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Propositional Calculus: formal definition of a Proposition

Definition
A proposition is any claim/assertion that can be either TRUE of FALSE.
We indicate propositions with the calligraphic letter P, Q, R, ...

Example

@ R ="Rome is a nice city”. This is not, formally, a proposition, since it
attributes a quality that is subjective, so it is not possible to establish
UNDOUBTEDLY wether it is TRUE or FALSE (for someone will be
true for someone else will be false).

@ P ="Rome is the capital of France”, P is FALSE.
o Q ="Paris is the capital of France”, Q is TRUE.




Propositional Calculus: logical operators
Definition

Given a proposition P we indicate with —P a new proposition which is

FALSE if P is TRUE and vice versa. The proposition —P is called the
negation of P.

—
M

Example

P = “Rome is the capital of France”

=P = “Rome is not the capital of France”




Propositional Calculus: logical operators

Definition
Given two propositions P and Q, we define a third proposition denoted with

PAQ,

which is read “P and Q" and that is TRUE if and only if both P and Q are
TRUE, and it is FALSE in all the other cases.
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Propositional Calculus: logical operators

Example

P = “Rome is the capital of France”
P A Q is FALSE.

Q = “Paris is the capital of France”

Example

R = “Rome is the capital of Italy”
RAS is TRUE.

S = “Paris is the capital of France”




Propositional Calculus: logical operators

Definition
Given two propositions P and Q, we define a third proposition denoted with

PV O,

which is read “P or Q" and that is FALSE if and only if both P and Q are
FALSE, and it is TRUE in all the other cases.
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Propositional Calculus: logical operators

Example

P = “Rome is the capital of France”
PV Qis TRUE.

Q = “Paris is the capital of France”

Example

R = “Rome is the capital of France”
RV S is FALSE.

S = “Paris is the capital of Italy”




Propositional Calculus: some identities

P|Q|PAQ|~(PAQ)
T|T| T F
T|F F T
FIT| F T
FI|F F T

P | Q| -PV-Q
FIF F
F T T
T |F T
T T T

Thatis - (PAQ)=-PV-Q



Propositional Calculus: some identities

P|Q|PVQ|~(PVQ)
T|T| T F
T|F| T F
FIT| T F
FI|F F T

P | 2Q | “PA-Q
F |F F
F | T F
T |F F
T |T T

Thatis = (PV Q) =P A-Q



Propositional Calculus: logical operators
Definition
Given two propositions P and Q, we define a third proposition denoted with

P =09,

read as “If P then Q" or, also,”P implies Q" and such that

P|lQ|P=2Q
T| T T
TI\F| F
Fl1T T
F|F T

which means that if we assume a true hypothesis the implication is true if
and only if the thesis is also true, while from a false hypothesis we can

derive anything (both a true and a false thesis).




Propositional Calculus: logical operators

Example

P = “Rome is the capital of France”

Q = “Paris is the capital of France”

P = Qis TRUE.

Example

R = “Rome is the capital of France”

S = “Paris is the capital of Italy”

R =S is TRUE.

Example

T = “Rome is the capital of Italy”
U = “Paris is the capital of Germany”

T =U is FALSE.

|




Propositional Calculus: logical operators
Remember that

P
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now consider the table of truth of -Q = =P
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that is (P = Q) = (-Q = —P).



Propositional Calculus: Theorems
Definition

When a proposition can be cast in the form
H=T

we sometimes refer to H = T as a Theorem and the proposition H is call the

hypothesis of the theorem while the proposition T is called the thesis.

Consider the following statement:

Theorem

Let m and n be two even numbers. Then n+ m is an even number.

In this case

H = “Let m and n be two even numbers”’

T ="“n-+ mis an even number’.



Propositional Calculus: Theorems

Another example of Theorem could be

Theorem

The number \/2 is irrational.

In this case the theorem is a general statement, which cannot be put in the

form H = T. It can be rephrase for example in

Theorem

It is not possibile to find a rational number q such that q> = 2.




Proving a theorem: direct proof.

Direct proof is typically used for H = T.

The method

We assume that the properties stated in the hypothesis H are true to prove
that also 7T is true.

V.

Theorem

Let m and n be two even numbers. Then n+ m is an even number.

Proof. Since m is even, then m = 2 k for some k. Since n is even, then

n=2q for some q. Then
n+m=2k+2q=2(k+q)=2h

with h = k + g, so also n+ m is even, whence the thesis. O



Proving a theorem: proof by contraposition.

Proof by contraposition is typically used for H = T.
The method

We use the equivalence, in terms of table of truth, given by

H=T)=0ET = -H).

Theorem

If n? is even, then n is even.

Proof. Assume that nis odd. Then n =2k + 1, which implies
" =4k>+1+4k=4 (k¥+k)+1

which is odd, so n? is odd.



Proving a theorem: reductio ad absurdum AKA proof by contradiction

We want to prove that a proposition P is true.

The method
@ We assume that P is false, so =P is true.

@ We prove that assuming —P to be true implies that a proposition Q

and —Q are simultaneously true.

© Since Q and =9 cannot be true simultaneously, then P must be true.

When you have eliminated the impossible, whatever remains, however

improbable, must be the truth.

Sherlock Holmes.



Proving a theorem: reductio ad absurdum AKA proof by contradiction

Theorem

It is not possibile to find a rational number q such that g°> = 2

Proof. Direct proof seems quite hard. Proceed by contradiction. Assume,

by contradiction, that there exists two integer numbers n and m such that

N2
(£) =2
m
Since they appear in a fraction, then we can also assume that n and m

have no common factors, that is at least one is odd.

(the proof continues in the next slide).



Proving a theorem: reduction ad absurdum AKA proof by contradiction

Summing up we have two integers number, n and m, at least one is odd,
and such that

then
n® =2m? (%)
and so n? is even, but then n is even, that is n = 2 k, whence equation (%)
gives
4k>=2m? = 2k*> = m?,
so m? is even, but then m is even, a contradiction. ]



Sets
Definition
A set is any collection/grouping/list of objects and it is defined once the full list of its

constituents/elements is given.

Extensive declaration

When all elements are explicitly listed:
o A={& &, %} B={-2051356.7}.
o N=1{0,1,2,3,4,5,....}

Very problematic to use when the number of elements is infinite! We all have an
intuitive notion of N, but for other sets with an infinite number of elements it could be

very problematic to use the extensive declaration.

Intensive declaration

When the rule/property that defines the elements is given
@ A = {All cities of Europe}.

@ A = {All numbers between zero and one}




Sets: the € symbol

The € symbol

Write a € A to say that a is an element of A and a ¢ A to say the
opposite.

o If A={&, &, K} then b c A & c Aand % € A
o If A={-20,5,13,56.7} then —20 € A, 5 € A and so on...
o If A= {All cities of Europe} then Paris € A

o If A= {All numbers between zero and one} then 1 € A.

Remark. The € symbol is frequently used in the intensive notation.
A = {All cities of Europe}, B ={x € A| x is a capital city} .

So that Milan € A but Milan ¢ B.



Sets: the V symbol

The V symbol

Write Va € A as a shortcut to declare a property that holds
“for ALL the elements of the set A"

Examples:

e If A={0,0.2,0.5,0.6,0.7,0.9,1} then we can say that Va € A it
holds that a > 0.

e If A={0,0.2,0.5,0.6,0.7,0.9,1} then we can say that Va € A it
holds that a < 1.




Sets: the 3, 7 symbols

The 3 symbol
Write Ja € A as a shortcut to declare a property that holds

“for AT LEAST ONE element of A".

We use 7 to say the opposite.
Examples:

e If A={0,0.2,0.5,0.6,0.7,0.9,1} then we can say that Ja € A such
that 0 < a < %

o If A=1{0,0.2,0.5,0.6,0.7,0.9, 1} then we can say that fa € A such
that a < 0.




Sets: the 3! symbol

The 3! symbol

Write Jla € A as a shortcut to declare a property that holds
“for a UNIQUE element of A".

Examples:

e If A={0,0.2,0.5,0.6,0.7,0.9, 1} then we can say that 3!a € A such
that 0 < a < 3.




Sets: a summary of the logical symbols

@ a € A reads as “the element a belongs to the set A"

Va € A reads as “for all the elements of A”.

@ Ja € A reads as “there exists at least one a in A".

Fa € A reads as “it does not exist an a in A"

Jla € A reads as “there exists one and only one a in A"



Sets: operations

The U and N symbols
Let A and B be two sets

@ The set AU B is the set that contains all the elements of A and all the

elements of B
AUB={x|xe€AorxeB}={x|xe€AVxe B}

@ The set AN B is the set that contains all the elements in common
between A and B

ANB={x|xe€Aand xe B} ={x|x€ AAx € B}




Sets: operations

The U and N symbols: some examples.

A={% & K%}, B={&o}.

then
o AUB = {&, M, %, o}
o ANB = {&}.
Definition

The symbol @) indicates the set WITHOUT elements, also said the empty

set.

Remark. For ANY set E

EUD=E, ENO=0



Sets and subsets

The C and C symbols
Let A and B be two sets

o We say that A C B if all the elements of A are also in B.

o We say that A C B if all the elements of A are also in B and we know

that there are some element of B that are not in A.
e We say that AD Bif BC A.
o We say that AD B if B C A.
o We say that A= B if and only if

ACBABCA.




Sets and subsets

Example.
A = {All cities of Europe}, B ={x € A| x is a capital city} .

then B C A.



Sets: the complement set

The minus set
Let A and B be two sets. We define A\ B={x€ A|x ¢ B}.

Example.

A={% & %}, B={&%o0}.
then A\ B = {4, k.

The complement
Let A and B be two sets and suppose B C A. We define B€ = A\ B.

Example.
A = {All cities of Europe}, B ={x € A| x is a capital city} .

then B€ = {x € A| x is not a capital city}.



Sets: the complement set

Remark If B C A then

BU B =A.

BN B =10.



Sets: the cartesian product

Definition
Let A and B be two sets. | define the cartesian product of A and B the set
of the ordered pairs (a, b) such that the first element a of the pair is in A

and the second element b of the pair is in B. In formula

Ax B={(a,b)|ac ANbeE B}.

Definition
Let A be a set. | define A2 as the set

A2 = AxA,

or, more generally,
AT=AXAXx- - xXA.
| S ——

n—times




Sets: the cartesian product

Example. Consider the two sets
A={% b %}, B={A0}.
then

AX B ={(dh,A), (), (&4 A) (&), A) (F, 50)}

and

BxA={(L,%),(L,8), (L, %), (0, &), (o, #), (o, %)}

so typically A x B # B x A.



The power set

Definition
For any set A the power set is the set denoted with P (A) and it is defined

as the set of all possible subsets of A, that is

P(A)={Bisaset| BC A}.

Example. Consider the set
A= {h & %}
then s

P(A) ={0, {do, 0, 5%} {d, &}, {d K}, (M K} {&} {#} {K}}



Cardinality

Definition
For any set A the cardinality of A is indicated as Card (A) and it is defined

as the number of elements of A.

Examples.

A= {%, & %k} = Card(A) =3

Since
P(A)={0,{d. & K}, {& &} {& K}, {& %} (&}, {6}, {k}}
then Card (P (A)) = 8 = 23.

More generally if Card (A) = n then Card (P (A)) = 2".



Cardinality

Definition
For any set A the cardinality of A is indicated as Card (A) and it is defined

as the number of elements of A.

Examples.

A = {All numbers between zero and one}

then
Card (A) = +o0.



Properties of union and intersection

Theorem

Given A, B and C sets, the following properties hold trivially

e ACAUB.

e ANBCA.

e fACBthenAUB =B and AN B = A.

e AUB=BUAand ANB=BnNA.
(AUB)UC=AU(BUC)and (ANB)NC=AN(BNC).
AN(BUC)=(AnB)U(ANC).




Countable and uncountable unions and intersections

Examples. Consider the following set of subscripts
E=1{1,2,3},
and the following family of sets associated to E
AL = {0, T}, Ao ={#, 0}, As={s,},

SO

U Aa:A1UA2UA3:{QaOaT7%>‘>(}
acE

and
ﬂAa:AmAzmAgzw
acE



Countable and uncountable unions and intersections

Examples. For all n € N={0,1,2,3,4,5,....} consider the set
1 1
A, = [0, 1+ ] = {AII numbers between 0 and 1 + } .
n+1 n+1
For example...
3 4
AOZ [072]7 Al — |:07:| ) A2: |:07:| P
and

(A =AinANAsn---=[0,1].
neN



The set of integer and rational numbers

We indicate with Z the set
Z={.,-3-2-10123,..}=NJ{-n|neN, n>0}.
We indicate with QQ the set

@z{%‘néZ,mGZ\{O}}.



Standard operations on Q

@ Sum:
n k n-g+k-m 1 7 1-447-3
—+-=————_E le: = +-=
m+q m-q xampre 3+4 3-4
@ Product:
Dok nk e 1T LT
m q m-gq P& 37473 12°
@ Inverse: L
% Also indicated with: % (n) .
£ a m

@ k-th power:

and



Standard operations on Q

Moreover for any g € Q it's easy to prove that

for any n and m in Z.

For example

Theorem

For all g € Q with g # 0 we have q° = 1.

Proof. Take an arbitrary integer number n, then it holds that

- _ 1
q0:qn n:qn.qn:qn_in:]_
q



Decimal representation of Q
Definition
For every g € Q we use the notation

q = knkn—l . ko, d1d2 .
to indicate the decimal representation of g, that is

q = kp-10"+ky_1-10" 14k, 510" %+ . 4 ko-10%+d1-10 1 +ch- 1072+, ..

V.

Example
3 03-0.10°+3.10"1
10 ’
1
%3 — 86,5—=8-10"4+6-10°+5-10""

= 0,3333333...=0-10°4+3-1071+3-1072+3-103 +...

= = = T3V




Decimal representation of Q

Theorem
Let g = 77 be a rational number. Then there are two mutually exclusive

possibilities:
@ The decimal representation of q is made by a finite number of digits.

@ The decimal representation of q is made by an infinite number of

digits but it is periodic. In this case the period contains at most n — 1

different digits.




Decimal representation of Q

Number

~N|=

Decimal Representation

Length of the period

0,8181818181... =0,81

0,14285714285714 ... = 0, 142857

0,01234567901234679 ... = 0,012345679

0,0344827586206896551724137931

28



WARNING
The set Q is not sufficient for many purposes.
Suppose we want to solve

x2 =2,

We already know that #x € Q such that x? = 2.




Maximum and Minimum

Consider a subset E C Q.
Definition

We say that the set E has a minimum point if it exists a m € E such that
Vge E=q>m.
If this is the case, m is called the minimum point of E or

m=min(E).

Definition

We say that the set E has a maximum point if it exists a M € E such that
Vge E=q< M.
If this is the case, M is called the maximum point of E or

M = max(E).




Maximum and Minimum

Example

Some very simple examples ...
E:{3}:> m:g and M:g

E={-1,0,1} = m=-1 and M=1
E={qeQ|qg>0}= m=0 and 7M.
E={qeQ|qg<0}= PIm and M=0.

E={qeQ|0<g<1l}= m=0 and M=1.




Maximum and Minimum: uniqueness

Theorem

Let E C Q. The minimum of E, provided that it exists, it is unique, that is

there cannot exist two different maxima of the same set. The same is true
for the minimum.

Proof. Let's assume, by contradiction, that there exists two maxima M;
and M of E, with M, 75 M.

@ Since, by definition of maximum, M; € E and since M, is a maximum,
then M; < Ms.
@ Since, by definition of maximum, M, € E and since M; is a maximum,

then My < M;.

My < My and M, < My imply My = M,, which contradicts My £ M.



Maximum and Minimum

Consider the case

1
E:{n neN, n>0}:{1,

NotethatleEand%glforallneN,sole.

N =
W
N
o1
H,_/

Probelm

Does the set E have a minimum point?

The answer is trivially no. Suppose that we have found a minimum point,
and let n% be such point. Trivially
1 < 1
n+1 "~ n*’

but n%ﬂ € E so X is not a minimum point.






1/2
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1/(n+1)




1/(n+1)

No matter how small we take 1/n
there will be another point in the
set which is smaller!




Maximum and Minimum

1 1111
E=4- N Op=<1,=,2,-,=,...
{n ne 7n> } {727374757 }

then 7 the minimum of E, nevertheless

Summary

is such that 0 is the minimum point of E’. Similarly

1 1 1 1 1
F=<{—= =<1 —= —= —=- —= ..
{ p n€N,n>O} { T T T T }

Then # the maximum of F, nevertheless

1 1 1 1
F’:F||0: 0,-1,—=, ——, — =, ——, ...
{} {7 9 27 37 47 57 }

is such that 0 is the maximum point of F’.




Supremum and Infimum

Remark
The set E = {% | neN, n> 0} is clearly “limited from below”, but...

it has no minimum!

M

The definition of max and min appears to be too tight!

Nevertheless, before proceeding, we have to define two special symbols....



Supremum and Infimum

Definition

We introduce the symbols +00 and —oo through the following relationships:

@ For all g € Q then g < 400 and g > —o0.

@ For all g € Q then g+ 00 = 400 and g — 0o = —o0.

@ (+00) + (+00) = +00 and (—00) + (—0) = —cc.

@ (400) X (+00) = 400 and (—o0) X (—o0) = +oo.

® (—00) x (+00) = —00 and (+00) x (—00) = —oo.

@ Forall g€ Q then ;Lo = -5 =0.

@ For all g € Q with g > 0 then g X (+00) = 400, g X (—00) = —0o0.

@ For all g € Q with g < 0 then g X (4+00) = —00, g X (—0) = +00.

(+00) — (+00), (—00) + (+00), 0 x (+00), 0 x (—0c0) and £ are
INDETERMINATE.




Supremum and Infimum

Definition

Let E C Q. We say that a number u € Q is an upper bound for E if

Vxe E=x<u

Definition
Let E C Q. We say that a number £ € Q is a lower bound for E if

Vx € E=x>/




Supremum and Infimum

Exercize

Which are the lower bounds and the upper bounds of the set

1
E:{
n

neN, n>0} ?

Solution. Clearly:

@ For all x € E we have x < 1, hence all u € Q such that u > 1 are

upper bounds.

@ For all x € E we have x > 0, hence all £ € QQ such that £ <0 are

lower bounds.



Any point 0<x<1 cannot be neither a lower bound nor an upper bound!

LOWER BOUNDS
1/5 UPPER BOUNDS

!

1/4
13 1/2 1



Supremum and Infimum
Definition
Let E C Q. Consider the sets

Ue ={u € Q| uis an upper bound of E}.

Le={¢e€ Q| ¢is alower bound of E}.

Example
E={|neN, n>0}={1,33% ...} then

Ur={ucQ|u>1}, Le={lecQ|l<0}

Example
E={L|neN, n>0}={1,%35 %, ...} then

Ur={uecQ|u>1}, Le={lecQ|l<0}

5o



Supremum and Infimum

Definition
Let E C Q. Recall that

Ue ={u € Q| uis an upper bound of E}.

If Ug = 0 we set
sup (E) = +o0.
Q

If Ug # () it can be proved that the minimum of Ug exists and we set

sup (E) = min (Ug) .
Q




Supremum and Infimum

Definition
Let E C Q. Recall that

Le={¢e€ Q| ¢is alower bound of E}.

If Le =0 we set
inf (E) = —o0.
%() 00

If Lg # 0 it can be proved that the maximum of Lg exists and we set

i&f(E) = max (Ug).




Supremum and Infimum

Example

Consider the set
E:{1 neN,n>0}:{1,1, ,}
n 2

Ur={ueQlu>1}, Le={fcQ|t<0}

gl

1
747

Wl

then

and so, although E has no minimum element, we have

i(r(l)f(E) =max(Lg) =0,

while, straightforwardly, the maximum element and the supremum coincide

sup (E) = min (Ug) = 1.
Q




Supremum and Infimum

Theorem
Let E C Q be a subset of Q. The following statements hold

o If E has a maximum point M then supg (E) = M.

e If E has a minimum point m then infg (E) = m.

Remark
For every set E C Q
(provided that, at least E # ()
the max and the min may not exist ...

... however, supremum and infimum always will exist!

Although they could be +00 or —c0 ...




Sup/Inf and Max/Min: some exercises

Exercize

Set

max

sup

{neN|n<10}
{aeQfqg>-1}
{¢€Qfqg>-1}
{g€Qlq<0}
{geQlqg<0}
{1i-1|neN, n>0}
{1i-L%|neN, n>0}
{geQ[0<qg<2}
{geQ|0<q<2}
{geQ|0<qg<2}

=
o

NN O O B B B

N M N R R O O




Q is far to be complete.

Problem. Consider the set
A={qeQ|q’<2}.
We note that
@ A#, for example 1 € A since (%)2 =1<2

@ The number 2 is an upper bound for A.

Does the set A has a supremum? The answer is yes, but the supremum does not exists
in Q! This means that Q has “holes” here and there...

Can we fill them?

Theorem

There exists a set R (called: the real line or the set of real numbers) such that Q C R
and such that all the subset E C R that are not empty and bounded from above have a
supremum in R. Similarly, all the subset E C R that are not empty and bounded from

below have an infimum in R




[rrational numbers

The sets of numbers are

N:{0,1,2,...}CZ:{...,fl,O,l,...}CQ:{%’meZ,nEZ\{O}}CR

A natural question

Which are the numbers of R that are not in Q ? That is, which elements does the set

I=R\Q

contain? Remember that QQ contains all the number whose decimal representation is
either finite or periodic, for example

1 1

7= 0,142857142857142857142857 . ..

The set T is called the set of irrational numbers and contains all the number whose

decimal representation is neither finite nor periodic!




Irrational numbers: /2

The number p € R such that p? = 2 is called p = v/2 and ...

V2 = 1.4142135623730950488016887242096980785696718753769480731766
797379907324784621070388503875343276415727350138462309122970249 . ..

We will never know the true value of v/2! We can only construct algorithms to compute

which are the next digits ...

Example

e = 2.7182818284590452353602874713526624977572470936999595749669
676277240766303535475945713821785251664274274663919320030599.. . .

m = 3.1415926535897932384626433832795028841971693993751058209749

445923078164062862089986280348253421170679821480865132823066 . . .




The absolute value
Definition

For any real number x € R we indicate with |x| the number

X ifx>0
x| = _
—x ifx<0
and we call |x| the the absolute value of x. Trivially |x| = |—x|.

Definition

Given any two real numbers x € R and y € R we call
d(x,y) =|x—vyl

the distance between x and y. Trivially d (x,y) = d (y, x).

Example

2l =2, '—%‘:7 0/=0 |-1/=1 etc.etc.

d(1,-10) = |1 — (—10)| = 11 = d (—10,1), d(2,0) =[2| =d(0,2).







The absolute value: triangular inequality

Theorem

For any two number a € R and b € R it holds that

la+ bl < [a] + [b]

Proof. Consider that
—laf<a<lal, (&)

and
—|bf<b<|b[, (O).
Now sum (A) with (O), obtaining
—la| = |b| < a+ b < |a| +b|
which means
—(lal +1b]) < a+b < |a] +[b|
N—— ——

which means
la+ b| < |c|=c=al+|b|.



Intervals of real numbers

Definition
Let a and b be two real numbers. We will adopt the following notations
(a,b) = {xeR|a<x<b}
[a,b] = {xeR|a<x<b}
(a,b] = {xeR|a<x<b}
[a,b) = {xeR|a<x<b}

(—o00,a) = {xeR|x<a}
(—00,a] = {xeR|x<a}
(a,+0) = {xeR|x>a}

[a,+0) = {xeR|x>a}




Neighborhoods

Definition

Consider a number xg € R and another number ¢ € R with ¢ > 0. The set
Ne (x0) = (x0 — €,%0 +¢€)

is called a neighborhood with center xp and radius e.

Remark
Since, by definition,

Ne (x0) ={x e R | |x — xo| <¢}

the neighborhood N (xp) contains all the points of R whose distance from

the center x is strictly less than the radius ¢.




The two extrema are not included!!!




Neighborhoods
Definition

Consider a number xp € R and another number € € R with € > 0. The sets
N. (xg') = (xo0,X%0 +¢) and N, (xo_) = (x0 — €, X0)

are called, respectively, a right-neighborhood and a left-neighborhood with center xo and

radius €.

Remark : N (x0) = {x0} UN: (x0) UN: (xg )

Definition
Given a set E C R a point xo € R is called a limit point of E if every neighborhood of xo

contains at least one element of E which is different from xo:
Ve>0= No(x0) NE\{x0}#0D

The set made by all the limit points of E is called the derivative set and it is indicated
with E’.

= = BYTAD"



Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point xg € R. There can be five cases. Case one:

@ xp < 0. In this case consider the neighborhood of xy with radius

e = |x0| /2 = —xp/2. Clearly

Nisol/2 () N (0,1) \ {xo} = 0.



CASE 1: 25 <0

To 0



CASE 1: 25 <0

|zo|

To 0

ol /2



CASE 1: 25 <0




CASE 1: 25 <0

NO OVERLAP!



CASE 1: 25 <0

NO OVERLAP!

No matter how close xq is to 0 provided that xz¢ < 0



Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point xg € R. There can be five cases. Case two:

@ xg = 0. In this case, no matter how small is € > 0, we have

N (O) N (O’ 1) \ {0} = (07 5) 7& 0.

i.e. xop =0 is a limit point.



CASE 2: rog — 0

Z'Q:O




CASE 2: rog — 0

JZQ:O

.........



Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point xg € R. There can be five cases. Case three:

@ 0 < xp < 1. In this case, no matter how small is € > 0, we have

N: (x0) N (0,1) \ {x0} = (0,¢) # 0.

i.e. xg is a limit point.



CASE 3: 0 < xp <1




Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point xg € R. There can be five cases.

e Case four: xg = 1. Exactly the same reasoning of xg = 0, whence
xp = 1 is a limit point.
o Case five: xp > 1. Exactly the same reasoning of xy < 0, whence

xp > 1 is not a limit point.

Conclusions
If E=(0,1) then E' = [0, 1].




Isolated points

Definition
Let E CR. A point xg € E which is not a limit point of E is called an

isolated point.

Example
e E ={0}. Trivially,

Ve > 0= N.(0)NE\ {0} =0

Whence xg is not a limit point of E = X is an isolated point of E.
o FE= {% ’ neN,n> 0}. In this case, all the points of E are isolated

point.

The point 0 (which is not in E) is the unique limit point of E.




o—



N (1) NE\{1} =10

llllll



N.(1/2)NnE\{1/2} =0

------



Take an arbitrarily small ¢ ...

------------

@IIIIEII.I IIII.IIIIIIIIIIIIIII

0 1/3 172 ]



Take an arbitrarily small € ... and a sufficiently large n.

------------

@II.EII.I IIII.IIIIIIIIIIIIIII

0 1/n 13 1/2 1



Take an arbitrarily small € ... and a sufficiently large n.

N N (0) N E\{0} # 0

@II.EII.I IIII.IIIIIIIIIIIIIII

0 1 18 1/ 1




Interior points
Definition

Let E C R. A point xg € E is an interior point of E if

Je: N: (x0) C E.

Example

e E ={0}. The only possible interior point is 0 (it is the unique
element of E!), but

Ve > 0= N.(0) D E = {0},

whence E has no interior points.

e £ =(0,1). In this case all the points of E are interior points of E.

e £ =10,1]. In this case 0 and 1 are not interior points of E, while all
the points in (0, 1) are interior points of E.

= - - =
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0 1

If the center is either in zero or one,
no matter how small is the radius, a part of the
neighborhood will be outside of the set.



Open sets
Definition

A set E C R is said to be open if every point of E is an interior point of E.J

Remark
All the sets of the form

(a, )
are open. For example (0, 1) is open, as well as
(-1,1)
(—-1,0)U(0,1)

etc..etc.. While the set
[0,1]

is not open.




Closed sets
Definition

A set E C R is said to be closed if every limit point of E is a point of E

Remark
All the sets of the form

[a, b]

are closed. For example [0, 1] is closed, as well as
[_17 1]

[_10a _5] U [07 1]
etc..etc.. While the set
(0,1)

is not closed.




Closed sets

Recall that E’ indicates the set that contains all the limit points of a set E.
Definition
Given a set E the set E = E U E’ is called the closure of E.

Example
Consider E = (0,1), we know that E’ = [0, 1] so

©,1)=1[0,1].

Trivially

[0, 1]

0,1].

Remark
A set E is closed if and only if E = E.




Boundary and exterior points
Definition

Given a set E C R a point xg € R is said an exterior point of E if

Je>0:N:(x0) CE°=R\E.

Example

Consider E = (0, 1), then all the points of the set
(_007 0) U (17 OO)

are exterior points. Note that 0 and 1 are not exterior points.

Consider E = [0, 1], then all the points of the set
(_007 0) U (17 OO)

are exterior points. Note that 0 and 1 are not exterior points.

™ = =



Boundary and exterior points

Definition

Given a set E C R a point xp € R is said an boundary point of E if

Ve > 0= N:(x) N E # 0 and N (xo) N EC # 0.

Example
e Consider E = (0, 1), then the two points

{0,1}

are the boundary points. The same is true for £ = [0, 1].

e Consider E = (1,400] then {1} is the unique boundary point.




Some exercises

Set
(0,1)

{0,1}

{5 neN}
[0, 1] U {2}

(0,1)u {2}
(=o0,1)

(—OO, 1]

N=N\{0}.
Type of Point
Limit Isolated Interior Exterior Boundary
[0,1] # (0,1)  (=00,0)U(1,00) {0,1}

3 {o,1} ] R\ {0, 1} {0,1}
{0y {7lnen}p 3 R\{0,7|neN} {0,7[neN}
[0,1] {2} (0,1)  RA\{[0,1]U{2}} {0,1,2}
[0,1] {2} (0,1)  RA\{[0,1]U{2}} {0,1,2}

(=00,1] # (=00,1) (1,00) {1}
(=00,1] # (=00,1) (1,00) {1}

Open

Closed

Closed

Open

Closed



Functions

Definition

Let D C R be a subset of R. A function is a correspondence that associate

to each element of D one and only one element of R.

f : DCR—R
xeD—f(x)eR

Standard nomenclature
D = Domain of the function.

x = Independent variable, it must always belong to the domain!.

f (x) = The image of x through f or also the dependent variable.




Functions: examples

Example

5




Functions:

Example

examples

8,




Functions: examples

Example

5




Functions: examples

Example

f(x)=x*=x-x-x-x

2000

5




Functions: examples

Example

20




Functions: examples

Example

f()=~ = D=R\{0)

2000




Functions: examples

Example

f() =~ =D=R\{0)

15

10




Functions: examples

Example

f()= 5= D=R\{0}

120

100

80

60

fz) =1/a°

40

20

o



Functions: examples

Example

f()= 5= D=R\ {0}

1500

1000

500

1/x3

f(x)

-500

-1000 -

-1500 ; ' '
-2

o



Functions: examples

Example

f()= 5= D=R\{0}

120

100

80

60

fz) =1/a°

40

20

o



Functions: examples

Example
1

1

C(x-1)
1

—— = D=R\{}

S = D=R\{1}

f(x) =

F(x) = !

(x—1)* (x-2)

(x+1)% (x+2)" x

= D=R\{1,2}

= D=R\{-2,-1,0}




The image of a function

Definition
Let f : D C R — R be a function. We call the image of f the set

lr={yeR|3IxeD:f(x)=y},

that is: the sets of points in R which are the images, through f, of at least
one point of the domain.

Problem
How do | find the image of a function?

| have to find all the y such that the equation

y=f(x)

has at least one x that solves it.




The image of a function

Exercize

Find the image of f (x) = x.

Solution. The equation y = f (x) = x is solvable for every y! It is enough to take x = y.
Hence
Ir=R.

Exercize

Find the image of f (x) = %.

Solution. The equation y = f (x) = 1 is for sure solvable if either y > 0 or y < 0, if this
is the case it is enough to consider

X=—.
y

However if y = 0 we get % = 0 which is impossible to be solved. Hence

Ir =R\ {0}.



A more general definition of function

Definition
Given any two sets X and Y a function is a correspondence that associate

to each element x € X one and only one element y € Y. In formula

f:X =Y
xeX — f(y)eYy.

The sets X and Y are called, resp., domain and co-domain of the function.

The image is defined, as usual, as

lr={yeY|3IxeX:f(x)=y}.




Increasing and Decreasing functions

Definition
Let D C R — R be a function and let / C D be an open interval
| = (a, b), subset of the domain. We say that the function f is strictly

increasing in [ if
Vxi,x0 €1:x1 < xo = f(x1) < f(x),
we say that the function f is increasing in [ if

Vxi,xa € 1:x1 <xo = f(x1) < f(x).




Increasing and Decreasing functions

Definition
Let D C R — R be a function and let / C D be an open interval
| = (a, b), subset of the domain. We say that the function f is strictly

decreasing in [ if
Vxi,x0 € 1:x1 < xo = f(x1) > f (x2),
we say that the function f is decreasing in | if

Vxi,xa € 1:x1 < xo = f(x1) > f(x).




Increasing and Decreasing functions
Example
o Consider two coefficients m and b and the function f (x) = mx + b.

Take x1 < x2, then
fx)—f(xi))=mxx+b—mxi—b=m(x—x1),
whence f (x) = mx + b is strictly increasing if m > 0 and strictly

decreasing if m < 0.

@ The function f (x) = x? is strictly increasing in (0, +00) and strictly

decreasing in (—o0,0). Take x; < x2, then
f(xe) = f(x1) =3 —xi = (x1+x) (e —x).
A

The factor A is positive if both x and x; are in (0, +00) and negative

if both x» and x; are in (—00,0).




Properties of functions

Definition

A function f : X — Y is said to injective if
Vx1,Xp € X ile #XQ = f(Xl) 75 f(Xz),

that is, any two distinguished elements of the domain are mapped into

two distinguished element of the image. Equivalently:

Vx1,xo € X if f(x1) =f(x2) = x1 = xo.

Example

The function f (x) = x2 is not injective:

x=-2#y=2but f(2)=22=4=(-2%=7(-2).




Properties of functions
Definition

A function f : X — Y is said to surjective if
VyeYIxeX: f(x)=y,

that is, all the elements of the co-domain are images of at least

one-element of the domain.

Example

The function f (x) = x? defined as f : R — R* where

Rt = {x € R | x > 0} is surjective: the equation y = x? has always two
solutions if y > 0. The same function defined as f : R — R is not
surjective since for example

—-1l=x

has no solution.

v
= - TOT7




Properties of functions and the composite function

Definition
A function f : X — Y is said to bijective if it is both surjective and

injective.

Definition
Suppose that f is a function f : X — Y and that g is another function
g : W — Z such that I C W. The composite function g o f is defined as

gof: X — Z
x — (gof)(x)=g(f(x))

Remark
The condition Ir C W is fundamental, it guarantees that f (x) € W and so
g (f (x)) is well-defined.




The composite function

Example
o f(x)=x+1, g(x) =x—1 then

(gof)(x)=g(F(x)) =g(x+1)=x+1-1=x.
o f(x) =x% g(x) = 1/x then
(gof)(x)=g(f(x) =g (x*) =1/x*
o f(x) = x% g(x) =3 then
(gof)(x) =g (f(x) =g (x®) = (x*)” =x°.
o f(x)=—x, g(x) = |x] then

(gof)(x) =g (f(x) = g_(—x)f !Tx| - |x|;




The inverse function

Definition
The identity function is indicated with the greek letter « and is defined as

Vx €R, ¢(x)=x

Definition
A function f : X — Y is said to be invertible if there exists a second

function g : Y — X such that
gof=fog=y,

if this function g exists it is called the inverse function and it is indicated
with £(=1),




The inverse function
WARNING

The notation f(=%) it is just to remind that the function operates “backward”, but
(=1 (x) may not coincide with (f (x))™' = -2

f(x)
Theorem
A function f : X — Y is invertible if and only if it is a bijection, that is if and only if is
both surjective and injective. )

Existence and construction of the inverse

@ Take a y € Y. Question: is it possible to put y in correspondence to ONE AND
ONLY ONE x € X such that f(x) =y ?

@ In other words...does the equation

y="7f(x)
has a unique solution x € X forally € Y 7

@ Injective = the solution exists. Surjective = it is unique.

=

= TOS7AO"




0 C



0 G



It exists thanks to the surjectivity







IMPOSSIBLE! The function is injective!




So now do the following association...
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The radical function

Theorem
For all n € N and for all y € R with y > 0 the equation

n

y=x

has a unique solution x which is called the n-th root of y and it is indicated
with

X=yn.

Definition
The function f : RT — RT defined as

3=

f(x)=x

is called the radical function.
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The radical function

The following definition is now well-posed:
Definition

Let g = % with n € Nand m € N, m > 0, be a rational number. For all

x > 0 we define
n 1 n
XxXm — (XE> ,

that is, the m-th root of x to the power n. It can be proved that this
definition is equivalent to

that is, the m-th root of x to the power n. If g < 0 we set x9 =

x—9°

Example

S
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Toward the exponential function...

Up to now we have defined ...

n def _p def 1
xX"= x-oox, x "= —,
e~ xN
n— times
and
1 def 1 _ndef 1
Xm — ()(n)m7 X m =

Now consider an irrational number, for example

V2 = 1.414213562373095048801688724209 . . .

Infinite, non-periodic, number of digits.

what does it mean
3v2 77

Is it possible to define 3% for ALL x € R? We need the concept of
SEQUENCES!



Sequences

Definition

A sequence of real number (s;), is any function

s:N —- R

n — s(n)=s,.

The number s, is also called the n-th element of the sequence.

Example

Consider the sequence s, = % hence

s1=1 s—1 s—1 s—1

1=1 =3, s3=3, ss=,.
or for example sn = 41, hence

Lol o2 3 e

1T T3 BTy Mt

g




Limit of sequences

What happens to a sequence s, when n is “very large” ?

Sn
n % nil (_1)"
1 1 3=05 -1
2 1=05 2 =0.6667 1
3 1=0.333 3-075 -1
4 3 =025 2=038 1
5 $=02 5=0.8333 -1

@ The elements of s, = 1/n seem to approach 0 as n grows.
@ The elements of s, = n/(n+ 1) seem to approach 1 as n grows.

@ The elements of s, = (—1)" swings between 1 and —1.



Limit of sequences

The idea
For a sequence of real numbers s,, if it is possible to find a number ¢ € R,
such that s, is arbitrarily close to £ provided that n is sufficiently

large...then | say that £ is the limit of the sequnce.

Definition

Let (sn),cn be a sequence. If it exists £ € R such that
Ve >0,3n" :Vn>n"=|s, — | <e.
then £ is called the limit of the sequence and we use the notation
f= lim s,
n—oo

or we say s, — £ as n — oc.




Limit of sequences

Exercize
Prove that, according to the definition of limit,
o1
lim — =0.
n—oo n

Solution. Take an arbitrarily small ¢ > 0. We have to prove that there
exists a n* € N such that for all n > n* it holds that ‘% — 0‘ = % <e. ltis
enough to take

n*:min{nEN nzi}

because if n > n* then



Limit of sequences

Exercize
Prove that, according to the definition of limit,

lim — —1
n—oon—+1

Solution. Take an arbitrarily small € > 0. We have to prove that there
exists a n* € N such that for all n > n* it holds that

-1
n+1

1 <
n+1

n n—n-—1

n—i—l_

&,

but this is exactly what we have done in the previous exercise.



Toward the exponential function...

Consider the following iterative rule:

@ =1
i =%+ 2
that is
do 1 1 3
a1 2+qO 5T 5 €eQ
3
qu , 1 5 2 17
= & _2,2_2'_ 1416
92 2 T 23T €Q
17
e = Lyl _m (12 5T miseq.

2 g 2 17 408
Note that g, € Q for all n so 39" is well-defined for all n. Besides, we will prove that
gn — V2 as n — +o0.
The idea

| define
3V2 & iy 3o,

n— o0

= = = = TToT



The exponential function

Definition

Let a be a positive number with either 0 < a <1 or a > 1.

For all x € R let g, be a sequence of points of Q, i.e. g, € Q for all n,
such that

x = lim q,.
n—o0

Then the exponential function f (x) = a* is defined as
a = lim a%.

If x < 0 we define a* = alx-

Theorem
It can be proved that the definition above does not depend on the chosen

sequence qp.




The exponential function

Properties of the exponential function

Let a be a positive real number with either 0 < a <1 or a > 1.

@ The function f (x) = a* is defined for all x € R with values in
R* \ {0}, that is
Vx e R=a*>0.

e %=1

@ Given x and y it holds that

Y =233, () =(a) =a.

If 0 < a < 1 the function is strictly decreasing.

If a > 1 the function is strictly increasing.




x| 2 3)
-100 27100 = 15 =0.000.... (2)7'% = 21% = Huge number!
3| 20-4-1 (3)°=2=3
2| 2P=p=l (1) =2 =4
1] 2=} ()7 =2
o 2°=1 (1)’ =1
1] 2'=2 () =3
2| =1 Gr=%=}
3| 2= (1) = -3
100 | 2'° = Huge number! ()™ =21 = 0.000...
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The logarithmic function

Theorem
Let a be a positive number with either 0 < a <1 ora> 1.

For all x € R, x > 0, there exists a unique y such that
@ =x (X

The number y is called the logarithm to base a of x and it is indicated as
y = log, (x).

The function f (x) = log, (x) is called the logarithmic function.

Remark
Remember that @¥ > 0 for all y, so the equation (*X) cannot be solved if

x < 0. In other words the domain of the logarithmic function is

(0, +00).




The logarithmic function

Properties of the exponential function

Let a be a positive real number with either 0 < a <1 or a > 1.

@ The function f (x) = log, (x) is defined for all x € (0, c0) with values
in R.

@ Given x > 0 and y > 0 it holds that

log, (xy) = log, (x) +log, (y), log,(x’) =y log,(x).

e log,(1)=0.
@ If 0 < a < 1 the function is strictly decreasing, log, (x) > 0 for
x € (0,1) and log, (x) < 0 for x € (1, 400).

e If a > 1 the function is strictly increasing, log, (x) < 0 for x € (0,1)
and log, (x) > 0 for x € (1, +00).




The logarithmic function

Exercize
Find the domain of the function

f (x) = logs (1 — x2)

and find for which values f (x) >0, f (x) > 0 and f (x) < 0.

Solution. The argument of the logarithm must be STRICTLY
POSITIVE, hence the domain is

D={xeR|1-x*>0}=(-11).

Since the base is 3 > 1 then f (x) > 0 if 1 — x2 > 1 that is —x? > 0 which

is impossible, hence f (x) < 0 for all x. In particular

f(x)=021-x*=1x=0.



The logarithmic function

Exercize

Find the domain of the function

f (x) = logy (log; (log, (x))) -

Solution. The most external logarithm requires

log, (log, (x)) > 0

which is true if and only if
log, (x) > 1

which is true if and only if
2108200 > 2l oy x > 2.

Whence the domain is D = (2, 00).



The logarithmic function

Exercize

For each n € N, n > 0, consider the function

f, (x) = log, <x - %)

Find the domain D, of f, and find the domain D where all the f,’s are defined.

Solution. For a generic n it must be
1 1
X—=>0& x> —.
n n

Whence

and



The logarithmic function

Exercize

Find the domain of the function

f(x) = log, <1+X2X> .

Solution. The condition to be imposed is

X
14 2%

>0,
Nevertheless the denominator 1 + 2% > 0 for all x, whence

D = (0,00).



Principle of induction

Declaration of the axiom
Let P, be a proposition defined on the set of integer numbers N. Assume

P is true for some n* € N. If for all n > n* it holds that
Pn = Pn+1

then P, is true for all n > n*.




Principle of induction

Exercize

Find a closed-form formula for the sum of the first n integers:

Sp=142+3+44+5+...+n=7

Solution. Let's write down the first terms:

S5 =1
2.3
3.4
4.5

The guess is S, = n-(n+1) /2. Let's prove it.



Principle of induction

Exercize

Find a closed-form formula for the sum of the first n integers:

S50=14+24+34+4+54+...+n=7

Solution. We claim that

n-(n+1)
2

We know that the proposition is true for n = 1,2, 3,4. Let's assume that (*K) is true.

Then

So = (%)

Spv1 = 14+243+...+n+n+1
Sn
_ 5+n+1_n~(n+1)+n+1_n~(n+1)+2(n—|—1)
" N 2 N 2
n+1)-(n+2

which means that the claim () is true also for n + 1.



Principle of induction

Exercize

Show that, Vx > —1, it holds that

1+x)">1+nx (O)

Solution. Let's start with n = 0. The inequality (O) gives
1+x)°=1>1,
which is trivially true. Let's assume that (O) is true for a generic n. At n+ 1 we get

(1+X)" = (1+x)(1+x)"
—_—— ——
>0 Use (O)
> (14x)(1+nx)=14+nx+x+nx>
~—
>0
> l4+nx+x=1+(n+1)x, (0.3)

which means that the claim (O) is true also for n+ 1.



Principle of induction

Exercize

For all x € R prove that

1— Xn+1

T+x+xX+x3+ 4 x"=
1—x

(D)

Solution. Let's start with n = 0. The equality (A) gives

_1-x

1

= :17
1—x

which is trivially true. Let's assume that (A) is true for a generic n. At n+ 1 we get

1 2 n n+1 1—x"1t
FXAXT A XX = T

n+1

Use (A)

1— Xn+1 + Xn+1 _ Xn+2 B 1— Xn+2

1—x o 1-—x

which means that the claim (A) is true also for n + 1.



Principle of induction

Example

The formulas derived so far allow to skip a lot of computation...

100 - 101
1+2+3—|—4—|—5+---—|—100:?:50-101:5050.

1-2° 1-64

142422423 104 405 — =
F2429 42542 4 - —

63.




Sequences
Definition
A sequence of real number (s;), . is any function

s:N —- R

n — s(n)=s,.

The number s, is also called the n-th element of the sequence.

Definition
Let (sn),cy be a sequence. If it exists £ € R such that
Ve >0,3n" :Vn>n"=0< s, — 4| <e.
then £ is called the limit of the sequence and we use the notation
{= lim s,
n— oo

or we say s, — £ as n — oo.




Sequences
Definition
A sequence of real number (s;), . is any function

s:N —- R

n — s(n)=s,.

The number s, is also called the n-th element of the sequence.

Definition

Let (sn),cy be a sequence. If

YM > 0,3n" :Yn>n" = s, > M.

we say that

lim s, = +o00
n—oo

or we say s, — +00 as n — o0.
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No matter how large we take n

we will always have n 1 <1

10 20 30

40

50



Sequences
Definition
A sequence of real number (s;), . is any function

s:N —- R

n — s(n)=s,.

The number s, is also called the n-th element of the sequence.

Definition

Let (sn),cy be a sequence. If

YM >0,3n" :Vn>n" =5, < —M.

we say that

lim s, = —oc0
n—oo

or we say s, — —00 as n — oQ.




Sequences: the limit may not exist

Warning
Pay attention! It is not guaranteed that a sequence (sn),y falls in one of the three
cases:
14
lim s, =< +00
n— oo
—00

This theorem gives us a necessary condition for a sequence to have a finite limit £
Theorem

Let (sn),cn be a sequence. If 3¢ € R such that

lim s, =¢
n—oo

then

lim s2, =4 and lim sypi1 = 4.
n—oo n—oo




Sequences

Example

Consider the “alternating” sequence
sh=(-1)".
The guess is that s, does not have a limit!

son=(—1)" =41 = +1.

St = (12" = —1 5 —1.

whence, by the necessary condition, it is not possible that s, — /.




Sequences

Theorem

The limit of a sequence, when it exists, is unique.

Proof. Suppose, by contradiction, that a sequence has two limits £ and ¢’ with £ # ¢'.
By definition of limit:

Ve>0,3m :Vn>m=0<|s, — (| <e.
and, simultaneously,
Ve >0,3dn2:Vn>n=0< |sn—€/| < e.
Take n* = max (n1, n2), whence for n > n* we have ...
|0—l|=|t—satsn—l|<|[l—ss|+]|sn— | <c+e=2e—0

whence ¢ = ¢,



Sequences

Theorem

Let E C R and let xo be a limit point of E. Then there exists a sequence (X,,)neN such

that x, € E for all n and x, — xo when n — co.

Proof. Recall the definition of limit point
Ve>0=(xo—¢,x0+e)NE\{x}#0

Since € can be taken arbitrarily small then, for all n € N, | take ¢, = % and for each n |
know that

Vn>0=>(Xo*%,Xo+%)ﬂE\{Xo}7é®

which means that | can find, for all n, a point x, € E, x, # xo, such that

1 1
Xn € | Xo — —, X0 + —
n n

1
0<|Xn—Xo|<*,
n

or

i.e. Xp — Xo.



Reverse triangular inequality

Exercize
Prove that, Va € R and Vb € R, then

|a — b| > |[a] — [b].

Solution
a=a—b+b=l|a|=]a— b+ b| <|a—b|+|b|=|a|-|b| < |a—b|, (O),
and, symmetrically,
b=b—ata=|b|=|b—a+a| <|a—bl|+|al = |b|—|a] <|a—b|, (4).
Summing up, (O) plus (A) yield

la| —[b] < [a— bl

= [[a| = [bl| < |a—b|.
bl —la]  <f[a— bl



Sequences

Theorem

Let (sp),cn be a sequence. As n — oo if s, — £ then |s,| — [£].

Proof. Since by hypothesis s, — ¢ we have that
Ve>0,3n" :Vn>n"=0<|s, — /| <e.
By the reverse triangular inequality we get

[lsnl = [€l] < |sn — €] <€

which means |s,| — |¢| as n — oc.



Sequences

Is the converse true? That is...can we say that if |s,| — || then s, — £ 7

Remark
When you think that a sentence is true you have to prove it!

When you think that a sentence is false you have to find a
counter-example: that is at least one case in which the statement of the

sentence is false!

Take
Sn = (*1)n

then |s,| = 1, whence
|sn| — 1

nevertheless we know that ¢ = lim, ., (—1)".



Sequences

There is however an exception ...

Theorem

Let (sp),cn be a sequence. As n — oo if |s,| — O then s, — 0.

Proof. The hypothesis, in formula, reads

Ve > 0,3n* :Vn>n"=0<||sn|| <e¢,

which trivially means

Ve >0,3n" :Vn>n" = 0<|sy| <&,
which means

lim s, =0.
n—o0



Sequences

Functions and sequences

Suppose that x, — xp and that f : D C R — R is a function. What can |
say about

; def

Xn = (Xn) ?

Does x/, — ¢ for some ¢’ 7 If yes, can | say that ¢/ = f (¢) ?

Definition
Let f: D C R — R be a function and let x; € D be a point of the
domain. We say that the function f is continuous in xp if and only if for

all sequences (x,),cy such that x, — xg it holds that
f(xn) — f(x0)-.

We say that a function f : D C R — R is continuous if it is continuous in
all x e D.

- - = THTTZF



Sequences

Theorem

The following functions are continuous:

cos (x) :
sin (x) :
X2

X2 n+1 .

X

X

a .

log, (x) :

1/n :

R —[-1,1]

R —[-1,1],

R — [0, +00)
R—-R

[0, +00) — [0, +00)
R — (0, +00)

(0, +00) = R




Sequences
Example

— 0

— cos(0)=1

o

— sin(0)=0

log, (%) —7

Since % — 0 and the domain of the log is (0, +00) we cannot use the continuity
argument!!.

Ne—— N~ — 3|

Sl 3|+

What about, for example

Nevertheless

log, (%) =log, (n7!) = —log, (n) — —cc.




Sequences

Theorem
Let (sp),eny and (qn) en be two sequences.

Q Ifs,—~Cand q, — ¢ thens,+qg, —{+{ ands, -q, — (-1,

Q Ifs,— (and g, — V' with{ #0 then s,/q, — £/V'.

Q Ifs, — 400 and g, — +oo then s, + q, — +o00 and s, - g, — +oo.
Q Ifs, — —o0 and g, — —oc then s, + q, — —o0 and s, - g, — “+oo.

@ Ifs, — +o0 and q, — —oo then s, + q, is undetermined (i.e. the
limit could be anything) and s, - g, — —oc.




Sequences

Exercize

Compute, if exists, the following limit

lim (\/n2+n—n>.

n—oo

Solution. We have v/n? + n — 400 so the limit is of the form +00 — 0o

and it is undetermined! Nevertheless

(\/n2+n—n> (\/n2+n+n>
vn24+n+n
n? +n— n? B n
vVn2+n+n Vn?24+n+n
1

= ——
14+ ++1

(Vi nn) =

N



Sequences

Exercize

Compute, if exists, the following limit

lim (\/n2—|—100n— n) .

n—oo

Solution. As in the previous case +0o0 — oo is undetermined!

vn?+1 - vVn?+1

(\/m_n) ( n? + 100 n n)( n? + 00n+n)
vVn?2+100n+n
n? +100 n — n? 100 n

\/n2+100n—|—n: vVn2+n+n

1+141

Warning!
The same undetermined form may corresponds to an infinite number of different results!

This is why is called undetermined.

= = = T TARTT



Sequences

Exercize
Compute, if exists, the following limit

. 3n" —8n®+15n%2 —10n"/?
lim .
n— o0 12n—4n7

Solution. Trick: put in evidence the highest power at the numerator and at the

denominator.

3n” —8n° +15n%2 — 10 /2 B n’ (3 —8n 41507 1/2 _10 n713/2)
12n—4n" B n? (12n=6 —4)

7 (3-83+15 (1) - 10 (3)")

n? (12 (2)° - 4)

Since for o > 0 we have (2)® — 0 we get

i 30 —8n®+15n*2 —10n"2
n—ro00 12n—4n” B

_3
it



Sequences. The comparison theorem.

Theorem

Let (pn)peny: (n)peny @nd (rn) e be three sequences such that

Gn < pn < In.

The following three results hold:
e ifg, — £ and r, — { then also p, — £.
e If g, — +oo then also p, — +o0.

e Ifr, = —oo then also p, — —c.




Sequences: notable limits

An application of the comparison theorem
For all p > 0 it holds that
lim p*/" = 1.

n—oo

In fact, assume first p > 1 define x, = p*/" — 1 > 0 and note that
p=(14x)">1+nx,
whence
p—1
0<x<—— >0 = x,—0
n

whence p*/" — 1. If 0 < p < 1 consider g = 1/p > 1 and note that

pl/n _ 1

ql/n

but we know that, since g > 1 then ¢*/" — 1, whence p*/" — 1.




Sequences: notable limits

An application of the comparison theorem

Can we say something on

n—o0o

1
lim n sin () = 400 X 0 = indeterminate form!
n

Why indeterminate? It could be anything...

1
limn-— = 4oox0=1
n—o00 n

1
lim -~ = 4oox0= lim n= 400
n—o00 n n—o0

1
lim n-— = +oox 0= lim —=0.
n—o00 n n—oo n

n||_>n;on-n+10 = 4+oox0=7

Pay always attention to the indeterminate forms!!!
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sin(a







tan(a) =

sin(a)
cos(a)




. y D
1
E
_ sin(a)
tan(a) = cos(a)
3
=
1 Al e’ ¢
= —~ N
ACE < ACE < AC




uy D
1
E
_ sin(a)
tan(a) = cos()
(o]
g
R
1 Al =B ¢
= S S
ACE < ACE < ACD
sin(a) 3 a _ tan(a)
2 2 2




m 9 112 Y D
& 9 1
E
_ sin(a)
tan(a) = cos()
(o]
g
R
1 Al =B ¢
= S S
ACE < ACE < ACD
sin(a) 3 a _ tan (o)
2 2 2



sin(a)

tan(a) = cos()




sin(a)

tan(a) = cos()




Sequences: notable limits

Hence, for n sufficiently large,

0§sin<1>§1<5i”(1/”)

n ~ cos(1/n)
divide all sides by the positive quantity sin (%), obtaining
0<1<—+ < !

nsin(1/n) — cos(1/n)
flip al the fractions
1> nsin(1/n) > cos(1/n)
more comfortable expression....
cos(1/n) < nsin(1l/n) <1
Since cos(1/n) — 1 then we get

lim nsin(1/n) = 1.

n—oo



Sequences: notable limits
Exercize
Let a € R, a# 1. Prove that
0 if la| <1
lim a"=4¢ 400 ifa>1
n— oo
] ifa< -1

Solution. Case |a| < 1. Define h= 7 — 1. We get

1 1 1
laj<1 = —>1 = —=-1>0 =— h=-—-1>0,

|al lal |al

and [a| = 3. We know that

1 1
"> > <
(1+h)">1+nh>nh — o<(1+h)n_nh
So finally: ) )
n:7<7 n .
0 < |4 (1+h)"_nh_>0 = a" =0



Sequences: notable limits

Exercize
Let a€ R, a# 1. Prove that

0 if la| <1
HILrT;oa”Z +oo ifa>1
A ifa< -1

Solution. Case a > 1. Define h=a—1. We get
a>1 — a—-1>0 = h=a—-1>0,
and a =1+ h. Whence

a"=(1+h)">1+nh— .



Sequences: notable limits

Exercize
Let a€ R, a# 1. Prove that

0 if la| <1
HILrT;oa”Z +oo ifa>1
A ifa< -1

Solution. Case a > 1. Define h=a—1. We get
a>1 — a—-1>0 = h=a—-1>0,
and a =1+ h. Whence

a"=(1+h)">1+nh— .



Sequences: notable limits

Exercize
Let a € R, a# 1. Prove that

0 if la <1
lim a" =< +00 ifa>1

n—o00
A ifa< —1

Solution. Case a = —1.

We already know that (—1)" has no limit.



Sequences: notable limits

Exercize
Let a € R, a# 1. Prove that

0 if la| <1

lim a" =< +00 ifa>1
n—oo
A ifa<—1
Solution. Case a < —1. Then a = — |a| with |a| > 1 and
a"=(-1)"|a".
But then
2" =a*" =
and

a2n+1 — |a|2n+1 0



Sequences

Excursus: the summation symbol

For any sequence (sn),cy We use the notation

n
Zsk=so+51+52+...+sn.
k=0

Example
We already know that

n(n—l—l).

k=04+14+243+4+...4+n= 5

k=0

Similarly it could be proved that

n(n+1) (2n+1)
6

Zk2=0+12+22+32+...+n2:
k=0

n 2 2
1
S k3:0+13+23+33+...+n3:%

k=0

and so on and so forth...




Sequences

The summation symbol: change of variable
Consider
k2
> s
k=ky
change variable k' = k — ky = k = k' + ki then

k2 k2 —ka
E Sk = E Sk’ +kq
k=k1 K'=0
but k” or k are dummy variables! Whence
ko —kq ko —kq
E Sk = E Sk kg = E Sk+kq
k=k1 k=0

Example

4
S k=1+2+3+4+5=) (k+1)=1+2+3+4+5

5
k=1 k=0




Sequences

Some WARNINGs!
@ A tricky notation ....

n n
Z: 1=1+14+1+..+1=n+1
k=0 k=0 n+1— times

@ It does not make any sense to do something like

n n

ko _ 1
Sk+1 Akt

the dummy variable cannot jump out of the summation!!!




Sequences
Definition

For any integer n we define define the factorial of n as

n=n-(n-1)-(n—2)---2-1, 0l =1.

Examples and properties
Some simple examples.

5/ =5.4.3.2.1=120

8l =8.-7-6-5-4-3-2-1=40320
A useful property. Consider k < n, then

n!

n-(n=1)---(n—k+1)-(n—k)-(n—k—-1)---2-1

(n—k)!

n-(n—=1)---(n—k+1)-(n—k)!

whence |
ﬁ:n-(n—lyu(n—k—kl).




Sequences
Definition
For any two integers k and n, with k < n, the binomial coefficient is defined as

()= 7=

and it is read “n choose k".

Theorem

For any couple of real numbers a and b and for all integers n, it holds that

(a+b)" = (8) a"b°—|—(,11) a"t b1—|—(g) "2 b2—|—...—|—(nf1> at b"_1—|—(:) L b

which is also written as
n

(a4 b)" = > (Z) 2K k.




Sequences

Example

(a+b)? = i(i) L2k pk

(- sitgs ()i () - sigr -

(a+b)> =a’>+2ab+ b2




Sequences: notable limits

Assume k € N and a > 1. We want to compute the limit

_on*
lim —
n—oco g"
@ a>1implies a=1+ h with h > 0.
@ Newton's binomial implies
n _ n __ - n k
" = (1+h) _Z(k)h
k=0
_ n n n k n k+1 n n
= () (D (D (1) er ()
~—  —— ~— ~—
>0 >0 >0 >0 >0
n hk+1:n(nfl)~~~(nfk)hk+1
= k+1 (k+ 1) '
@ Whence
k—factors
K k
1
o< . k+1) = (k+ 1)t 0

anfhkﬂn(n_l)...(n_k)( h"+1n(17%)---( fﬁ)

k+1—factors



Sequences: notable limits

Let x € R be a real number. First remember that

Si(x)=14+x+x24+x3+.. +x"=) x=
k=0
so
&£ if x| <1
lim Sp(x) =14 +00 ifx>1
n— oo
4 ifx< -1
IMPORTNAT!

This results is very important!! It is also indicated with

> 1
Y x=——ex <L
1—x

k=0




Sequences: notable limits and the geometric series

Example

. & if x| <1
l+x+x2+x3+...= lim Zxkz +oo ifx>1
n—>ook:0 )
3 if x < -1
1 /1\* [1)\° "Lr1\* 1
1+ = = = oo = | -] = =2
rar(3) +(e) o = m(3) =it

142422 42% 4+ .

5 -

1—2422-2%4




Sequences: notable limits

Consider
1
lim n» = (+00)® = Indeterminate form!

n— oo

Why indeterminate? Consider for example

lim pt/ o520 = (f00)°

But using the fact that x = 2'°82(%) e get
nl/logz(n) — 2|og2(n1/l°52(")) _ 2@ logs(n) =252

and, similarly
n1/|0g3(n) — 3|og3(n1/|°g3(")) _ 3@ logz(n) —333

s0 (+00)° can be anything!.



Sequences: notable limits

Consider

1 .
lim n» = (+00)° = Indeterminate form!
n—o00

1/n

For n sufficiently large we have n*/" > 1, because if, by contradiction, n

n=npt". gttt 1111 =1

n—times

which is impossible. Hence | can write

n/"=1+a,
with a, > 0, then
or
A Gl ) B B
2 2 n

so a, — 0 and thus
n/"=14+a, = 1.

1/n

< 1 then

n(nfl)az



Sequences: notable limits

Consider

lim — = = Indeterminate form!

Let's decompose both n” and n! in all their factors:

n—factors

—TN—
n n-n-n---nNn-n

n n-(n-1)-(n-2)---2-1

n—factors

Now associate to each factor on the numerator the corresponding factor to the

denominator....

_n n n n n
nl  n n—1 n=2 2 1
and note that
n n n n n n S no+
. . . = - n 00
n! n n—1 n-2 2 1
M~ N N~ ~
= >1 >1 >1 =n

hence



Sequences: notable limits

Consider, for a > 1,

. log.(n 400 .
lim gai() = —— = [ndeterminate form!
n—o00 n +00

Nevertheless

Iog;;7 (") _ 1og, (nl/n>

1/n

since n*/" — 1 we have

lim log, (n) =log, (1) = 0.

n—oo n

More generally, for any b > 0 we have

im 108a (7)

n—oo nb

=0.




Sequences: notable limits

Consider, for a > 1,
a” 9 .
* Indeterminate form!

% > 0 and consider that

Define x, =
Xni1 _ a"t onl _ a"t! n! _, 1 o
Xn a" (n+1)! a" (n+1)-n! n+1
Xn+1

This means that
— < E.

Ve >0,3In" :Vn>n"=0<
Consider then an € < 1, then | can find an N such that, for all n > N

X,
0< 2 ol =0< X1 < EXn

n

iterating we get
—N
XN+1-

0< Xpp1 < EXn < E2 X1 < EXpn < -+ < £"

N is fixed! Whence | can take n — +co and | get €™V — 0, obtaining

n

. a
Xp+1 — 0= lim — =0.
n— oo n!



Consider any a > 1 and b > 0 then

Summary

I
||m Ogab(n)
n—oo0 n

The power diverges faster than the logarithm
The exponential diverges faster than the power
The factorial diverges faster than the exponential

n" diverges faster than the factorial




Sequences

Example
4
lim 3" + log, (n)
n—00 n!
_ §1/100
lim

lim
n—oo

n!_+,n200000

nn

—0
log, (n)
O, n
1+ g;n 3n
lim 3" = lim — =0
n—00 n! n—oo nl
! 1/100 .
m —— = 0
n—o00 100 |0g20 (n)
—0
—
n200000
1+ I . nl
lim nl — — — |im — =0.
n—o0 nn n—oo nn




Sequences: asymptotic equivalence
Definition
Let a, and b, be two sequences. If

s,

we say that a, and b, are asymptotically equivalent, and we write a, ~ b,,.)

Theorem

Suppose that a, ~ b, and that b, — ¢ > 0. Then a, — /.

Proof. Since a, ~ b, then for all € > 0 and for n > n* we get

(1—6)<?<(1+6):>b,,(1—5)<a,,<(1+5) by

n
Now as € — 0 we have n — oo so b, — ¢ and also (1 £¢) — 1, whence

for the comparison theorem

an — /.




Sequences: asymptotic equivalence

Example

n9 _ n1/10000 4 sin n)

10
3n _ 100
6n
logz (n) — n* _
3n? N




Sequences

Definition

A sequence s, is said to be
e strictly increasing if s, < sp41 for all n.
@ increasing if s, < spq1 for all n.
e strictly decreasing if s, > s, for all n.

e decreasing if s, > s,11 for all n.

Theorem
Let s, be increasing. Then s, — £ if and only if s, < M.

Theorem
Let s, be decreasing. Then s, — £ if and only if s, > M.




Sequences: the Euler sequence

Definition

The sequence

is called the Euler sequence.

Theorem

The Euler sequence is increasing.

Proof. Next slide =.




Sequences: the Euler sequence

() 26

(n—k+1) 1

an

(-

i(Z)

k=0

k— factors

= 2+Z

(n—k+1) 1

- 2+Zl (1”).(1_%)...(1_

< 2+Zl'(17

n+1
< 2+21 (

In summary a, < apy1.

-n

k— factors

+1

11).(1,

).(1,

k!

2
n+1

2
n+1

k —

n

)




Sequences: the Euler sequence

Definition

The sequence

is called the Euler sequence.

Theorem

The Euler sequence is bounded from below and from above.

Proof. From below: Use binomial inequality:

1\" 1
an:<1+n> Zl+nE:2

From above: Next slide =.



Sequences: the Euler sequence

First remember that
n
. 1 1
n||—>r20227_1—1_2
k=0 2
then note that
Kl=1-2.3..-k>1-2.2...2=2k"1
and so
n
1 2 k—1\ 1
2<a, = 1+21~<1—n>-<1—n>--.<1— - )kl
=l e ——— —,——
<1 <1 <1
n 1 n n 1
< 1+Zﬂ§1+22k 1:1+222k
k=1 k=1 k=1
1 1
< 1+2n'£'8022k_1+2<1_;_1>:3



Sequences: the Euler sequence

Summary

@ Euler sequence is defined as

@ a, < apy1 for all n.

@ 2<a, <3 forall n.

In particular
. . 1\"
Increasing + bounded from above = Je= lim 1+ )
n—oo
Besides
2<e<3. )
Definition

The number e is called the Euler's number.




Sequences: the Euler sequence

Exercize

Compute
2

lim (1—1—12) .
n— oo n

Solution. Define m = % whence n = m+/7 so that

2

n Tm
lim |14 r = lim (1+ L
n— oo n2 m— oo m?

2

2

Call k = m? so that

1 7m 1 Tk
lim <1+ —2> = lim (1—|— 7> = lim <<l+ -
m—00 n k— o0 k k— o0



The Euler sequence: an economic application.

@ [0,1] = time horizon, for example one year.
@ R = interest rate, defined as (Final Value-Initial Value)/Initial Value.

@ If I invest 1$ at time t =0 => | get (1 + R)$ at time ¢t = 1.
What happens if | compound in two periods?

(5) (o5 -(-2)

What happens if | compound in three periods?

() 45 453

More generally, | divide the interval [0, 1] into n periods....

(5) (D)D)~ (o2

n— times

This is why e® — 1 is called the continuously compounded interest rate.



Sequences: an economic application.

Let p be the price of a one kilogram of rice.

The demand curve
WIKIPEDIA (I am not an economist): demand curve is the graph depicting the
relationship between the price of a certain commodity and the amount of it that
consumers are willing and able to purchase at any given price. We assume a linear
demand curve:

D(p)=—bp+a

with b > 0 and a > 0.

The supply curve
WIKIPEDIA: supply is the amount of something that firms, consumers, labourers,
providers of financial assets, or other economic agents are willing to provide to the

marketplace. We assume a linear supply curve:
S(p)=sp—m

with s > 0 and m > 0.




—D(p) = —0.1p+ 10|
% --S(p) =0.2p—1
1‘0 2‘0 3‘0 4‘0 50

p = price



Sequences: an economic application.

Let po be the initial price of one kilogram of rice. The dynamics of the price is
Pnt1 = pn+ D (pn) — S (pPn)
@ if D(ps) > S (pn) then poy1 > ps, i.e. price increases.
@ if D(pn) < S(pn) then pni1 < pn, i.e. price decreases.
@ if D(ps) = S (pn) then pyy1 = po, i.e. price stays constant.

Using the expressions of the demand and supply curve we obtain:

Prt1=pn—bpn+ta—spp+m=a+m+p, (1—b—s)=a+[pn
S—~— | —

whence ... a B
p1 = a+Bpo
pp = a+fBp=a+f(at+Bp)=ataf+Bp=a(l+B)+5 po
ps = a+Bp=a+B (a+taB+Bp)=a(l+B+8°)+5 p

n

B n
1-5 + 8" po-

pp o= a(1+B8+8+8+... +8" ) +8 p=a



Sequences: an economic application.

Summary
D(p)=—-bp+a
S(p)=sp—m
a=a+m
B=1—b—s
1_13" n
pn+1=pn+D(pn)—5(pn)=a1_ﬂ + 8" po,
1 a+m
1 n e = QU —— =
18] <1= pns1 — p. YT b
Note that
a+m —ba—bm+ab+as as—bm
D e) = — = =
(pe) bb—&—s—’—a b+s b+s
at+m satsm—mb—ms as—bm
S(pe)=s -m= =

bts 7 b+s " b+s =D(pe)



po=10,b=0.1,a=10,5s=02 m=1, p. = 3" = 36.6667.
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Sub-sequences

Definition
Let s, : N — R be a sequence. Let n, : N — N be a strictly increasing

sequence of integers. The sequence s, is called a sub-sequence of s,.

Example

S|
I
%
I

Sp =

s,=(-1)"n = s,=(-1)%"(2n)=2n

2
n n“+n

S N L 0.7
n+1 Sdn = T (0.7)

Sp =




Sub-sequences

Theorem
Let s, : N — R be a sequence.

sp — L & Vsp, subsequence of s, it holds that s, — (.

Example

The classical example is the alternating sequence s, = (—1)". This
sequence cannot have limit since the two sub-sequences
Sop=+1—+1
and
SOpt1 = -1 — —1.

converge to two different limits.




Sequences defined by recurrence
Exercize

Compute, if exists, the limit of the sequence

S0 =2

1 2
Sp+1 = 5 (Sn + g) .

Solution. First of all note that sy > 0 and that if s, > 0 then also s, 1 > 0.

So s, > 0 for all n. We compute explicitly some elements of the sequence:

So = 2
s1 = E s—f—g _1 2+g —§<s
P2\ s) 2 2) 277
1 2 1 /3 4 17 3
_ 2y _17/3 _ > 8
S 2(51+51> 2<2+3> 5<% (0.8)

The guess is that the sequence is decreasing. ...




Sequences defined by recurrence

So =2
1 2
Sp+1 =3 (sn + ;) .
From the recursive equation we get ...

s 71534—2
nJrl—2 s

= 2s,,5n+1:sf+2 = 53725,,+1sn+2:0.
the A must be positive hence

2 2
45,1 —82>20 = 5541 >2

whence the sequence is bounded from below. Is it decreasing? Let's compute

< s_lsn2—|—2 s_sﬁ+2—25§_2—55<0
i "2 s, " 2s, T 2s, —
~—~
>0

that is sp+1 — s, < 0 i.e. the sequence is decreasing.



Sequences defined by recurrence

Summary
So =2

1 2
Sn+1 = 3 (5n+ ;) .

@ 52> 2 ie. the sequence is bounded from below.

@ s, > spi1, i.e. the sequence is decreasing.

Whence the sequence has a limit! In other words ... there exists £ such that

lim s, = /.
n—oo

How to compute it? If s, — £ then also s,+1 — £, whence the recursive equation implies

1 2 2 P s
g_§<g+z) — 7 _§+1 — (£ =2

but s, > 0 so £ > 0, whence £ = ++/2.



Sequences defined by recurrence
Remarks
So =2

1 2
Sn+l1 = 3 (5n+ ;) .

@ s, €Q, for all n.
@ s, — /2 =1.414213562373095... ¢ Q.

The sequence is also an algorithm to compute (with arbitrary precision) the number /2.
.

so = 2

51 = %(so+§>:%<2+§>:2:15

s = %(sl+§>=%<g+g :%:1416

s3 = % <52+é) —% <% ?) = % = 1.414215686274510. . .

(0.9)

The larger the n the better the approximation...



Sequences defined by recurrence

Exercize

Compute, if exists, the limit of the sequence

a1 = 1
1
a = 3——=3-1=2<3
ai
1 1 5
1 2 13
as 3 = 3 5 5 6 <3
1 5 39-5 34 e
5 = 3o =3- o= D2 S 051538 < 3
1 13 102-13 89
= _—— = —7:7:7:2,1 4 2 2 ..
as 3 . 3 32 3 3 617647058823529 < 3

It seems increasing and bounded from above...let’s prove-it.



Sequences defined by recurrence

@ Induction hypothesis: a, < 3. The induction hypothesis implies ai > %

~i<-4

Then ) L o1 8
n = - < —7:;:—:27 .
ans1 =3 3n73 3 3 3 6 <3

and since, for example, a; < 3, form the principle of induction we have a, < 3 for

all n.
@ Induction hypothesis: a, < a,;1. The induction hypothesis implies 2 Py 3n+1
Then
1 1
n - 3 - > 3 — — — dn .
an+2 at 1 an dnt1
Since, for example, a1 < a2, form the principle of induction we have a, < a1 for
all n.
Whence
= lim a,
n— oo
1 1 3++V5
a1 =3—— = £=3—" = £ -304+1=0 = b= V5

an 14 ’ 2



Sequences defined by recurrence

Summary
ail =1
1
dpt+l = 3— &+

an

The limit ¢ exists and it must verifies

3++6
2

P—304+1=0 = l1p=

The limit, when it exists, is unique!! Which is the correct solution?

3—-5 3+5
2

= 0.381966..., = 2.6180...

Since 3_7\/3 < 1 = a; and the sequence is increasing the limit is




Series
The idea

Consider, for example, the sequence a; = 1.

What can | say about the sequence

: "1 11 1
= = — = — — - 2
S, kE—lak kE—lk 1+2+3+...+n 7

Does S, converge? If yes, which is the limit of S, ?

Definition

Given a sequence a,, the sequence of the partial sums of a, is defined as

n
SnZ E ak.
k=0

We call the sum of the series of the a, the limit, if it exists, of the partial sums and we

write:
“+oo

S = ILm S,,:Zak.

k=0

e =

= N G AT AL



Series

Example
We already know that

[o¢]
Soxk= e <1,

k=0
so, for example,
o0
1 1 1 1

> =l+-+-+-+..=—5=2

> (3) —redeistom |
Definition
The series

00
> X
k=0

is called the geometric series.

T8




Series

The necessary condition

If the series > ° , a, converges then

lim a, =0.
n—oo

Proof. Since the series converge, call L =3>"7° ja,. Call S, ="} _ ax.
Then

S, — L

Sn—l — L
Now note that

a,,:§n+an_1+...+ao—\(an_1—|—...+ao)lz5,,—5,,_1—>L—L:0
;n Snfl




Series

The meaning of necessary condition

If a SEQUENCE a, does not verify the necessary condition, i.e. if lim, .. a, 20 itis
IMPOQOSSIBLE that the CORRESPONDING SERIES

o0
E an
n=0

converges!
Example
a _k_ -1
Tkt

whence we can say that the series

oo

> it

prs k+1

does not converge. In particular

ok 1,23, e
kﬂk+1_2 34 T '




Series

The meaning of necessary condition
The condition

lim a, =0
n—oo

is necessary but NOT SUFFICIENT!!

Consider a, = 1 — 0. Nevertheless

2
) D TR S SO SUPUNE S S SUPINE S
k:lk 2 3 4 2 4 4 2
23
L N R N N P
— k 2 ' 3456 7 8 2
1 1 1 3
= Myttt =ty

More generally we can prove, by induction, that
2/7

S isi4lox
k 2 '
k=1

=14+

1 1 1 1 1

+3tztztststs

8 8 8 8

so the sequence of the partial sum S, =3, % cannot have a finite limit.




Series: tests for convergence

Theorem
Suppose that a, and by are two sequences such that

0 <ar < by

for k > kg, with ko fixed.
If the series ;- o by is convergent then also the series "7 ; ax is

convergent.

If the series Y\~ ax is divergent then also the series > . by is divergent.)

Proof. The proof is a straightforward application of the comparison

theorem two the sequences of partial sums

Sn:iak and ngibk.
k=0 k=0



Series: condensation test

Theorem

Suppose that ay is a sequence such that

ag>a=>azg=>..

Then the series
[ee]
>
k=1
converges if and only if the series
(o)
Z 2ka2k
k=0

converges.

.>0.




Series: condensation test

Proof. Using a1 > a» > az > ... > 0 we get

Z,ﬁlak = ai + a+a + astastastar +...
< ai + a+a + atastastas +...
= EN + 2 as + 4 a4 +...
= Z;o:02k32k

Similarly note that

S0 an =a + a2 + a +as+as+as+ aa +...
=ai1+a +a+tastast+astastag+ag+asg+ast+ag+agt+as+...
<ai+ar +atatataztastastastas+tastastartart...

oo
=232, )
In summary

0

IA

oo o0 oo
Zak S ZZkazk S 2 Zak.
1 k=0 k=1

k= -
whence the thesis.



The harmonic series

Theorem

Let p > 0. The series

k=1
is called the harmonic series and it converges if and only if

p>1

Proof. By the condensation test the series converges if and only if it is convergent the

series
oo . 1 P oo 2k [e'e) 2 k oo 1-p B
2.2 (27) :Z%:Z(g) => (@)
k=1 k=1 k=1 k=1

and we know that the geometric series

Z (217’0)’( = Zxk with x = 217°
— k=1

k=1

converges if and only if 27?7 < 1, which means if and only if p > 1.



The harmonic series

Example

NE
x| =

k=1
> 1
k1.0000001
k=1
>
1/2
k=1 k /
S5
3/2

+o00

—+00

S06 7AD"



Absolute convergence

Definition

Let a, be a sequence. If
o0
> lail
k=0

is convergent then the series Y 72  ay is said to be absolutely convergent.
V.

Theorem

If a series y 72 o ax is absolutely convergent then it is also convergent, that

o oo
D lal < oo =Y a < oo.
k=0 k=0

is




Absolute convergence

Proof. Remember that
—lan] <an <lan| (A)

adding |an| to (A), we get
0 < an+lan| <2 |a

whence . . -
0< > (an+la]) <2 Jaul <2 akl. (O)
k=1 k=1 k=1
From ([J) we deduce that

n

sn=_ (ak +a])

k=1
is a monotonic increasing bounded (from avoe) sequence = it must converge.

The original series
So=) ak= 3k+|3k| Z\akl—sn Z|3k|
k=1 k=

is the difference of two converging sequences = it must converge.



Absolute convergence

Exercize
Establish if the series

_1)k
Z(kz)

00
k=1

is convergent or not

Solution. Since the harmonic series
=1
P
k=1

is convergent then the series

> (1)K
Z( k2)
k=1

is absolutely convergent and then it converges.



Ratio test

Theorem

Let a, be a sequence. Assume that the limit

ak41
ak

a= lim
k—o0

exists and it is finite.
o If o < 1 then the series Y ., ax converges.

o If o > 1 then the series Y, ax does not converge.

e If a =1 the test gives no information.




Ratio test: case 0 < v < 1

Proof. Suppose that
Ak+1
ak

lim

k—o0

=a<l

Whence, for sufficiently large k (i.e. k > ko), we have

ak+1
ak

0<

<r<l, (L)
for r € R. From (A) we deduce
0 < aka| < rfal

Iterating we get

0 < laksa] < rlae] < 7% Jar—a| < r° < awa| <.

whence, consider a K > ko

ko—1 ko—1

K
0<) lal= > ak|+Z|ak|< Z|3k|+ako
k=0

k=0 k=ko



Ratio test: case 0 < v < 1

ko—1 ko—1

K K
<> la = ak!+Z!ak\<Z\ak!+ako oyt
k=0 k=0

k=ko k=ko
Now if K — o0, since 0 < r < 1, we have

K
0< lim rk < lim r
K—o00 Z K—>C>oZ

k=ko

hence
ko—1

1
0< lim Z\ak|< Z]akH—ako o<

which means that the series -
>3
k=0

converges absolutely and then converges.



Series

Exercize
Show that the series

hE
x| =

>
Il
=)

converges.

Proof. Apply the ratio test:

1
(k1)1
1
Kl

- 1 B 1 | 1

! Kl = 0.
D)l Tkt K ky1

Whence, by the ratio test, the series converges.



Series

Theorem

e= lim
n— oo

1 =1
(1+3)=2&

Proof. Newton's binomial implies that

ooty

(1) r St

S n(n=1)(n=2)---(n—k+1) (n—k)!
) ( ) ( kl)(n—(k)lnk ) ( )

k=0
“n(n—1)(n—=2)---(n—k+1)
Z k! nk
k=0
k factors
1n(nh-1)(n-2)---(n—k+1)
k! nn---n
k=0 N——
k factors

3

b <1*%) (L%)..A(lfkf

k=0

)

<



Series

In summary

thus
1\ &

_ 0N oSt

i (147) <24

Now take an m < n and note that

(42} = S E (128 (1-2) - (-
n k! n n
k=0

1 1
> > ot (1 - ;>
k=0
Take m fixed and let n — oo, obtaining

1\" 1
. o1
im (13) =304

Now take m — oo

1\" 1
im +=] > § il
nll (1 ) I




Series

In summary

_ 1\" X1
jm (140) <X

k=0

1\"_ X1
i — > E —
n@?xx <1+ n) - k!’

k=0

and

which is possible if and only if
_ 1\" &1
s (1 * ) - Zk_ok!'

We know have a simple way to compute (with some approximation) the
value of e:

1" 1 1 1 1
= | 1+ = 2547_11
e im ( + n> 2 7 + + + 3 + +

n—oo



Series

Theorem
For all n € N jt holds that

"1 1
0<ei;ﬂ<m

that is, we have an upper bound for the error in approximating e with the series y 72 %

Proof.
"1 1 1
e_;ﬂ - k;Iklz n+1) [Tt T3
1 1 1
S G ) T i) ) T i) D
1 1 1
S ) T D) T ) (D )
_1[1+1+1+}_1 11
T (n+1)! (n+1) " (n+1)? T (n+ D)1y onln
Therefore:

1 1



Series
Theorem

The number e is irrational, that is #p, q € N such that

e=">.

q

Proof. Assume, by contradiction, that 3p, g € N such that e = p/q. Since e is not
integer, it must be

qg>1
For all n, it holds that

0<e—zkI 1

in particular ...

1 1
0<e72kI e :>O<q'efq12—<a<1
k=0 k=0

Now
q!e:q!g (g-1)!peN

and ...



Series

Theorem

The number e is irrational, that is $p, q € N such that

o
I

Proof. (CONTINUED)
1 1
q!;ﬂ:q! (1+1+ +3| +. +a>
=0

whence also ¢! >°7_; & € N. Remember that

3l

| 1 1
0<q.efq.zﬂ<f<1
k=0 q

q'+q'+—+—+u.

+1

nevertheless since gle € N-and ¢! >°7_; % € N we are arrived at the conclusion that,

Jz € Z such that
0<zkl

which is impossible. Whence e is irrational.



An economic application

Discounting
Let R be the annual interest rate.
1$ — (1+R)$
~~ ~—_——
Today After one Year
or ...
Vo — W (1+R)$
v \W_/
Today After one Year

How much money | have to invest TODAY to get 1$ in one year?

1
PV() = = — Present value of one dollar in one year .
1+ R
Similarly ...
1
PV® = = Present value of one dollar in two years .

(14 R)?




An economic application
Definition
Present value: the value of all future cash flows (positive and negative)

over the entire life of an investment discounted to the present.

Perpetuity
An investment that pays one dollar every year from today to the eternity.

Which is the present value of a perpetuity? | have to discount all the

cashflows....
1 1
PV = - + — +..
1+R (1+R)?
i i he fi hfl
Discounting the first cashflow Discounting the second cashflow
= 1 1

:ZlJrR Z(1+R R S



Theorem
Limit Comparison Test. Suppose that a, > 0 and b, > 0. If

Jmp,

(an ~ by) then either both series (Y72 4 an and Y72 5 bn) converge or they
both diverge.

V.

Proof. For all ¢ > 0 there exists a ng > 0 such that for all n > ng

—€<ﬂ—1<£ <= 1—€<ﬂ<1—|—5.
b, SN~ b, S—~—

Cc1 2

Take 0 < e < 1 hence ¢; > 0 and ¢ > 0. So that

a
c1<b—”<cz <~ c1 b, < a, < & b,.
n

If Y02 bn = 400 then Y°7° ja, = +o0 (first inequality) etc..etc...



Root test

Theorem

Let a, be a sequence. Assume that the limit
: 1
a= lim |ak|*.
—00
exists and it is finite.

o If o < 1 then the series Y ., ax converges.

o /fa > 1 then the series Y-, ax does not converge.

e If a =1 the test gives no information.




Root test: case 0 < v < 1

Proof. Suppose that
lim \akﬁ =a<lLl
k—o00

Whence, for sufficiently large k, we have

0 S ’ak‘l/k

<r<l1l, (8)
for r € R. From (A) we deduce
0 <lakl < r.

Nevertheless, since 0 < r < 1, the geometric series Zio:o rk converges,

oo oo 1
E E k
0 S |ak’ < r = Tr
k=0 k=0

and hence > ;7 ax converges.

whence



Root test: case o« > 1

Proof. Suppose that
lim \akﬁ =a>1
k—o00
Whence, for sufficiently large k, we have
I<r< |ak|1/k> (A)
for r € R. From (A) we deduce
1< rf < |a.
Nevertheless, since r > 1 then limy_,o r* = +00 and hence
lim |ax| = 400
k—o00

so it is not possible that limy_,. ax = 0, whence the necessary condition

is violated.



Series
Exercize

Determine whether the following series is convergent or not:

S~ n® 4+ n®—n?—In(n)

n?

n=1

Solution. Note that the necessary condition is satisfied

n® 4+ n®* —n* —In(n)

n?

— 0.

Only the asymptotic behaviour of the sequence that is summed matters.

n4+n—n*—In(n) n®
UL

n? n” n

But since

N

S
|
JF
8

Then




Series
Exercize

Determine whether the following series is convergent or not:

S~ n® 4+ n®—n?—In(n)

n?

n=1

Solution. Note that the necessary condition is satisfied

n® 4+ n®* —n* —In(n)

n?

— 0.

Only the asymptotic behaviour of the sequence that is summed matters.

n4+n—n*—In(n) n®
UL

n? n” n

But since

N

S
|
JF
8

Then




Series
Exercize

Determine whether the following series is convergent or not:

n6+n3—n2—|n(n)

n?

Solution. Note that the necessary condition is satisfied

n® 4+ n®* —n* —In(n)

n?

— 0.

Only the asymptotic behaviour of the sequence that is summed matters.

n4+n—n*—In(n) n®
UL

n? n” n

But since

N

S
|
JF
8

Then




Series

Exercize

Determine whether the following series is convergent or not:

> (371)

n=1

Solution. Note that the necessary condition is satisfied

In _n ’ =nln _n — —00 = n n%O
2n+1 o 2n+1 2n+1 ’
—_—

—In(1/2)<0

Since a power to the n is involved ....

n nl* — =<1
2n+1 T 2n+1 2 ‘

For the root test the series
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converges.



Series: various exercises

Determine whether the following series are convergent or not

oo 1 .
@ >, 25, Since
1 1
nP+n n?’
the series converges.
> > T . Since
1+n
— +00
vn
the series cannot converge
o>, n+e,,. Since
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n+e" e"
and since
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the series ) °° ) —L converges.



Series: various exercises.

Determine whether the following series is convergent or not
ﬂ.
n=0

Solution. The necessary condition is satisfied

Kk
am g =0
Use ratio test
k 2
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by the ratio test the series converges.



Series: various exercises.

@ Determine whether the following series is convergent or not

oo

k2
Z(—1)k 0

n=0
Solution. Since the series converges absolutely, then it converges.
@ Determine whether the following series is convergent or not
o0
S
Tk
k=0

Solution. Ratio test applied to the absolute value:

k+1lk_k+1_>1<1
7R+ kT Tk 7

by the ratio test the series absolutely converges and then it converges.



Telescoping series.

Exercize

Compute the sum of the series

3 (1 _ ;)
2 \k k+1)

1

Solution. Consider the sequence of the partial sum

/1 1
SZZXf‘IIO'

k=1
Note that
1
S5 = 1- 5
1 1 1 1
2 0= 1-5t5737173
1 1 1 1 1 1
S = l-3+5-3t3 3=l (0.11)
So the guess is that )
Sh=1-




Telescoping series.

Exercize

Compute the sum of the series

Solution. Induction hypothesis.

We already know that the guess is true for n = 1,2, 3. Let's assume that (A) holds.
Then

Ser = St
_ g 1 n 1 1
n+1 n+1 n+2
_ 1
T n+2

which is the induction hypothesis for n + 1. Hence

n
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