MATHEMATICS 2

Exam

03/07/2018, A.Y. 2017/2018

WARNING! Examiners are allowed to collect only THIS A3 paper, any other additional papers
(drafts, notes, scribbles or anything else) will not be taken into consideration. Use a clear and clean
handwriting. Unclear or ambiguous sentences may result in a negative impact on the final grade of

the exam.

PENALTIES: Each examiner can, UNQUESTIONABLY, assign a penalty if he considers that two
participants have communicated with each other (in any way). One penalty does not imply anything
for the valuation of the exam. However, should an attendee be given two penalties, it will be
immediately expelled from the exam session and her/his exam will be invalidated.
SUGGESTION: Remember to always double check the consistency of your results. Inconsistent
statements may result in a negative impact on the final grade of the exam.

MATRICOLA .............. Lastname .................... Name ....................

1) (10 p.ts) Solve the following integral

/ /7 cos /adz

Applying the substitution ¢t = y/z, for which z = t?, and dx = 2tdt, we get

/\/Ecos Vrdr = 2/t2 cos tdt.

Hence we can apply integration by parts to the last integral

/ﬁcosﬁdx:2/t2costdt:2<t2sint—2/tsintdt>
:2[t2sint—2<—tcost—i—/costdt)} :2[t2sint—2<—tcost+sint>} +c

= 2xsinx + 4v/T cos /x — 4sin/z + ¢



2) (10 p.ts) Given the following linear system

—kx +y=—1

{2x+3y—1
r—y==k

discuss and find solutions as k changes.

To apply Rouché Capelli let us analyze the rank of incomplete and complete matrices

2 3 2 3 1
A= =k 1 ], Ap=| =k 1 -1
1 -1 I

As rkAlb = 3 if detA|b # 0 and
detAlb=2k —3+k—1-2+3k>=3k>+3k—6=3(k>+k —2) =3(k —1)(k +2)

we get that detAlb # 0 if k # 1 and k # —2. Moreover rkA < 2, hence surely if k£ # 1 and k # —2,
rkAlb =3 and rkA < 2, hence the two ranks are different and the system is incompatible.

Let us analyze the two different cases, k =1 and k = —2.
Ifk=1
2 3 2 3 1
A= -1 1 , A= -1 1 -1
1 -1 1 -1 1

Notice that the number of variables is n = 2 and rkA = rkA|b = 2, hence the number of solutions is

00272 = 00 = 1 solution,that is given by solving the following equivalent system
20+ 3y =1
—r+y=-—1
whose solution is
=
y=-3)’
Ifk=-2
2 3 2 3 1
A=(2 1], ap=[2 1 -1
1 -1 1 -1 2

the system is compatible as rkA = rkA|b = 2, and as n = 2 and rkA = rkA|b = 2, hence the number
of solutions is 00>~ = oc® = 1 solution. If I consider the following order 2 submatrix

u(37)

the equivalent system that gives me the solution is

20+ 3y =1
20+ y=—1

whose solution is



3) (10 p.ts) Find max/min of the following function

fz,y) =y

subject to the following constraint
2 =2

The Lagrangian of the problem is

L(xvyv A) =Y — )‘('TQ +y2 - 2)

Let us calculate the points for which the gradient of the Lagrangian is null

L,=y—2\xt=0
{Ly:y—2)\y:0
Ly=—(2*4+vy*—2)=0

hence all the possible combinations that solve the previous system are (—1,1, —%), (1,-1, —%),
(=1,-1,3), (1,1,%). To evaluate the nature of these points let us calculate the Bordered Hessian
matrix

0 2z 2y
H(z,y,\)=| 2¢ —2x 1
2y 1 =2\

whose determinant is |H (x,y, )| = 8zy + 8\y* + 8z
Let us analyze each single point:

e (—1,1,—3) is such that |[H(—1,1,—3)| = —16 < 0, hence it is a local minimum

e (1,—1,—3) is such that |[H(1,—1,—3)| = —16 < 0, hence it is a local minimum

e (1,1,4) is such that |H(1,1,1)| = 16 > 0, hence it is a local maximum

e (—1,—1,3) is such that |H(—1,—1, )| = 16 > 0, hence the point is a local maximum.



