MICROECONOMICS – EXERCISES ON PRODUCTION
EXERCISE 1 – ISOQUANT
1.1 Theoretical Premises
Production function: the production function is a relationship which associates different
combinations of inputs with different levels of output; this function shows how the firm converts
inputs into outputs.
Isoquant: an isoquant is a curve on the (𝐿; 𝐾) diagram which indicates combinations of labor and
capital which are associated with the same level of output by the production function.
Marginal product: the marginal product of a factor of production shows the variation of the
output related to an infinitesimal variation of the factor of production, with all other factors kept
constant.
Marginal substitution rate in production: The MSRP shows how the inputs can substitute for each
other in the production function; from a mathematical perspective, it is calculated as the ratio of
the marginal product of one input to the marginal product of the other input; from a geometrical
perspective, it can be thought of as the absolute value of the slope of the isoquant.
1.2 An example
Given that 𝑄 = 𝐿0.5 𝐾 0.25 , carry out the following steps:
1. Determine the marginal product of labor and capital;
2. Determine the marginal rate of substitution in production;
3. Determine the equation of the isoquant related to the level of output 𝑄0 = 2.
1.3 How to solve the example
1. Mathematically speaking, the marginal product of one factor is the defined as the partial
derivative of the production function with respect to that factor. In order to calculate the partial
derivatives one can use the Cobb Douglas formulas, since the production function belongs to this
function class. Keeping in mind that 𝛼 and 𝛽 are the two exponents of the function, one obtains:
0.5𝐾 0.25
𝑀𝑃𝐿 = 𝛼𝐿𝛼−1 𝐾𝛽 = 0.5𝐿−0.5 𝐾 0.25 =
𝐿0.5
0.25𝐿0.5
𝑀𝑃𝐾 = 𝛽𝐿𝛼 𝐾𝛽−1 = 0.25𝐿0.5 𝐾 −0.75 =
𝐾 0.75
2. The marginal substitution rate in production is determined as the ratio of the above calculated
marginal products; since the production function is a Cobb Douglas function, it is possible to use
the formula, without performing time consuming calculations. Namely:
𝛼𝐿
0.5 𝐿
𝐿
𝑀𝑆𝑅𝑃 =
=
=2
𝛽 𝐾 0.25 𝐾
𝐾
3. In order to carry out this step, it is necessary to start with the production function:
𝑄 = 𝐿0.5 𝐾 0.25
Now, the specific level of produced quantity 𝑄0 substitutes for the generic 𝑄:
2 = 𝐿0.5 𝐾 0.25
Given this, one is supposed to express 𝐾 as a function of 𝐿, so as to provide an explicit version of
the equation.
16
2 = 𝐿0.5 𝐾 0.25 ↔ 𝐾 = 2
𝐿

2 EXERCISE 2 – COST MINIMIZATION IN THE SHORT RUN – SUNK COSTS
2.1 Theoretical premises
Cost minimization problem: the objective of the firm is to maximize its profit; for the sake of this
goal, it has to produce any possible quantity at lowest possible cost. As a consequence, when we
talk about how the firm produces, we are talking about a cost minimization problem. Namely, this
problem can be thought of as a constrained minimization problem, in which the objective function
(i.e. the function to be minimized) is the total cost function and the constraint is the quantity which
the firm aims to produce. Mathematically speaking:
min 𝑇𝐶 = 𝑤𝐿 + 𝑟𝐾
𝑠. 𝑡. 𝑄0 = 𝑓(𝐿; 𝐾)
Geometrically speaking, it is important to keep in mind that the constraint represents the equation
of the isoquant associated with the desired quantity; as a consequence, solving this problems
means finding the lowest possible isocost which touches the given isoquant.
The solution of this problem represents the input bundle which allows the firm to produce the
desired quantity at the lowest cost: this combination of labor and capital satisfies the property of
economic efficiency.
Short run: the short run is a time horizon in which at least an input is fixed (i.e. it cannot be used
beyond a maximum level). In this course of Microeconomics, capital is the fixed factor in the short
run.
Sunk costs: Sunk costs can occur in the short run. Namely, they are always associated with a fixed
factor. In this course of Microeconomics, they can be associated with capital. We refer to sunk costs
as the situation in which the firm has to bear a cost associated with capital which is equal to the
cost that the firm would bear if it used its capital at the highest possible level. This means that the
capital cost is borne regardless of the actual use of capital. Intuitively, with the aim of
minimizing its costs, the firm will use its capital at the maximum level with reference to any
possible quantity and it will try to minimize the use of labor. Given that 𝐾0 is the highest possible
use of capital, we obtain a modified version of the constrained minimization problem:
min 𝑇𝐶 = 𝑤𝐿 + 𝑟𝐾
𝑠. 𝑡. 𝑄0 = 𝑓(𝐿; 𝐾)
𝑠. 𝑡. 𝐾 = 𝐾0
The second constraint is typical of the short run time horizon, assuming the hypothesis of sunk
costs.
The system which represents the solution to this problem is:
𝐾 = 𝐾0
{
𝑄0 = 𝑓(𝐿; 𝐾)
2.2 An example
Given that 𝑄 = 𝐿0.5 𝐾 0.5 , 𝑤 = 3, 𝑟 = 5, 𝐾0 = 16, carry out the following steps, assuming a short run
time horizon and the hypothesis of sunk costs.
1. Determine the constrained minimization problem with reference to a quantity 𝑄0 = 10;
2. Determine the system which is the solution of the previous problem;
3. Find the optimal input bundle;
4. Determine the equation of the scale expansion path.

2.3 How to solve the example
1. As it is fleshed out by Paragraph 2.1, in this case the constrained minimization problem is:
min 𝑇𝐶 = 3𝐿 + 5𝐾
𝑠. 𝑡. 10 = 𝐿0.5 𝐾 0.5
𝑠. 𝑡. 𝐾 = 16
2. As it can be argued from Paragraph 2.1, in this case the system is:
𝐾 = 16
{
10 = 𝐿0.5 𝐾 0.5
3. In order to find the optimal input bundle, one needs to solve the above determined system. This
is a rather easy business, since the value of one of the two variables is already given. Namely, 𝐾 =
16. Consequently, this value substitutes for 𝐾 within the second equation and 𝐿 is determined by
solving the second equation, which has just one variable thanks to the substitution.
𝐾 = 16
𝐾 = 16
10 ↔ { 𝐾 = 162 ↔ { 𝐾 = 16
↔
{
{
𝐿0.5 =
10 = 𝐿0.5 160.5
𝐿 = 2.5
𝐿 = 6.25
4
4. The scale expansion path indicates all the input bundles that allow the firm to produce various
quantities at the lowest cost. In the short run, under the hypothesis of sunk costs, these bundles are
characterized by the same use of capital. Consequently, the scale expansion path is a horizontal
straight line, whose equation is:
𝐾 = 𝐾0
In this case:
𝐾 = 16

3 EXERCISE 3 – COST MINIMIZATION IN THE LONG RUN
3.1 Theoretical Premises
Long run: the long run is a time horizon in which all inputs are variable. Consequently, the
constrained minimization problem has one less constraint as opposed to the short run case.
Namely:
min 𝑇𝐶 = 𝑤𝐿 + 𝑟𝐾
𝑠. 𝑡. 𝑄0 = 𝑓(𝐿; 𝐾)
The solution of this problem is represented by this (non linear) system:
𝑤
𝑀𝑆𝑅𝑃 =
{
𝑟
𝑄0 = 𝑓(𝐿; 𝐾)
3.2An example
Given that 𝑄 = 𝐿0.25 𝐾 0.25 , 𝑤 = 30, 𝑟 = 30, perform the following steps with reference to a long run
time horizon.
1. Determine the constrained minimization problem with reference to a quantity 𝑄0 = 5;
2. Determine the system which represents the solution to this problem;
3. Calculate the optimal input bundle;
4. Determine the equation of the scale expansion path.
3.3 How to solve the example
1. As it is fleshed out by Paragraph 3.1, in this situation the constrained minimization problem is:
min 𝑇𝐶 = 30𝐿 + 30𝐾
5 = 𝐿0.25 𝐾 0.25

2. As it is fleshed out by Paragraph 3.1, this system is:
30
𝑀𝑆𝑅𝑃
=
{
30
5 = 𝐿0.25 𝐾 0.25
Since we are dealing with a Cobb Douglas function:
𝛼 𝐾 0.25 𝐾 𝐾
𝑀𝑆𝑅𝑃 =
=
=
𝛽 𝐿 0.25 𝐿 𝐿
30

Consequently, knowing that 30 = 1, one obtains:
𝐾
=1
{
𝐿
5 = 𝐿0.25 𝐾 0.25
3. In order to find the optimal bundle it is needed to solve the above determined system. This is
not that elementary, since the system is not linear and no variable is fixed. There is no one best
way to solve the system. However, who is writing recommends you to carry out these two steps:
a) Express 𝐾 as a function of 𝐿 within the first equation;
b) Perform the substitution within the second equation and find the value of 𝐿.
Once you have obtained the value of 𝐿, it is an easy business to determine the value of 𝐾 thanks to
the first equation, in which 𝐾 has been expressed as a function of 𝐿.
According to step a), one obtains:
𝐾=𝐿
{
5 = 𝐿0.25 𝐾 0.25
In accordance with step b), one gets:
𝐾=𝐿
{
5 = 𝐿0.25 𝐿0.25
Performing the required calculations, one obtains:
𝐾=𝐿
𝐾=𝐿
𝐾 = 25
↔{
↔{
{
5 = 𝐿0.5
𝐿 = 25
𝐿 = 25
4. In order to perform the forth step it is important to keep in mind the first equation of the system,
according to which:
𝑤
𝑀𝑆𝑅𝑃 =
𝑟
This condition tells us that the optimal bundle represents the point of tangency between the
isoquant (whose slope is the first part of the equation) and the isocost (whose slope is the second
part of the equation). This condition is to be fulfilled by any optimal bundle and therefore
represents the equation of the scale expansion path (i.e. the collection of all the optimal bundles), in
an implicit version. If the production function is a Cobb Douglas function (and this is always the
case in this course of Microeconomics), the equation is:
𝛼𝐾 𝑤
=
𝛽𝐿
𝑟
Since the scale expansion path is drawn on the (𝐿; 𝐾) diagram, it is needed to express 𝐾 as a
function of 𝐿, which means:
𝛼𝑤
𝐾=
𝐿
𝛽𝑟
In this case:
0.25 30

𝐾 = 0.25 30 𝐿 ↔ 𝐾 = 𝐿

4 EXERCISE 4 – RETURNS TO SCALE
4.1 Theoretical Premises
Returns to scale: returns to scale regard the relationship between an increase in the use of inputs
and the consequent variation in the output. As far as practice is concerned, for the sake of
simplification, returns to scale will be fleshed out with reference to production functions in which
there is just one input, labor. This functions can be summarized by this generic equation:
𝑄 = 𝑘𝐿𝛼
Where k is a constant.
There are three situations to keep in mind:
1) Constant returns to scale: as the use of inputs increases, the output increases in a linear
way. Referring to a univariate analysis, the production function is a straight line (i.e. 𝛼 is 1).
2) Increasing returns to scale: as the use of inputs increases, the output increases in a more
than linear way. Referring to a univariate analysis, the production function is convex (i.e. 𝛼
is larger than 1).
3) Decreasing returns to scale: as the use of inputs increases, the output increases in a less
than linear way. Referring to a univariate analysis, the production function is concave (i.e.
𝛼 is lower than 1).
Relationship between returns to scale and cost functions: cost functions are strictly related to
returns to scale. Indeed, cost functions indicate how costs vary as the output increases and returns
to scale show how the output varies as the use of inputs increases: since costs depend upon the use
of the input, there is close relationship. There are three situations to keep in mind:
1) Constant returns to scale: the total cost is a straight line, the marginal cost and the average
cost boil down to the same function and are constant.
2) Increasing returns to scale: the total cost is concave, the marginal cost and the average cost
are downward sloping but their functions are different.
3) Decreasing returns to scale: the total cost is convex, the marginal cost and the average cost
are upward sloping but their functions are different.
4.2 An example
With reference to the following production functions and to 𝑤 = 10, determine the returns to scale,
𝑇𝐶, 𝑀𝐶, 𝐴𝐶.
1. 𝑄 = 3𝐿
2. 𝑄 = 𝐿2
3. 𝑄 = 𝐿0.5
4.3 How to solve the example
1.
Returns to scale
The production function is linear and as a consequence the returns to scale are constant.
Total Cost:
In order to identify a total cost function, it is necessary to carry out two steps:
a) derive a function which shows, with reference to any quantity, the needed use of labor;
b) multiply the needed use of labor by the unit wage.
Performing step a), one obtains:
𝑄 = 3𝐿 ↔ 𝐿 =

𝑄
3

Performing step b), one obtains:
𝑇𝐶(𝑄) = 𝑤𝐿 = 10𝐿 = 10

𝑄 10
=
𝑄
3
3

Marginal cost:
The marginal cost is defined as the derivative of the total cost. As a consequence:
10
𝑀𝐶(𝑄) = 𝑇𝐶 ′ (𝑄) =
3
Average cost:
The average cost is defined as the total cost divided by the quantity. This means:
𝑇𝐶(𝑄) 10 𝑄 10
𝐴𝐶(𝑄) =
=
=
𝑄
3 𝑄
3
2.
Returns to scale:
The returns to scale are increasing, since labor is elevated to the power of 2.
Total cost:
Performing step a):
𝑄 = 𝐿2 ↔ 𝐿 = 𝑄 0.5
Performing step b):
𝑇𝐶(𝑄) = 10𝑄 0.5
As one should expect, the total cost in concave.
Marginal cost:
5
𝑀𝐶(𝑄) = 5𝑄 −0.5 = 0.5
𝑄
The marginal cost is downward sloping, as a consequence of the increasing returns to scale.
Average cost:
10𝑄 0.5
10
𝐴𝐶(𝑄) =
= 0.5
𝑄
𝑄
It is downward sloping as well, but does not boil down to the same function as that of marginal
cost.
3.
Returns to scale:
They are decreasing, since the production function is concave
Total cost:
Performing step a):
𝑄 = 𝐿0.5 ↔ 𝐿 = 𝑄 2
Performing step b):
𝑇𝐶(𝑄) = 10𝑄 2
The total cost is indeed convex.
Marginal cost:
𝑀𝐶(𝑄) = 20𝑄
The marginal cost is indeed upward sloping.
Average cost:
𝐴𝐶(𝑄) = 10𝑄
The average cost is upward sloping, but it is not equal to the marginal cost.

EXERCISES
1 EXERCISE 1
With reference to the following data, perform these steps:
1. Determine the marginal product of labor and capital;
2. Determine the marginal rate of substitution in production;
3. Determine the equation of the isoquant.
1) 𝑄 = 𝐿3 𝐾 𝑄0 = 5
2) 𝑄 = 𝐿0.75 𝐾 0.25 𝑄0 = 3
3) 𝑄 = 𝐿0.5 𝐾 0.5 𝑄0 = 6

2 EXERCISE 2
With reference to the following data, carry out these steps taking into consideration a short run
time horizon and the hypothesis of sunk costs.
1. Determine the cost minimization problem;
2. Determine the system which represents the solution to the previous problem;
3. Determine the optimal input bundle;
4. Determine the equation of the scale expansion path.
1) 𝑄 = 𝐿0.25 𝐾 0.5 𝐾0 = 9 𝑄0 = 2 𝑤 = 20 𝑟 = 30
2) 𝑄 = 𝐿𝐾 0.25 𝐾0 = 16 𝑄0 = 5 𝑤 = 2 𝑟 = 3
3) 𝑄 = 𝐿0.2 𝐾 𝐾0 = 2 𝑄0 = 1 𝑤 = 4 𝑟 = 3

3 EXERCISE 3
With reference to the following data, carry out these steps taking into consideration a long run
time horizon.
1. Determine the cost minimization problem;
2. Determine the system which represents the solution to the previous problem;
3. Determine the optimal input bundle;
4. Determine the equation of the scale expansion path.
1) 𝑄 = 𝐿0.5 𝐾 0.5 𝑄0 = 20 𝑤 = 2 𝑟 = 2
2) 𝑄 = 𝐿0.2 𝐾 0.8 𝑄0 = 10 𝑤 = 1 𝑟 = 4
3) 𝑄 = 𝐿0.75 𝐾 0.25 𝑄0 = 10 𝑤 = 3 𝑟 = 1

4 EXERCISE 4
With reference to the following production functions and levels of unit wage, determine the
returns to scale, 𝑇𝐶(𝑄), 𝑀𝐶(𝑄), 𝐴𝐶(𝑄).
1) 𝑄 = 44𝐿 𝑤 = 2
2) 𝑄 = 3𝐿4 𝑤 = 5
3) 𝑄 = 𝐿0.2 𝑤 = 3

SOLUTIONS
1 EXERCISE 1
1)
1. 𝑀𝑃𝐿 = 3𝐿2 𝐾 𝑀𝑃𝐾 = 𝐿3
𝐾

2. 𝑀𝑆𝑅𝑃 = 3 𝐿
3. 𝐾 =

5
𝐿3

2)
𝐾0.25
𝐿0.25
𝐾
3𝐿

1. 𝑀𝑃𝐿 = 0.75
2. 𝑀𝑅𝑆𝑃 =
3. 𝐾 =

𝑀𝑃𝐾 = 0.25

81
𝐿3

3)
1. 𝑀𝑃𝐿 = 0.5
2. 𝑀𝑆𝑅𝑃 =
3. 𝐾 =

𝐾0.5
𝐿0.5

𝑀𝑃𝐾 = 0.5

𝐾
𝐿

36
𝐿

2 EXERCISE 2
1)
3. 𝐿 = 0.1975 𝐾 = 9
4. 𝐾 = 9
2)
3. 𝐿 = 2.5 𝐾 = 16
4. 𝐾 = 16
3)
3. 𝐿 = 0.03 𝐾 = 2
4. 𝐾 = 2

3 EXERCISE 3
1)
3. 𝐿 = 20 𝐾 = 20
4. 𝐾 = 𝐿
2)
3. 𝐿 = 10 𝐾 = 10
4. 𝐾 = 𝐿
3)
3. 𝐿 = 5 𝐾 = 5
4. 𝐾 = 𝐿

𝐿0.5
𝐾0.5

𝐿0.75
𝐾0.75

4 EXERCISE 4
1) constant 𝑇𝐶(𝑄) = 0.045𝑄 𝑀𝐶(𝑄) = 0.045 𝐴𝐶(𝑄) = 0.045
0.95

3.8

2) increasing 𝑇𝐶(𝑄) = 3.8𝑄 0.25 𝑀𝐶(𝑄) = 𝑄0.75 𝐴𝐶(𝑄) = 𝑄0.75
3) decreasing 𝑇𝐶(𝑄) = 3𝑄 5 𝑀𝐶(𝑄) = 15𝑄 4 𝐴𝐶(𝑄) = 3𝑄 4

