3>two2><3

matrices.

Their sum is a 2 x 3 matrix

g (2 1 0N, (20 5 _(0 -1 5
“\3 1 -3 10 7 -3) \13 8 —6
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Addition

The matrix 0 is a special matrix whose entries are all zero. It is an
additive identity since A+ 0 = A for all matrices A:

al]_ P aln 0 o .. 0 all P aln
ajj : + 0 = : ajj
agr akn 0o --- 0 ak1 - akn
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Subtraction

Subtraction, as addition, is possible only if the two matrices have
the same size. Writing A — B is a shorthand for A+ (—B) where
—B is what one adds to B to get 0 (as opposite for numbers).

air --- ain b1 -+ bin
A—-B= ajj - : b,'j : =
a1l - akn bir -+ bin
ai1 — bu ain — bin
a,J b,‘j .
ak1 — b1 akn — bkn
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Scalar multiplication

Matrices can be multiplied by real numbers called scalar, the result
is a matrix with the same size with all the entries multiplied by the
scalar. Explicitly, let A be a k x n matrices and v a scalar (y € R)

a1 -+ adin yair -+ 7Yain
VA=Y L ey = D oyay
Akl - dkn Yak1 o Yakn
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Exercises

-3 2 1 0 1 1

) 1 0 1 -1 1 1
Given A = 0 -1 1 , B 5 3 1/2 , o= —2

-2 -4 3 -2 —1/2 2

and § = 3.

Solve the following expression
1. BA+a(B - A)
2. B—aB+ A
3. (a+B)(A+B)
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Matrix Multiplication

In matrix multiplication sizes and order in which matrices are
multiplied matter!

We can define a matrix product of A and B, AB, only if the
number of columns of A equals the number of rows of B.
Let A be a kK x m matrix and B a m X n matrix, their product AB
exists and it is a matrix k x n whose (i, ) th entry is given by the
inner product of the ith row of A and jth column of B

by;
sz
(AB)jj = (ai1 ai2 -+ aim) - : = ajibyj appbyj -+ aimbm.

b
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Matrix Multiplication (2)

In other words, the (7, ) th entry is given by
m
Z a,-hbhj.
h=1

Note that if AB exists, BA is not equal (this operation is not
commutative) and even does not exist! Indeed, if k # n, BA
cannot be calculated.
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Matrix Multiplication: Examples

1. Calculate AB and say if BA exists.

2 -1 0 -2 0
A=[3 1 -3 |andB=| 2 -3
1 0 -1 0 1

2. Calculate CD and DC and verify that CD # DC.
-1 -1

C = 2 1 andD:(_lzg‘;’>
1 0
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|dentity Matrix

The n x n matrix

1 0 - 0
01 . 0

I = , ,
0 0 - 1

is called the identity matrix and is such that a; = 1 for all j and
ajj = 0 for all i # j. This matrix has the property that for any

m X n matrix A
Al = A

and for any n x | matrix B

IB=8B.
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Law of Matrix Algebra

» Associative law

(A+B)+C=A+(B+C)
(AB)C = A(BC)

» Commutative law for addition
A+B=B+A
» Distributive law

A(B + C) = AB + AC
(A+ B)C = AC + BC

Recall that matrix multiplication is not commutative!
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Transpose

The transpose of a k X n matrix is a n x k matrix obtained by
interchanging the rows and the columns of A. This matrix is

denoted by A”. Thus the (/,j)th entry of A becomes the (j, i)th
entry of AT.
For example

a11 412
d11 d21 as1
a1 a2 = < >

d12 a2 as2
d31 432
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Laws for transpose matrices

Let A and B be k X n matrices and +y a scalar, the following rules

hold
» (A+B)T —AT+BT,
> (A— B)T T—BT,
> (AT)T
> (vA)T _’YAT
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Transpose of matrices product

Let A be kK x m matrix and B be m x n matrix. Then,
(AB)T =BTAT,
This can be easily proved

((AB)T)j = (AB)ji =3, AnBni
=Y WA (BT )i =Y 0(BT)in(AT)nj

= (BTAT);
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Using matrices

2 0 -1 2
=(A0) e (0 A)

111
c=(134) ®
calculate (where possible)
1. A+ B-2D
2. (2A-3B)"D
3. (AD)TC + B

Il
7 N\
=N
E- O]
~_
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Special Matrices

Here a list of special matrices:

» A matrix is called square if it has the same number of
columns and rows (k = n)

» A matrix is a column matrix if it has only one column. For
example
a

b

C

» A matrix is a row matrix if it has only one row. For example

(e f d)
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Special Matrices (2)

Special matrices list follows:

» A diagonal matrix is a square matrix in which all nondiagonal
entries are zeros. For example

O O w

00
b 0
0 c
» A upper-triangular matrix is a (square) matrix in which all
entries below the diagonal are zeros. For example
1 2 -3
01 2
0 0 ©
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Special Matrix (3)

list follows:

» A lower-triangular matrix is a (square) matrix in which all
entries above the diagonal are zeros. For example

A W

0
1
5

o O O

» A square matrix B is idempotent if BB = B.
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Symmetric Matrix

A square matrix is symmetric if A= AT or similarly if ajj = aji for
all i,j. For example

1 01 -2
01 1 0
-2 0 6

Example: The variance covariance matrix is a symmetric matrix.
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1. Find real numbers a, b and x such that
a b 2 1 10 a b\ (21
<x 0><1 1>_<2 1><x 0>_<4 4>'
2. A square matrix B is anti-symmetric (or skew-symmetric) is
B = —BT. Show that if A is any square matrix,
A1 = 3(A+ AT) is symmetric and Ay = 3(A— AT) is
anti-symmetric. Verify that A = A; + As.
3. If P and Q are n x n matrices with PQ — QP = P, prove that
P2Q — QP? = 2P? and P3Q — QP3 =3P3. Then use
induction to prove that PXQ — QP¥ = kP* for k = 1,2, ....
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Square Matrices

Within the class of n x n matrices, denoted by M,, all the
arithmetic operations are possibile and the result is a n x n matrix.

The identity matrix / is such that Al = IA = A.

Since we have the product, can we divide square matrices? We
must introduce the idea of inverse as for numbers.

Definition
Let A be a matrix in M,,. The matrix B € M,, is an inverse for A
if AB=BA=1.

If the matrix B exists we say that A is invertible.
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Inverse matrix is unique

Theorem
An n X n matrix can have at most one inverse

Proof.
Suppose that B and C are both inverse of A. Then we have

B = Bl = B(AC) = (BA)C = IC = C.

O
If a matrix A € M, is invertible we denote its unique inverse AL
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i ) is invertible and

1 10
> Verify that B = 0 11 is invertible and
-1 10
1 1
1o -1
Bt = ; o 3
14 _1
2 2
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Inverse matrix of a 2 X 2 matrix

Given a 2 x 2 matrix
a b
=2 4)

the inverse exists if ad — bc # 0 and

1 d —b
Al= -
ad—bc(—c a )
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Theorem
Let A and B be square invertible matrices. Then
> (A—l)—l — A,’
> (AT)—l — (A—l)T,.
» AB is invertible and (AB)~! = B~1A L.
Theorem
If A is invertible:

» (A™) is invertible for any integer m and (A™)~! = (A~1)™;
» for any integer r and s ATA® = A"TS;

» for any scalar vy, YA is invertible and (yA)~! =y 1AL
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1. Given A= ( 34 —12 ) find (if it exists) A~L.
2. Show that the inverse of a 2 X 2 symmetric matrix is
symmetric.

3. What is the inverse of an n x n diagonal matrix? When does
it exist?

4. Show that (A + B)_l, if it exists, is generally not A~! + B~
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Defining the determinant

The determinant of a matrix can be defined inductively.

» (n=1) A 1x 1 matrix is a scalar a. The inverse of such a
matrix exists if a # 0 hence we define

det(a) = a

» (n=2) Amatrix2x2 A= < a1 a1 ) is invertible if
a1 ax

a13 — ai2az1 # 0 hence we define
det(A) = aj1a2 — a12a21
which equals
det(A) = ajidet(ax) — aipdet(ar1).
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Definition
Let A be an n x n matrix. Let A; be the (n—1) x (n—1)
submatrix obtained by deleting row i and column j from A. Then

the scalar
M,‘j = det(A,-j)

is called the (/,j)th minor of A and the scalar
Cy = (1) M

is called the (7, )th cofactor.
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The determinant of a 2 X 2 matrix

The determinant of a 2 X 2 matrix
det(A) = ar1ax — aizan

can be seen

det(A) = alldet(agg) — algdet(agl)
= a;1My1 — a1oMpo

=an G+ anCi2
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The determinant of a 3 X 3 matrix

The determinant of a 3 x 3 matrix

di1 412 4a13
det | a1 ax a3 | =auCui +anCio+a3Cs
a1 a3y ass

= a11Mr11 — aoMho + a13Ms3

a a a a a a
= aj1 det 22 923 ) aip det 21 @23 + ajz det 21 a2
a32 as3 a31 ass as1  as2
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The determinant of a n X n matrix

Definition
The determinant of a n X n matrix

det(A) = a11Gi1+ a12Ci2 + ... + 310 Cin

= a1 M1 — aioMpp + ... + (=1)"ay, My,

Notation In referring to determinant of matrix A we write det(A),
|A| or

a1 - din a1 - din
aj or det L ay
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Exercises

Compute the determinants of the following matrices

ay (197
A=| 3 4 5 B—
O 23 -4 0
1 1 1 0
0 -1
c=|3 0o 1 D:<§_41>
2 3 4
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Theorem
The determinant of a lower-triangular, an upper-triangular or a
diagonal matrix is simply the product of its diagonal entries.

Proof.
Easy to see when 2 x 2.
For a upper-triangular 3 x 3:

a11 d12 di13

det| 0 ap ax =a11CGi + a12Cio + a13Gi3
0 0 ds33
— a2y a2 a3 | ’0 a23 ’
0 d33 0 ds33
0 ano
+a13 0 0 = 311322333

O
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Theorem
Let A be a square matrix. Then

> det(AT) = det(A)

> det(AB) = det(A) det(B)

» det(A + B) # det(A) + det(B)

> det(yA) = " det(A) for v scalar
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Adjoint matrix

For n x n matrix A we denote by Cj the (/,/)th cofactor of A, that
is the (—1)'"/ times the determinant of the submatrix obtained
deleting row 7/ and columns j from A.

Definition
The n x n matrix whose (7, )th entry is Cj; is called the adjoint of
A and is denoted by adjA.

Note that we can alternatively say that the adjoint matrix is the
transpose of the matrix having as entries the cofactors of A.
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Inverse matrix

Theorem
Let A be an n x n invertible matrix. Then,

A—l

= der(a) YA

Note that a matrix is invertible if and only if its determinant is
different from zero.
Note that AA~! = | thus det(AA™1) = det(/) = 1, since

det(AA1) = det(A) det(A~1) we derive that det(A~1) = detl( -
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Exercises

(i

1 33
1.A=1|1 3 4

1 4 3

1 2
2. B=1 2 —1 O

0 2

1 0 0
3.C=( -3 -2 1

4 -16 8
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1 0 ¢t 1 00
Exericise 1 Let A, = 2 1 t and B=1{ 0 0 1
011 010

1. For what values of t does A; have an inverse?
2. Find a matrix X such that B + XAl_1 = Al_l.

Exericise 2 Solve the equation

1—x 2 2
2 1—x 2 =0
2 2 1—x
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Definition
The trace of a square matrix is the sum of its diagonal entries:

trace(A) = ai1 + ax2 + ... + ann.
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