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1 Logarithm and exponential.

1. Find the domain of

2.

f () =logyy (z* —42% +1).

Hint: V2 —v3 2~ 0.51 < /2 + 3~ 1.93.

Solution: We have to find the x such that

=422 4+1>0.

To solve the inequality, we lower the degree defining t = 2
t2—4t+1>0.

The solutions of t> — 4t +1 =0 are

4++/16—-4 4++/12 442

t1,2

)

Whence
24t +1>0et<2—V3ort>2+V3

Going back to the original x we have

t<2-V3esa?<2-V3eaxe <—\/2—\/§,+\/2—\/§>

t>2+V3ea?>2+V3eac <—oo,—m>u<+m,+oo>.

In summary the domain is

D= (—oo,—\/2+7\/§> U (—\/2 — \/§,+\/2 - \/§> U (me +oo>

Find the domain of the function

and

1
2T —1°

f(z) =
Solution: We have to impose
W 1402224122420 oz #£0.

Whence
D =R\ {0}



3. Find the domain and study the sign of the function
_ 4
f(x)—log% (1—z%).
Solution: to find the domain we have to impose
l-2*>0ea2t<1

Again put t? = x to have
tP<lete(—1,1)

which means
x2 S (_17 1) )

but 2% > —1 is always verified, so the previous condition is equivalent to
<lere(-1,1).

Whence the domain is
D=(-1,1).

Since the base of the logarithm is < 1 the function is positive if and only if
l1-2t<1e —zt<o,

so we can conclude that
f(x)>0Vx e D
and f(x) =0 if and only if x = 0.

4. Solve the inequality
log; (x) > 2.

Solution. The condition
log; (x) > 2.

1s verified if and only if
7oe7(®) > 72 = 49

which is equivalent to
x > 49.

2 Using the Principle of Induction, show that:

For all ne N

3" -1)

P:1+3+324+ .. 430D 5

For n =1, is verified. Now, let P(k) be true for some positive integer k,

-1y _ (3" 1)

1+34+32+...43 S



now prove that P(k + 1) is true. Consider

1+3+324... +3 143k = (3k2_1)+3k
(3" 1) +(2)(3")
2
(1+2)3F -1
2
(3)3% — 1

Thus, P(k + 1) is true whenever P(k) is true using all the natural numbers.

For all ne N

n(n;— 1))2

P: 13+23+33+...+n3:(

For n =1 is verified. Now, let P(k) be true for some positive integer k,

k(k~l—1))27

13+23+33+...+k:3:( 5

now prove that P(k + 1) is true. Consider
P+ 4383+ 43+ (k+1)7° =

1 )+(k+1)3

E2(k+1)> +4(k +1)3
i )

(k+1)%[k% + 4(k + 1)]
3 )

(
(
(
(
_ ((k:+1)2[k;2+4k:+4])
(
(
(

4
(k+1)%(k +2)?
T
(k+1)2(k + 1+1)2)
4
(k+1)(k+1+1))2

Thus, P(k + 1) is true whenever P(k) is true using all the natural numbers.



For all ne N

n(n + 1)(n+2)}

P: (1*2)+(2*3)+(3*4)+...+n*(n+1):[ 3

For n =1 is verified. Now, let P(k) be true for some positive integer k,

k(k+1)(k + 2)}

(1*2)+(2*3)+(3*4)+...+k*(k+1):[ 3

now prove that P(k + 1) is true. Consider

Bk D(k+2)

(1#2) +(2*3)+B*4) + ... +Ekx(k+1)+(E+1)x(k+2) = (k+1)(k+2)

k(k+1)(k +2) +3(k + 1)(k + 2)

- 3
(k+1)(k+2)(k +3)
3
k+1D)((k+1)+1)((k+1)+2)
3

Thus, P(k + 1) is true whenever P(k) is true using all the natural numbers.



For all ne N

P:lf - 4 L + ..+ ! -
’ (1+2)  (1+2+3) 7 (1+2+3+.n) (n+1)

For n =1 is verified. Now, let P(k) be true for some positive integer k,

1 1 1 2k
1+ + +ot = .
(1+2)  (1+2+3) (1+2+3+..k) (k+1)

now prove that P(k + 1) is true. Consider
1 1 1 1

=1+ + +..+ +
(14+2)  (142+3) (1+2+3+.k) (1+24+3+..k+(k+1))

2k 1
= +
(k+1)  (1424+3+..+k+(k+1))
2% 1
G R IS

2k 2
(k+1) (k+1)(k+2)

m)

k+1

_ (k+)
(k+1)(kE+2)
C2(k+1)

- (k+2)

o 2(k+1)
C((E+1)+1)

Thus, P(k + 1) is true whenever P(k) is true using all the natural numbers.



3 Compute each of the following limits:
n?(2n +1)(3n — 2) n?[6n? —n — 3] 6n* —n® — 3 Onl _ nf 3
lim - - ST M T T
n—oo 2n2(5n — 8)(n 4+ 6) |  2n2[5n2 + 22n — 48]  10n* 4 44n3 — 96 %"’_%23_%2
1_ 3
_ 65— 6 _3
= 4 _9% 10
0+9-% "10 5
i ( n? n? > nd2n+1) —n?2(2n%? - 1) 2n* +nd —2n* +n? n3 + n?
1m — - = =
n—soo\2n2 —1 2n+1 (2n2 —1)(2n+1) dn34+2n2 —2n—1  4n3+2n%2—2n—1
I L3 SRS S
. (Wi Fr—n) (VT Frtn) (ST 4 i — nyiE T — n?
lim Vn2+n—n|= _
n—0o0 vnZ+n+n vn?4+n+n
_n*4n-n* n _ n _ 1 1
vi2dntn o veidntn o fpamt oy g 14l 2
. 4n?+4nb 4n32+%§ 44 p3
lim 507 1 _om® 1 -
lim 2n4—n2+8n:%—Zfz—FiZ:Q—ﬁﬂL%:_g
LN T R R T



