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Propositional Calculus: formal definition of a Proposition

Definition
A proposition is any claim/assertion that can be either TRUE of FALSE.

We indicate propositions with the calligraphic letter P, Q, R, ...

Example
R =“Rome is a nice city”. This is not, formally, a proposition, since it

attributes a quality that is subjective, so it is not possible to establish

UNDOUBTEDLY wether it is TRUE or FALSE (for someone will be

true for someone else will be false).

P =“Rome is the capital of France”, P is FALSE.

Q =“Paris is the capital of France”, Q is TRUE.
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Propositional Calculus: logical operators

Definition
Given a proposition P we indicate with ¬P a new proposition which is

FALSE if P is TRUE and vice versa. The proposition ¬P is called the

negation of P.

P ¬P
T F

F T

Example P = “Rome is the capital of France”

¬P = “Rome is not the capital of France”
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Propositional Calculus: logical operators

Definition
Given two propositions P and Q, we define a third proposition denoted with

P ∧Q,

which is read “P and Q” and that is TRUE if and only if both P and Q are

TRUE, and it is FALSE in all the other cases.

P Q P ∧Q
T T T

T F F

F T F

F F F
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Propositional Calculus: logical operators

ExampleP = “Rome is the capital of France”

Q = “Paris is the capital of France”
P ∧Q is FALSE.

ExampleR = “Rome is the capital of Italy”

S = “Paris is the capital of France”
R∧ S is TRUE.
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Propositional Calculus: logical operators

Definition
Given two propositions P and Q, we define a third proposition denoted with

P ∨Q,

which is read “P or Q” and that is FALSE if and only if both P and Q are

FALSE, and it is TRUE in all the other cases.

P Q P ∨Q
T T T

T F T

F T T

F F F
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Propositional Calculus: logical operators

ExampleP = “Rome is the capital of France”

Q = “Paris is the capital of France”
P ∨Q is TRUE.

ExampleR = “Rome is the capital of France”

S = “Paris is the capital of Italy”
R∨ S is FALSE.
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Propositional Calculus: some identities

P Q P ∧Q ¬ (P ∧Q)

T T T F

T F F T

F T F T

F F F T

¬P ¬Q ¬P ∨ ¬Q
F F F

F T T

T F T

T T T

That is ¬ (P ∧Q) = ¬P ∨ ¬Q
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Propositional Calculus: some identities

P Q P ∨Q ¬ (P ∨Q)

T T T F

T F T F

F T T F

F F F T

¬P ¬Q ¬P ∧ ¬Q
F F F

F T F

T F F

T T T

That is ¬ (P ∨Q) = ¬P ∧ ¬Q
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Propositional Calculus: logical operators

Definition
Given two propositions P and Q, we define a third proposition denoted with

P ⇒ Q,

read as “If P then Q” or, also,“P implies Q” and such that

P Q P ⇒ Q
T T T

T F F

F T T

F F T

which means that if we assume a true hypothesis the implication is true if

and only if the thesis is also true, while from a false hypothesis we can

derive anything (both a true and a false thesis).
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Propositional Calculus: logical operators

ExampleP = “Rome is the capital of France”

Q = “Paris is the capital of France”
P ⇒ Q is TRUE.

ExampleR = “Rome is the capital of France”

S = “Paris is the capital of Italy”
R ⇒ S is TRUE.

Example

T = “Rome is the capital of Italy”

U = “Paris is the capital of Germany”
T ⇒ U is FALSE.



12/425

Propositional Calculus: logical operators

Remember that

P Q P ⇒ Q
T T T
T F F
F T T
F F T

now consider the table of truth of ¬Q ⇒ ¬P

¬P ¬Q ¬Q ⇒ ¬P
F F T
F T F
T F T
T T T

that is (P ⇒ Q) = (¬Q ⇒ ¬P).
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Propositional Calculus: Theorems

Definition

When a proposition can be cast in the form

H ⇒ T

we sometimes refer to H ⇒ T as a Theorem and the proposition H is call the
hypothesis of the theorem while the proposition T is called the thesis.

Consider the following statement:

Theorem

Let m and n be two even numbers. Then n +m is an even number.

In this case

H = “Let m and n be two even numbers”

T = “n +m is an even number” .
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Propositional Calculus: Theorems

Another example of Theorem could be

Theorem

The number
√

2 is irrational.

In this case the theorem is a general statement, which cannot be put in the

form H ⇒ T . It can be rephrase for example in

Theorem

It is not possibile to find a rational number q such that q2 = 2.
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Proving a theorem: direct proof.

Direct proof is typically used for H ⇒ T .

The method
We assume that the properties stated in the hypothesis H are true to prove

that also T is true.

Theorem
Let m and n be two even numbers. Then n +m is an even number.

Proof. Since m is even, then m = 2 k for some k . Since n is even, then

n = 2 q for some q. Then

n +m = 2 k + 2 q = 2 (k + q) = 2 h

with h = k + q, so also n +m is even, whence the thesis.
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Proving a theorem: proof by contraposition.

Proof by contraposition is typically used for H ⇒ T .

The method
We use the equivalence, in terms of table of truth, given by

(H ⇒ T ) = (¬T ⇒ ¬H) .

Theorem

If n2 is even, then n is even.

Proof. Assume that n is odd. Then n = 2 k + 1, which implies

n2 = 4 k2 + 1 + 4 k = 4
(
k2 + k

)
+ 1

which is odd, so n2 is odd.
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Proving a theorem: reductio ad absurdum AKA proof by contradiction

We want to prove that a proposition P is true.

The method
1 We assume that P is false, so ¬P is true.

2 We prove that assuming ¬P to be true implies that a proposition Q
and ¬Q are simultaneously true.

3 Since Q and ¬Q cannot be true simultaneously, then P must be true.

When you have eliminated the impossible, whatever remains, however

improbable, must be the truth.

Sherlock Holmes.
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Proving a theorem: reductio ad absurdum AKA proof by contradiction

Theorem

It is not possibile to find a rational number q such that q2 = 2

Proof. Direct proof seems quite hard. Proceed by contradiction. Assume,

by contradiction, that there exists two integer numbers n and m such that( n

m

)2
= 2.

Since they appear in a fraction, then we can also assume that n and m

have no common factors, that is at least one is odd.

(the proof continues in the next slide).
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Proving a theorem: reduction ad absurdum AKA proof by contradiction

Summing up we have two integers number, n and m, at least one is odd,

and such that ( n

m

)2
= 2.

then

n2 = 2m2 (⋆)

and so n2 is even, but then n is even, that is n = 2 k , whence equation (⋆)

gives

4 k2 = 2m2 ⇒ 2 k2 = m2,

so m2 is even, but then m is even, a contradiction.
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Sets

Definition

A set is any collection/grouping/list of objects and it is defined once the full list of its
constituents/elements is given.

Extensive declaration

When all elements are explicitly listed:

A = {♣,♠,⋆}, B = {−20, 5, 13, 56.7}.

N = {0, 1, 2, 3, 4, 5, ....}

Very problematic to use when the number of elements is infinite! We all have an
intuitive notion of N, but for other sets with an infinite number of elements it could be
very problematic to use the extensive declaration.

Intensive declaration

When the rule/property that defines the elements is given

A = {All cities of Europe}.

A = {All numbers between zero and one}
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Sets: the ∈ symbol

The ∈ symbol

Write a ∈ A to say that a is an element of A and a /∈ A to say the

opposite.

If A = {♣,♠,⋆} then ♣ ∈ A, ♠ ∈ A and ⋆ ∈ A.

If A = {−20, 5, 13, 56.7} then −20 ∈ A, 5 ∈ A and so on...

If A = {All cities of Europe} then Paris ∈ A

If A = {All numbers between zero and one} then 1
2 ∈ A.

Remark. The ∈ symbol is frequently used in the intensive notation.

A = {All cities of Europe} , B = {x ∈ A | x is a capital city} .

So that Milan ∈ A but Milan /∈ B .
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Sets: the ∀ symbol

The ∀ symbol
Write ∀a ∈ A as a shortcut to declare a property that holds

“for ALL the elements of the set A”.

Examples:

If A = {0, 0.2, 0.5, 0.6, 0.7, 0.9, 1} then we can say that ∀a ∈ A it

holds that a ≥ 0.

If A = {0, 0.2, 0.5, 0.6, 0.7, 0.9, 1} then we can say that ∀a ∈ A it

holds that a ≤ 1.
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Sets: the ∃, ∄ symbols

The ∃ symbol
Write ∃a ∈ A as a shortcut to declare a property that holds

“for AT LEAST ONE element of A”.

We use ∄ to say the opposite.

Examples:

If A = {0, 0.2, 0.5, 0.6, 0.7, 0.9, 1} then we can say that ∃a ∈ A such

that 0 < a < 1
2 .

If A = {0, 0.2, 0.5, 0.6, 0.7, 0.9, 1} then we can say that ∄a ∈ A such

that a < 0.
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Sets: the ∃! symbol

The ∃! symbol
Write ∃!a ∈ A as a shortcut to declare a property that holds

“for a UNIQUE element of A”.

Examples:

If A = {0, 0.2, 0.5, 0.6, 0.7, 0.9, 1} then we can say that ∃!a ∈ A such

that 0 < a < 1
2 .
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Sets: a summary of the logical symbols

a ∈ A reads as “the element a belongs to the set A”.

∀a ∈ A reads as “for all the elements of A”.

∃a ∈ A reads as “there exists at least one a in A”.

∄a ∈ A reads as “it does not exist an a in A”.

∃!a ∈ A reads as “there exists one and only one a in A”.
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Sets: operations

The ∪ and ∩ symbols
Let A and B be two sets

The set A∪B is the set that contains all the elements of A and all the

elements of B

A ∪ B = {x | x ∈ A or x ∈ B} = {x | x ∈ A ∨ x ∈ B}

The set A ∩ B is the set that contains all the elements in common

between A and B

A ∩ B = {x | x ∈ A and x ∈ B} = {x | x ∈ A ∧ x ∈ B}
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Sets: operations

The ∪ and ∩ symbols: some examples.

A = {♣,♠,⋆} , B = {♣, ⋄} .

then

A ∪ B = {♣,♠,⋆, ⋄}.
A ∩ B = {♣}.

Definition
The symbol ∅ indicates the set WITHOUT elements, also said the empty

set.

Remark. For ANY set E

E ∪ ∅ = E , E ∩ ∅ = ∅
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Sets and subsets

The ⊂ and ⊆ symbols
Let A and B be two sets

We say that A ⊆ B if all the elements of A are also in B .

We say that A ⊂ B if all the elements of A are also in B and we know

that there are some element of B that are not in A.

We say that A ⊃ B if B ⊂ A.

We say that A ⊇ B if B ⊆ A.

We say that A = B if and only if

A ⊆ B ∧ B ⊆ A.
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Sets and subsets

Example.

A = {All cities of Europe} , B = {x ∈ A | x is a capital city} .

then B ⊂ A.
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Sets: the complement set

The minus set
Let A and B be two sets. We define A \ B = {x ∈ A | x /∈ B}.

Example.
A = {♣,♠,⋆} , B = {♣, ⋄} .

then A \ B = {♠,⋆}.

The complement

Let A and B be two sets and suppose B ⊆ A. We define Bc = A \ B .

Example.

A = {All cities of Europe} , B = {x ∈ A | x is a capital city} .

then Bc = {x ∈ A | x is not a capital city}.
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Sets: the complement set

Remark If B ⊆ A then

B ∪ Bc = A.

B ∩ Bc = ∅.
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Sets: the cartesian product

Definition
Let A and B be two sets. I define the cartesian product of A and B the set

of the ordered pairs (a, b) such that the first element a of the pair is in A

and the second element b of the pair is in B . In formula

A× B = {(a, b) | a ∈ A ∧ b ∈ B} .

Definition

Let A be a set. I define A2 as the set

A2 = A× A,

or, more generally,

An = A× A× · · · × A︸ ︷︷ ︸
n−times

.
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Sets: the cartesian product

Example. Consider the two sets

A = {♣,♠,⋆} , B = {△, ⋄} .

then

A× B = {(♣,△) , (♣, ⋄) , (♠,△) , (♠, ⋄) , (⋆,△) , (⋆, ⋄)}

and

B × A = {(△,♣) , (△,♠) , (△,⋆) , (⋄,♣) , (⋄,♠) , (⋄,⋆)}

so typically A× B ̸= B × A.
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The power set

Definition
For any set A the power set is the set denoted with P (A) and it is defined

as the set of all possible subsets of A, that is

P (A) = {B is a set | B ⊆ A} .

Example. Consider the set

A = {♣,♠,⋆}

then s

P (A) = {∅, {♣,♠,⋆} , {♣,♠} , {♣,⋆} , {♠,⋆} , {♣} , {♠} , {⋆}}
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Cardinality

Definition
For any set A the cardinality of A is indicated as Card (A) and it is defined

as the number of elements of A.

Examples.
A = {♣,♠,⋆} ⇒ Card (A) = 3

Since

P (A) = {∅, {♣,♠,⋆} , {♣,♠} , {♣,⋆} , {♠,⋆} , {♣} , {♠} , {⋆}}

then Card (P (A)) = 8 = 23.

More generally if Card (A) = n then Card (P (A)) = 2n.
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Cardinality

Definition
For any set A the cardinality of A is indicated as Card (A) and it is defined

as the number of elements of A.

Examples.
A = {All numbers between zero and one}

then

Card (A) = +∞.
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Properties of union and intersection

Theorem
Given A, B and C sets, the following properties hold trivially

A ⊆ A ∪ B .

A ∩ B ⊆ A.

If A ⊆ B then A ∪ B = B and A ∩ B = A.

A ∪ B = B ∪ A and A ∩ B = B ∩ A.

(A ∪ B) ∪ C = A ∪ (B ∪ C ) and (A ∩ B) ∩ C = A ∩ (B ∩ C ).

A ∩ (B ∪ C ) = (A ∩ B) ∪ (A ∩ C ).
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Countable and uncountable unions and intersections

Examples. Consider the following set of subscripts

E = {1, 2, 3} ,

and the following family of sets associated to E

A1 = {♠, ⋄, †} , A2 = {♠, ⋄,✠} , A3 = {
,$} ,

so ⋃
α∈E

Aα = A1 ∪ A2 ∪ A3 = {♠, ⋄, †,✠, 
,$}

and ⋂
α∈E

Aα = A1 ∩ A2 ∩ A3 = ∅
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Countable and uncountable unions and intersections

Examples. For all n ∈ N = {0, 1, 2, 3, 4, 5, ....} consider the set

An =

[
0, 1 +

1
n + 1

]
=

{
All numbers between 0 and 1 +

1
n + 1

}
.

For example...

A0 = [0, 2] , A1 =

[
0,

3
2

]
, A2 =

[
0,

4
3

]
, · · ·

and ⋂
n∈N

An = A1 ∩ A2 ∩ A3 ∩ · · · = [0, 1] .
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The set of integer and rational numbers

We indicate with Z the set

Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . .} = N
⋃

{−n | n ∈ N, n > 0} .

We indicate with Q the set

Q =
{ n

m

∣∣∣ n ∈ Z,m ∈ Z \ {0}
}
.
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Standard operations on Q

Sum:

n

m
+

k

q
=

n · q + k ·m
m · q . Example:

1
3
+

7
4
=

1 · 4 + 7 · 3
3 · 4 =

25
12

.

Product:
n

m
· k
q
=

n · k
m · q . Example:

1
3
· 7
4
=

1 · 7
3 · 4 =

25
12

.

Inverse:
1
n
m

=
m

n
. Also indicated with:

1
n
m

=
( n

m

)−1
.

k-th power:(m
n

)k
=

m

n
· m
n
· · · m

n︸ ︷︷ ︸
k−times

=
mk

nk
. Example:

(
1
2

)10

=
1

210 .

and (m
n

)−k

=
nk

mk
Example:

(
1
2

)−10

= 210.
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Standard operations on Q

Moreover for any q ∈ Q it’s easy to prove that

qn+m = qn · qm

for any n and m in Z.

For example (
1
2

)3+2

=
1

23+2 =
1
25 =

(
1
2

)5

Theorem

For all q ∈ Q with q ̸= 0 we have q0 = 1.

Proof. Take an arbitrary integer number n, then it holds that

q0 = qn−n = qn · q−n = qn · 1
qn

= 1.
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Decimal representation of Q

Definition
For every q ∈ Q we use the notation

q = knkn−1 . . . k0, d1d2 . . .

to indicate the decimal representation of q, that is

q = kn·10n+kn−1·10n−1+kn−2·10n−2+. . .+k0·100+d1·10−1+d2·10−2+. . .

Example

3
10

= 0, 3 = 0 · 100 + 3 · 10−1

173
2

= 86, 5 = 8 · 101 + 6 · 100 + 5 · 10−1

1
3

= 0, 3333333 . . . = 0 · 100 + 3 · 10−1 + 3 · 10−2 + 3 · 10−3 + . . .
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Decimal representation of Q

Theorem
Let q = m

n be a rational number. Then there are two mutually exclusive

possibilities:

1 The decimal representation of q is made by a finite number of digits.

2 The decimal representation of q is made by an infinite number of

digits but it is periodic. In this case the period contains at most n − 1

different digits.
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Decimal representation of Q

Number Decimal Representation Length of the period

9
11 0, 8181818181 . . . = 0, 81 2

1
7 0, 14285714285714 . . . = 0, 142857 6

1
81 0, 01234567901234679 . . . = 0, 012345679 9

1
29 0, 0344827586206896551724137931 28
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WARNING
The set Q is not sufficient for many purposes.

Suppose we want to solve

x2 = 2.

We already know that ∄x ∈ Q such that x2 = 2.
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Maximum and Minimum

Consider a subset E ⊆ Q.

Definition

We say that the set E has a minimum point if it exists a m ∈ E such that

∀q ∈ E ⇒ q ≥ m.

If this is the case, m is called the minimum point of E or

m = min (E) .

Definition

We say that the set E has a maximum point if it exists a M ∈ E such that

∀q ∈ E ⇒ q ≤ M.

If this is the case, M is called the maximum point of E or

M = max (E) .
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Maximum and Minimum

Example
Some very simple examples ...

E =

{
3
5

}
⇒ m =

3
5

and M =
3
5

E = {−1, 0, 1} ⇒ m = −1 and M = 1

E = {q ∈ Q | q ≥ 0} ⇒ m = 0 and ∄M.

E = {q ∈ Q | q ≤ 0} ⇒ ∄m and M = 0.

E = {q ∈ Q | 0 ≤ q ≤ 1} ⇒ m = 0 and M = 1.
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Maximum and Minimum: uniqueness

Theorem
Let E ⊆ Q. The minimum of E , provided that it exists, it is unique, that is

there cannot exist two different maxima of the same set. The same is true

for the minimum.

Proof. Let’s assume, by contradiction, that there exists two maxima M1

and M2 of E , with M1 ̸= M2.

1 Since, by definition of maximum, M1 ∈ E and since M2 is a maximum,

then M1 ≤ M2.

2 Since, by definition of maximum, M2 ∈ E and since M1 is a maximum,

then M2 ≤ M1.

M1 ≤ M2 and M2 ≤ M1 imply M1 = M2, which contradicts M1 ̸= M2.
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Maximum and Minimum

Consider the case

E =

{
1
n

∣∣∣∣ n ∈ N, n > 0
}

=

{
1,

1
2
,
1
3
,
1
4
,
1
5
, . . .

}
Note that 1 ∈ E and 1

n ≤ 1 for all n ∈ N, so M = 1.

Probelm
Does the set E have a minimum point?

The answer is trivially no. Suppose that we have found a minimum point,

and let 1
n⋆ be such point. Trivially

1
n⋆ + 1

<
1
n⋆

,

but 1
n⋆+1 ∈ E so 1

n⋆ is not a minimum point.
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No matter how small we take 1/n 
there will be another point in the 
set which is smaller!

50/425



51/425

Maximum and Minimum

Summary

E =

{
1
n

∣∣∣∣ n ∈ N, n > 0
}

=

{
1,

1
2
,
1
3
,
1
4
,
1
5
, . . .

}
then ∄ the minimum of E , nevertheless

E ′ = E
⋃

{0} =

{
0, 1,

1
2
,
1
3
,
1
4
,
1
5
, . . .

}
is such that 0 is the minimum point of E ′. Similarly

F =

{
−1
n

∣∣∣∣ n ∈ N, n > 0
}

=

{
−1,−1

2
,−1

3
,−1

4
,−1

5
, . . .

}
Then ∄ the maximum of F , nevertheless

F ′ = F
⋃

{0} =

{
0,−1,−1

2
,−1

3
,−1

4
,−1

5
, . . .

}
is such that 0 is the maximum point of F ′.
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Supremum and Infimum

Remark

The set E =
{ 1
n

∣∣ n ∈ N, n > 0
}

is clearly “limited from below”, but...

it has no minimum!wwww�
The definition of max and min appears to be too tight!

Nevertheless, before proceeding, we have to define two special symbols....
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Supremum and Infimum

Definition

We introduce the symbols +∞ and −∞ through the following relationships:

For all q ∈ Q then q < +∞ and q > −∞.

For all q ∈ Q then q +∞ = +∞ and q −∞ = −∞.

(+∞) + (+∞) = +∞ and (−∞) + (−∞) = −∞.

(+∞)× (+∞) = +∞ and (−∞)× (−∞) = +∞.

(−∞)× (+∞) = −∞ and (+∞)× (−∞) = −∞.

For all q ∈ Q then q
+∞ = q

−∞ = 0.

For all q ∈ Q with q > 0 then q × (+∞) = +∞, q × (−∞) = −∞.

For all q ∈ Q with q < 0 then q × (+∞) = −∞, q × (−∞) = +∞.

(+∞)− (+∞), (−∞) + (+∞), 0 × (+∞), 0 × (−∞) and ∞
∞ are

INDETERMINATE.
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Supremum and Infimum

Definition
Let E ⊂ Q. We say that a number u ∈ Q is an upper bound for E if

∀x ∈ E ⇒ x ≤ u

Definition
Let E ⊂ Q. We say that a number ℓ ∈ Q is a lower bound for E if

∀x ∈ E ⇒ x ≥ ℓ
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Supremum and Infimum

Exercize
Which are the lower bounds and the upper bounds of the set

E =

{
1
n

∣∣∣∣ n ∈ N, n > 0
}

?

Solution. Clearly:

For all x ∈ E we have x ≤ 1, hence all u ∈ Q such that u ≥ 1 are

upper bounds.

For all x ∈ E we have x > 0, hence all ℓ ∈ Q such that ℓ ≤ 0 are

lower bounds.



0

11/2
1/4

1/3

1/5 UPPER BOUNDS
LOWER BOUNDS

Any point 0<x<1 cannot be neither a lower bound nor an upper bound!
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Supremum and Infimum

Definition
Let E ⊂ Q. Consider the sets

UE = {u ∈ Q | u is an upper bound of E} .

LE = {ℓ ∈ Q | ℓ is a lower bound of E} .

Example

E =
{ 1
n

∣∣ n ∈ N, n > 0
}
=
{
1, 1

2 ,
1
3 ,

1
4 , . . .

}
then

UE = {u ∈ Q | u ≥ 1} , LE = {ℓ ∈ Q | ℓ ≤ 0}

Example

E =
{ 1
n2

∣∣ n ∈ N, n > 0
}
=
{
1, 1

4 ,
1
9 ,

1
16 , . . .

}
then

UE = {u ∈ Q | u ≥ 1} , LE = {ℓ ∈ Q | ℓ ≤ 0}
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Supremum and Infimum

Definition
Let E ⊆ Q. Recall that

UE = {u ∈ Q | u is an upper bound of E} .

If UE = ∅ we set

sup
Q

(E ) = +∞.

If UE ̸= ∅ it can be proved that the minimum of UE exists and we set

sup
Q

(E ) = min (UE ) .
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Supremum and Infimum

Definition
Let E ⊆ Q. Recall that

LE = {ℓ ∈ Q | ℓ is a lower bound of E} .

If LE = ∅ we set

inf
Q

(E ) = −∞.

If LE ̸= ∅ it can be proved that the maximum of LE exists and we set

inf
Q

(E ) = max (UE ) .
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Supremum and Infimum

Example
Consider the set

E =

{
1
n

∣∣∣∣ n ∈ N, n > 0
}

=

{
1,

1
2
,
1
3
,
1
4
,
1
5
, . . .

}
then

UE = {u ∈ Q | u ≥ 1} , LE = {ℓ ∈ Q | ℓ ≤ 0}

and so, although E has no minimum element, we have

inf
Q

(E ) = max (LE ) = 0,

while, straightforwardly, the maximum element and the supremum coincide

sup
Q

(E ) = min (UE ) = 1.
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Supremum and Infimum

Theorem
Let E ⊆ Q be a subset of Q. The following statements hold

If E has a maximum point M then supQ (E ) = M.

If E has a minimum point m then infQ (E ) = m.

Remark
For every set E ⊆ Q

(provided that, at least E ̸= ∅)
the max and the min may not exist ...

... however, supremum and infimum always will exist!

Although they could be +∞ or −∞ ...
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Sup/Inf and Max/Min: some exercises

Exercize

Set max min sup inf

{n ∈ N | n ≤ 10} 10 0 10 0

{q ∈ Q | q > −1} ∄ ∄ +∞ −1

{q ∈ Q | q ≥ −1} ∄ −1 +∞ −1

{q ∈ Q | q < 0} ∄ ∄ 0 −∞
{q ∈ Q | q ≤ 0} 0 ∄ 0 −∞{
1 − 1

n

∣∣ n ∈ N, n > 0
}

∄ 0 1 0{
1 − 1

n3

∣∣ n ∈ N, n > 0
}

∄ 0 1 0

{q ∈ Q | 0 ≤ q < 2} ∄ 0 2 0

{q ∈ Q | 0 < q ≤ 2} 2 ∄ 2 0

{q ∈ Q | 0 ≤ q ≤ 2} 2 0 2 0



62/425

Q is far to be complete.

Problem. Consider the set
A =

{
q ∈ Q

∣∣ q2 < 2
}
.

We note that

A ̸= ∅, for example 1
2 ∈ A since

( 1
2

)2
= 1

4 < 2.

The number 2 is an upper bound for A.

Does the set A has a supremum? The answer is yes, but the supremum does not exists
in Q! This means that Q has “holes” here and there...

Can we fill them?

Theorem

There exists a set R (called: the real line or the set of real numbers) such that Q ⊂ R
and such that all the subset E ⊂ R that are not empty and bounded from above have a
supremum in R. Similarly, all the subset E ⊂ R that are not empty and bounded from
below have an infimum in R
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Irrational numbers

The sets of numbers are

N = {0, 1, 2, . . .} ⊂ Z = {. . . ,−1, 0, 1, . . .} ⊂ Q =
{m
n

∣∣∣ m ∈ Z, n ∈ Z \ {0}
}
⊂ R

A natural question

Which are the numbers of R that are not in Q ? That is, which elements does the set

I = R \Q

contain? Remember that Q contains all the number whose decimal representation is
either finite or periodic, for example

1
2
= 0, 5

1
7
= 0, 142857142857142857142857 . . .

The set I is called the set of irrational numbers and contains all the number whose
decimal representation is neither finite nor periodic!
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Irrational numbers:
√

2

The number p ∈ R such that p2 = 2 is called p =
√

2 and ...

√
2 = 1.4142135623730950488016887242096980785696718753769480731766

797379907324784621070388503875343276415727350138462309122970249 . . .

We will never know the true value of
√

2! We can only construct algorithms to compute
which are the next digits ...

Example

e = 2.7182818284590452353602874713526624977572470936999595749669

676277240766303535475945713821785251664274274663919320030599 . . .

π = 3.1415926535897932384626433832795028841971693993751058209749

445923078164062862089986280348253421170679821480865132823066 . . .
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The absolute value

Definition

For any real number x ∈ R we indicate with |x | the number

|x | =

x if x ≥ 0

−x if x < 0

and we call |x | the the absolute value of x . Trivially |x | = |−x |.

Definition

Given any two real numbers x ∈ R and y ∈ R we call

d (x , y) = |x − y |

the distance between x and y . Trivially d (x , y) = d (y , x).

Example

|2| = 2,
∣∣∣∣−1

2

∣∣∣∣ = 1
2
, |0| = 0 |−1| = 1 etc..etc..

d (1,−10) = |1 − (−10)| = 11 = d (−10, 1) , d (2, 0) = |2| = d (0, 2) .
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0

2
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The absolute value: triangular inequality

Theorem

For any two number a ∈ R and b ∈ R it holds that

|a+ b| ≤ |a|+ |b|

Proof. Consider that
− |a| ≤ a ≤ |a| , (△)

and
− |b| ≤ b ≤ |b| , (□) .

Now sum (△) with (□), obtaining

− |a| − |b| ≤ a+ b ≤ |a|+ |b|

which means
− (|a|+ |b|)︸ ︷︷ ︸

−c

≤ a+ b ≤ |a|+ |b|︸ ︷︷ ︸
c

which means
|a+ b| ≤ |c| = c = |a|+ |b| .
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Intervals of real numbers

Definition
Let a and b be two real numbers. We will adopt the following notations

(a, b) = {x ∈ R | a < x < b}
[a, b] = {x ∈ R | a ≤ x ≤ b}
(a, b] = {x ∈ R | a < x ≤ b}
[a, b) = {x ∈ R | a ≤ x < b}

(−∞, a) = {x ∈ R | x < a}
(−∞, a] = {x ∈ R | x ≤ a}
(a,+∞) = {x ∈ R | x > a}
[a,+∞) = {x ∈ R | x ≥ a}
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Neighborhoods

Definition
Consider a number x0 ∈ R and another number ε ∈ R with ε > 0. The set

Nε (x0) = (x0 − ε, x0 + ε)

is called a neighborhood with center x0 and radius ε.

Remark
Since, by definition,

Nε (x0) = {x ∈ R | |x − x0| < ε}

the neighborhood Nε (x0) contains all the points of R whose distance from

the center x0 is strictly less than the radius ε.



R
x0

x0 + "x0 � "

The two extrema are not included!!!
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Neighborhoods

Definition

Consider a number x0 ∈ R and another number ε ∈ R with ε > 0. The sets

Nε

(
x+
0
)
= (x0, x0 + ε) and Nε

(
x−
0
)
= (x0 − ε, x0)

are called, respectively, a right-neighborhood and a left-neighborhood with center x0 and
radius ε.

Remark : Nε (x0) = {x0} ∪ Nε

(
x+
0
)
∪ Nε

(
x−
0
)

Definition

Given a set E ⊆ R a point x0 ∈ R is called a limit point of E if every neighborhood of x0

contains at least one element of E which is different from x0:

∀ε > 0 ⇒ Nε (x0) ∩ E \ {x0} ̸= ∅

The set made by all the limit points of E is called the derivative set and it is indicated
with E ′.
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Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point x0 ∈ R. There can be five cases. Case one:

x0 < 0. In this case consider the neighborhood of x0 with radius

ε = |x0| /2 = −x0/2. Clearly

N|x0|/2 (x0) ∩ (0, 1) \ {x0} = ∅.
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(x0)
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NO OVERLAP!

CASE 1: x0 < 0
<latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit><latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit><latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit><latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit>
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0 1

x0

N |x0|
2

(x0)

NO OVERLAP!

No matter how close x0 is to 0 provided that x0 < 0

CASE 1: x0 < 0
<latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit><latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit><latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit><latexit sha1_base64="vcX/I4XJokFE7xuQPyDojZtygGE=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBFclEUERF9UiuKxoL9CGMJlO2qGTCzMn0hKy8VXcuFDErY/hzrdx2mahrT8MfPznHM6c34sFV2BZ38bC4tLyymphrbi+sbm1be7sNlSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlxzvwNsCDJIq1f3N9i+wBkeutal5Zolq2xNhOfBzqGEctVc86vTjWgSsBCoIEq1bSsGJyUSOBUsK3YSxWJCB6TH2hpDEjDlpJMDMnyknS72I6lfCHji/p5ISaDUKPB0Z0Cgr2ZrY/O/WjsB/9xJeRgnwEI6XeQnAkOEx2ngLpeMghhpIFRy/VdM+0QSCjqzog7Bnj15HhonZVvz3Wmpcp3HUUAH6BAdIxudoQq6RTVURxRl6Bm9ojfjyXgx3o2PaeuCkc/soT8yPn8ASjCU4w==</latexit>
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Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point x0 ∈ R. There can be five cases. Case two:

x0 = 0. In this case, no matter how small is ε > 0, we have

Nε (0) ∩ (0, 1) \ {0} = (0, ε) ̸= ∅.

i.e. x0 = 0 is a limit point.



1

x0 = 0

CASE 2: x0 = 0
<latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit><latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit><latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit><latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit>
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1

x0 = 0

N" (0)

"

CASE 2: x0 = 0
<latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit><latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit><latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit><latexit sha1_base64="qJlssI+rLKkDx0FTp76zsH+WrgQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqSREUQagWwWVFe4E2hMl00g6dXJg5kZaQja/ixoUibn0Md76N08tCW38Y+PjPOZw5vxcLrsCyvo3c0vLK6lp+vbCxubW9Y+7uNVSUSMrqNBKRbHlEMcFDVgcOgrViyUjgCdb0BtVxvfnIpOJR+ACjmDkB6YXc55SAtlzzoANsCDJIq1f3N7h8gTM8dK1LyzWLVsmaCC+CPYMimqnmml+dbkSTgIVABVGqbVsxOCmRwKlgWaGTKBYTOiA91tYYkoApJ50ckOFj7XSxH0n9QsAT9/dESgKlRoGnOwMCfTVfG5v/1doJ+OdOysM4ARbS6SI/ERgiPE4Dd7lkFMRIA6GS679i2ieSUNCZFXQI9vzJi9Aol2zNd6fFyvUsjjw6REfoBNnoDFXQLaqhOqIoQ8/oFb0ZT8aL8W58TFtzxmxmH/2R8fkDTUKU5Q==</latexit>
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Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point x0 ∈ R. There can be five cases. Case three:

0 < x0 < 1. In this case, no matter how small is ε > 0, we have

Nε (x0) ∩ (0, 1) \ {x0} = (0, ε) ̸= ∅.

i.e. x0 is a limit point.



10

x0

CASE 3: 0 < x0 < 1
<latexit sha1_base64="KBewRxePwvpL/e8RZEWvuGW7aWc=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZUUGRLqpFcFnRXqAdhkyatqGZC8kZaRmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53Byfi8SXIFlfRuZhcWl5ZXsam5tfWNzy9zeqakwlpRVaShC2fCIYoIHrAocBGtEkhHfE6zu9cvjev2BScXD4B6GEXN80g14h1MC2nLNvRawAUg/KV/eXeOTCzzCVnHgWkXbNfNWwZoIz4OdQh6lqrjmV6sd0thnAVBBlGraVgROQiRwKtgo14oViwjtky5ragyIz5STTE4Y4UPttHEnlPoFgCfu74mE+EoNfU93+gR6arY2Nv+rNWPonDsJD6IYWECnizqxwBDicR64zSWjIIYaCJVc/xXTHpGEgk4tp0OwZ0+eh9pxwdZ8e5ovXaVxZNE+OkBHyEZnqIRuUAVVEUWP6Bm9ojfjyXgx3o2PaWvGSGd20R8Znz9K+5Vm</latexit><latexit sha1_base64="KBewRxePwvpL/e8RZEWvuGW7aWc=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZUUGRLqpFcFnRXqAdhkyatqGZC8kZaRmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53Byfi8SXIFlfRuZhcWl5ZXsam5tfWNzy9zeqakwlpRVaShC2fCIYoIHrAocBGtEkhHfE6zu9cvjev2BScXD4B6GEXN80g14h1MC2nLNvRawAUg/KV/eXeOTCzzCVnHgWkXbNfNWwZoIz4OdQh6lqrjmV6sd0thnAVBBlGraVgROQiRwKtgo14oViwjtky5ragyIz5STTE4Y4UPttHEnlPoFgCfu74mE+EoNfU93+gR6arY2Nv+rNWPonDsJD6IYWECnizqxwBDicR64zSWjIIYaCJVc/xXTHpGEgk4tp0OwZ0+eh9pxwdZ8e5ovXaVxZNE+OkBHyEZnqIRuUAVVEUWP6Bm9ojfjyXgx3o2PaWvGSGd20R8Znz9K+5Vm</latexit><latexit sha1_base64="KBewRxePwvpL/e8RZEWvuGW7aWc=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZUUGRLqpFcFnRXqAdhkyatqGZC8kZaRmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53Byfi8SXIFlfRuZhcWl5ZXsam5tfWNzy9zeqakwlpRVaShC2fCIYoIHrAocBGtEkhHfE6zu9cvjev2BScXD4B6GEXN80g14h1MC2nLNvRawAUg/KV/eXeOTCzzCVnHgWkXbNfNWwZoIz4OdQh6lqrjmV6sd0thnAVBBlGraVgROQiRwKtgo14oViwjtky5ragyIz5STTE4Y4UPttHEnlPoFgCfu74mE+EoNfU93+gR6arY2Nv+rNWPonDsJD6IYWECnizqxwBDicR64zSWjIIYaCJVc/xXTHpGEgk4tp0OwZ0+eh9pxwdZ8e5ovXaVxZNE+OkBHyEZnqIRuUAVVEUWP6Bm9ojfjyXgx3o2PaWvGSGd20R8Znz9K+5Vm</latexit><latexit sha1_base64="KBewRxePwvpL/e8RZEWvuGW7aWc=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWwVWZUUGRLqpFcFnRXqAdhkyatqGZC8kZaRmKG1/FjQtF3PoU7nwb03YW2vpD4OM/53Byfi8SXIFlfRuZhcWl5ZXsam5tfWNzy9zeqakwlpRVaShC2fCIYoIHrAocBGtEkhHfE6zu9cvjev2BScXD4B6GEXN80g14h1MC2nLNvRawAUg/KV/eXeOTCzzCVnHgWkXbNfNWwZoIz4OdQh6lqrjmV6sd0thnAVBBlGraVgROQiRwKtgo14oViwjtky5ragyIz5STTE4Y4UPttHEnlPoFgCfu74mE+EoNfU93+gR6arY2Nv+rNWPonDsJD6IYWECnizqxwBDicR64zSWjIIYaCJVc/xXTHpGEgk4tp0OwZ0+eh9pxwdZ8e5ovXaVxZNE+OkBHyEZnqIRuUAVVEUWP6Bm9ojfjyXgx3o2PaWvGSGd20R8Znz9K+5Vm</latexit>
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Limit points

Exercize
Find the limit points of the set E = (0, 1).

Solution. Consider a point x0 ∈ R. There can be five cases.

Case four: x0 = 1. Exactly the same reasoning of x0 = 0, whence

x0 = 1 is a limit point.

Case five: x0 > 1. Exactly the same reasoning of x0 < 0, whence

x0 > 1 is not a limit point.

Conclusions
If E = (0, 1) then E ′ = [0, 1].
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Isolated points

Definition
Let E ⊆ R. A point x0 ∈ E which is not a limit point of E is called an

isolated point.

Example

E = {0} . Trivially,

∀ε > 0 ⇒ Nε (0) ∩ E \ {0} = ∅

Whence x0 is not a limit point of E =⇒ x0 is an isolated point of E .

E =
{ 1
n

∣∣ n ∈ N, n > 0
}
. In this case, all the points of E are isolated

point.

The point 0 (which is not in E ) is the unique limit point of E .
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N"(1) \ E \ {1} = ;
<latexit sha1_base64="mSpW/tsrQN+AyhOIeYOkhMfXEBE="></latexit><latexit sha1_base64="mSpW/tsrQN+AyhOIeYOkhMfXEBE="></latexit><latexit sha1_base64="mSpW/tsrQN+AyhOIeYOkhMfXEBE="></latexit><latexit sha1_base64="mSpW/tsrQN+AyhOIeYOkhMfXEBE="></latexit>
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N"(1/2) \ E \ {1/2} = ;
<latexit sha1_base64="G4RBA5d7pIAthyraDqHD+eF8MlQ="></latexit><latexit sha1_base64="G4RBA5d7pIAthyraDqHD+eF8MlQ="></latexit><latexit sha1_base64="G4RBA5d7pIAthyraDqHD+eF8MlQ="></latexit><latexit sha1_base64="G4RBA5d7pIAthyraDqHD+eF8MlQ="></latexit>
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"
<latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit>

Take an arbitrarily small " ...
<latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit>
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Take an arbitrarily small " ... and a su�ciently large n.
<latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit><latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit><latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit><latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit>

"
<latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit>

Take an arbitrarily small " ...
<latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit>

74/425



0 11/2
1/4

1/31/n

N"(0) \ E \ {0} 6= ;
<latexit sha1_base64="+D8YXnybp1L7Q3MZVUmR5qFRoxo="></latexit><latexit sha1_base64="+D8YXnybp1L7Q3MZVUmR5qFRoxo="></latexit><latexit sha1_base64="+D8YXnybp1L7Q3MZVUmR5qFRoxo="></latexit><latexit sha1_base64="+D8YXnybp1L7Q3MZVUmR5qFRoxo="></latexit>

Take an arbitrarily small " ... and a su�ciently large n.
<latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit><latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit><latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit><latexit sha1_base64="0g8/ui7T4gw+ms6YXFABCAiBZVk="></latexit>

"
<latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit><latexit sha1_base64="merhv/p7N1+GRG0fEnjZnljfmP0=">AAAB/XicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0hCmNtM4pK9vWV3LhBC8FfYamUntv4WC/+Ld2cKTXzV470Z5s0LjZKOfP/TW1ldW9/YLGwVt3d29/ZLB4cNFydWYF3EKratEBwqqbFOkhS2jEWIQoXNcHST+c0xWidjfU8Tg90IhloOpABKpXZnDBaNkyrWvVLZr/g5+DIJ5qTM5qj1Sl+dfiySCDUJBc61A99QdwqWpFA4K3YShwbECIbYTqmGCF13mkee8dPEAcXcoOVS8VzE3xtTiJybRGE6GQE9uEUvE//z2gkNrrpTqU1CqEV2iKTC/JATVqZdIO9Li0SQJUcuNRdggQit5CBEKiZpOcW0j2Dx+2XSOK8EfiW4uyhXr+fNFNgxO2FnLGCXrMpuWY3VmWAxe2LP7MV79F69N+/9Z3TFm+8csT/wPr4BiDqWDA==</latexit>

Take an arbitrarily small " ...
<latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit><latexit sha1_base64="I/s9h6naqZ6mc+f+VzcZYcTDWVw=">AAACLHicbVDLSgNBEJyN7/iKevQyGARPy64I5ih68aiQFyQh9I6tNpmdXWZ6xbDkV/wEv8KrnryI5Op3uIk5+KpTUVVNd1eUanIcBG9eaW5+YXFpeaW8ura+sVnZ2m66JLMKGyrRiW1H4FCTwQYTa2ynFiGONLaiwdnEb92hdZSYOg9T7MVwY+iaFHAh9Su1LuM953UYoAQjwUbEFizpoXQxaC1H3TuwmDrSifnKSt/35ahfqQZ+MIX8S8IZqYoZLvqVcfcqUVmMhpUG5zphkHIvB8ukNI7K3cxhCmoAN9gpqIEYXS+ffjiS+5kDTmSKVpKWUxG/T+QQOzeMoyIZA9+6395E/M/rZHxd6+Vk0ozRqMkiJo3TRU5ZKqpDeUUWmWFyOUoyUoEFZrQkQalCzIouy0Uf4e/v/5LmoR8Gfnh5VD05nTWzLHbFnjgQoTgWJ+JcXIiGUOJBPIln8eI9eq/euzf+ipa82cyO+AHv4xOer6iN</latexit>
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Interior points

Definition
Let E ⊆ R. A point x0 ∈ E is an interior point of E if

∃ε : Nε (x0) ⊂ E .

Example

E = {0} . The only possible interior point is 0 (it is the unique

element of E !), but

∀ε > 0 ⇒ Nε (0) ⊃ E = {0} ,

whence E has no interior points.

E = (0, 1). In this case all the points of E are interior points of E .

E = [0, 1]. In this case 0 and 1 are not interior points of E , while all

the points in (0, 1) are interior points of E .
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If the center is either in zero or one, 
no matter how small is the radius, a part of the 

neighborhood will be outside of the set.
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Open sets

Definition
A set E ⊂ R is said to be open if every point of E is an interior point of E .

Remark
All the sets of the form

(a, b)

are open. For example (0, 1) is open, as well as

(−1, 1)

(−1, 0) ∪ (0, 1)

etc..etc.. While the set

[0, 1]

is not open.
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Closed sets

Definition
A set E ⊂ R is said to be closed if every limit point of E is a point of E

Remark
All the sets of the form

[a, b]

are closed. For example [0, 1] is closed, as well as

[−1, 1]

[−10,−5] ∪ [0, 1]

etc..etc.. While the set

(0, 1)

is not closed.
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Closed sets

Recall that E ′ indicates the set that contains all the limit points of a set E .

Definition

Given a set E the set E = E ∪ E ′ is called the closure of E .

Example

Consider E = (0, 1), we know that E ′ = [0, 1] so

(0, 1) = [0, 1] .

Trivially

[0, 1] = [0, 1] .

Remark

A set E is closed if and only if E = E .
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Boundary and exterior points

Definition
Given a set E ⊆ R a point x0 ∈ R is said an exterior point of E if

∃ε > 0 : Nε (x0) ⊂ E c = R \ E .

Example

Consider E = (0, 1), then all the points of the set

(−∞, 0) ∪ (1,∞)

are exterior points. Note that 0 and 1 are not exterior points.

Consider E = [0, 1], then all the points of the set

(−∞, 0) ∪ (1,∞)

are exterior points. Note that 0 and 1 are not exterior points.
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Boundary and exterior points

Definition
Given a set E ⊆ R a point x0 ∈ R is said an boundary point of E if

∀ε > 0 ⇒ Nε (x0) ∩ E ̸= ∅ and Nε (x0) ∩ E c ̸= ∅.

Example

Consider E = (0, 1), then the two points

{0, 1}

are the boundary points. The same is true for E = [0, 1].

Consider E = (1,+∞] then {1} is the unique boundary point.



81/425

Some exercises

N = N \ {0} .

Type of Point
Set Limit Isolated Interior Exterior Boundary
(0, 1) [0, 1] ∄ (0, 1) (−∞, 0) ∪ (1,∞) {0, 1} Open

{0, 1} ∄ {0, 1} ∄ R \ {0, 1} {0, 1} Closed

{ 1
n

∣∣ n ∈ N
}

{0}
{ 1

n

∣∣ n ∈ N
}

∄ R \
{
0, 1

n

∣∣ n ∈ N
} {

0, 1
n

∣∣ n ∈ N
}

–

[0, 1] ∪ {2} [0, 1] {2} (0, 1) R \ {[0, 1] ∪ {2}} {0, 1, 2} Closed

(0, 1) ∪ {2} [0, 1] {2} (0, 1) R \ {[0, 1] ∪ {2}} {0, 1, 2} –

(−∞, 1) (−∞, 1] ∄ (−∞, 1) (1,∞) {1} Open

(−∞, 1] (−∞, 1] ∄ (−∞, 1) (1,∞) {1} Closed
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Functions

Definition
Let D ⊆ R be a subset of R. A function is a correspondence that associate

to each element of D one and only one element of R.

f : D ⊆ R → R

x ∈ D → f (x) ∈ R

Standard nomenclature

D = Domain of the function.

x = Independent variable, it must always belong to the domain!.

f (x) = The image of x through f or also the dependent variable.
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Functions: examples

Example

f (x) = x
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Functions: examples

Example

f (x) = x2 = x · x
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Functions: examples

Example

f (x) = x3 = x · x · x

-10 -5 0 5 10
-1000

-500

0

500

1000



86/425

Functions: examples

Example

f (x) = x4 = x · x · x · x
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Functions: examples

Example
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Functions: examples

Example

f (x) =
1
x
⇒ D = R \ {0}
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Functions: examples

Example

f (x) =
1
x
⇒ D = R \ {0}
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Functions: examples

Example

f (x) =
1
x2 ⇒ D = R \ {0}
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Functions: examples

Example

f (x) =
1
x3 ⇒ D = R \ {0}

-2 -1 0 1 2
-1500

-1000

-500

0

500

1000

1500



92/425

Functions: examples

Example

f (x) =
1
x2 ⇒ D = R \ {0}
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Functions: examples

Example

f (x) =
1

x − 1
⇒ D = R \ {1}

f (x) =
1

(x − 1)2
⇒ D = R \ {1}

f (x) =
1

(x − 1)2 (x − 2)
⇒ D = R \ {1, 2}

f (x) =
1

(x + 1)2 (x + 2)7 x
⇒ D = R \ {−2,−1, 0}
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The image of a function

Definition
Let f : D ⊆ R → R be a function. We call the image of f the set

If = {y ∈ R | ∃x ∈ D : f (x) = y} ,

that is: the sets of points in R which are the images, through f , of at least

one point of the domain.

Problem
How do I find the image of a function?

I have to find all the y such that the equation

y = f (x)

has at least one x that solves it.
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The image of a function

Exercize

Find the image of f (x) = x .

Solution. The equation y = f (x) = x is solvable for every y ! It is enough to take x = y .
Hence

If = R.

Exercize

Find the image of f (x) = 1
x
.

Solution. The equation y = f (x) = 1
x

is for sure solvable if either y > 0 or y < 0, if this
is the case it is enough to consider

x =
1
y
.

However if y = 0 we get 1
x
= 0 which is impossible to be solved. Hence

If = R \ {0} .
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A more general definition of function

Definition
Given any two sets X and Y a function is a correspondence that associate

to each element x ∈ X one and only one element y ∈ Y . In formula

f : X → Y

x ∈ X → f (y) ∈ Y .

The sets X and Y are called, resp., domain and co-domain of the function.

The image is defined, as usual, as

If = {y ∈ Y | ∃x ∈ X : f (x) = y} .
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Increasing and Decreasing functions

Definition
Let D ⊆ R → R be a function and let I ⊂ D be an open interval

I = (a, b), subset of the domain. We say that the function f is strictly

increasing in I if

∀x1, x2 ∈ I : x1 < x2 ⇒ f (x1) < f (x2) ,

we say that the function f is increasing in I if

∀x1, x2 ∈ I : x1 < x2 ⇒ f (x1) ≤ f (x2) .
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Increasing and Decreasing functions

Definition
Let D ⊆ R → R be a function and let I ⊂ D be an open interval

I = (a, b), subset of the domain. We say that the function f is strictly

decreasing in I if

∀x1, x2 ∈ I : x1 < x2 ⇒ f (x1) > f (x2) ,

we say that the function f is decreasing in I if

∀x1, x2 ∈ I : x1 < x2 ⇒ f (x1) ≥ f (x2) .
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Increasing and Decreasing functions

Example

Consider two coefficients m and b and the function f (x) = mx + b.

Take x1 < x2, then

f (x2)− f (x1) = mx2 + b −mx1 − b = m (x2 − x1) ,

whence f (x) = mx + b is strictly increasing if m > 0 and strictly

decreasing if m < 0.

The function f (x) = x2 is strictly increasing in (0,+∞) and strictly

decreasing in (−∞, 0). Take x1 < x2, then

f (x2)− f (x1) = x2
2 − x2

1 = (x1 + x2)︸ ︷︷ ︸
A

(x2 − x1) .

The factor A is positive if both x2 and x1 are in (0,+∞) and negative

if both x2 and x1 are in (−∞, 0).
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Properties of functions

Definition
A function f : X → Y is said to injective if

∀x1, x2 ∈ X if x1 ̸= x2 ⇒ f (x1) ̸= f (x2) ,

that is, any two distinguished elements of the domain are mapped into

two distinguished element of the image. Equivalently:

∀x1, x2 ∈ X if f (x1) = f (x2) ⇒ x1 = x2.

Example

The function f (x) = x2 is not injective:

x = −2 ̸= y = 2 but f (2) = 22 = 4 = (−2)2 = f (−2) .



101/425

Properties of functions

Definition
A function f : X → Y is said to surjective if

∀y ∈ Y ∃x ∈ X : f (x) = y ,

that is, all the elements of the co-domain are images of at least

one-element of the domain.

Example

The function f (x) = x2 defined as f : R → R+ where

R+ = {x ∈ R | x ≥ 0} is surjective: the equation y = x2 has always two

solutions if y ≥ 0. The same function defined as f : R → R is not

surjective since for example

−1 = x2

has no solution.
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Properties of functions and the composite function

Definition
A function f : X → Y is said to bijective if it is both surjective and

injective.

Definition
Suppose that f is a function f : X → Y and that g is another function

g : W → Z such that If ⊆ W . The composite function g ◦ f is defined as

g ◦ f : X → Z

x → (g ◦ f ) (x) = g (f (x))

Remark
The condition If ⊆ W is fundamental, it guarantees that f (x) ∈ W and so

g (f (x)) is well-defined.
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The composite function

Example

f (x) = x + 1, g (x) = x − 1 then

(g ◦ f ) (x) = g (f (x)) = g (x + 1) = x + 1 − 1 = x .

f (x) = x2, g (x) = 1/x then

(g ◦ f ) (x) = g (f (x)) = g
(
x2) = 1/x2.

f (x) = x2, g (x) = x3 then

(g ◦ f ) (x) = g (f (x)) = g
(
x2) = (x2)3 = x5.

f (x) = −x , g (x) = |x | then

(g ◦ f ) (x) = g (f (x)) = g (−x) = |−x | = |x | .
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The inverse function

Definition
The identity function is indicated with the greek letter ι and is defined as

∀x ∈ R, ι (x) = x

Definition
A function f : X → Y is said to be invertible if there exists a second

function g : Y → X such that

g ◦ f = f ◦ g = ι,

if this function g exists it is called the inverse function and it is indicated

with f (−1).
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The inverse function

WARNING

The notation f (−1) it is just to remind that the function operates “backward”, but
f (−1) (x) may not coincide with (f (x))−1 = 1

f (x)
.

Theorem

A function f : X → Y is invertible if and only if it is a bijection, that is if and only if is
both surjective and injective.

Existence and construction of the inverse

Take a y ∈ Y . Question: is it possible to put y in correspondence to ONE AND
ONLY ONE x ∈ X such that f (x) = y ?

In other words...does the equation

y = f (x)

has a unique solution x ∈ X for all y ∈ Y ?

Injective ⇒ the solution exists. Surjective ⇒ it is unique.
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Y
<latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit>

105/425



X
<latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit>

Y
<latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit>

y 2 Y
<latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit>

105/425



X
<latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit>

Y
<latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit>

y 2 Y
<latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit>

x 2 Y
<latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit>

f(x) = y
<latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit>

It exists thanks to the surjectivity 

105/425



X
<latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit>

Y
<latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit>

y 2 Y
<latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit>

x 2 Y
<latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit>

f(x) = y
<latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit>

x0 6= x
<latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit><latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit><latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit><latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit>

105/425



X
<latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit>

Y
<latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit>

y 2 Y
<latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit>

x 2 Y
<latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit>

f(x) = y
<latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit><latexit sha1_base64="/VvthRlfk7aBq4yhVarrm3N1kBU=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNkKBBiqChDBJ5oMSKzpdNOOXubN2tEZGVr6CFig7R8jEU/AuOcQEJU41mdrWzE0RSWHTdT6ewtLyyulZcL21sbm3vlHf3WjaMDYcmD2VoOgGzIIWGJgqU0IkMMBVIaAfjq5nffgBjRahvcRKBr9hIi6HgDFPpblh9PKYXdEL75YpbczPQReLlpEJyNPrlr94g5LECjVwya7ueG6GfMIOCS5iWerGFiPExG0E3pZopsH6SBZ7So9gyDGkEhgpJMxF+byRMWTtRQTqpGN7beW8m/ud1Yxye+4nQUYyg+ewQCgnZIcuNSJsAOhAGENksOVChKWeGIYIRlHGeinFaTSntw5v/fpG0TmqeW/NuTiv1y7yZIjkgh6RKPHJG6uSaNEiTcKLIE3kmL87UeXXenPef0YKT7+yTP3A+vgGGzZOe</latexit>

x0 6= x
<latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit><latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit><latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit><latexit sha1_base64="0XXMyL0S+I3N+L7n+T7JMJPazow=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgjKChjJI5CHFITpfNuGU89ncraNEVlq+ghYqOkTLf1DwL9jGBSRMNZrZ1c6OH0lh0HE+raXlldW19dJGeXNre2fX3ttvmjDWHBo8lKFu+8yAFAoaKFBCO9LAAl9Cyx9dZX5rDNqIUN3iNIJuwIZKDARnmEo9257cJV6kRQAzT8EDnfTsilN1ctBF4hakQgrUe/aX1w95HIBCLpkxHdeJsJswjYJLmJW92EDE+IgNoZNSxQIw3SRPPqPHsWEY0gg0FZLmIvzeSFhgzDTw08mA4b2Z9zLxP68T4+CimwgVxQiKZ4dQSMgPGa5FWgnQvtCAyLLkQIWinGmGCFpQxnkqxmlH5bQPd/77RdI8rbpO1b05q9Qui2ZK5JAckRPiknNSI9ekThqEkzF5Is/kxXq0Xq036/1ndMkqdg7IH1gf38KgmE8=</latexit>

IMPOSSIBLE! The function is injective! 

105/425



X
<latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit><latexit sha1_base64="6qca4MANjcFCQrl/7VY9lWguRM4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48JmgckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5kfvcRtZFxdE+zBP0QJpEcSwGUSq3esFpz624Ovkq8gtRYgeaw+jUYxcKGGJFQYEzfcxPy56BJCoWLysAaTEBMYYL9lEYQovHnedAFP7MGKOYJai4Vz0X8vTGH0JhZGKSTIdCDWfYy8T+vb2l87c9llFjCSGSHSCrMDxmhZdoA8pHUSARZcuQy4gI0EKGWHIRIRZtWUkn78Ja/XyWdi7rn1r3WZa1xVzRTZifslJ0zj12xBrtlTdZmgiF7Ys/sxbHOq/PmvP+Mlpxi55j9gfPxDVnGkXI=</latexit>

Y
<latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit><latexit sha1_base64="S/rzF8QP8r5FAoA3V60e9QtpDiM=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISDWUiyAMlVnS+bMIp54fu9pCiKF9ACxUdouWDKPgXbOMCEqYazexqZydIlDTkup/Oyura+sZmaau8vbO7t185OGyb2GqBLRGrWHcDblDJCFskSWE30cjDQGEnmFxnfucRtZFxdEfTBP2QjyM5koJTKjXvB5WqW3NzsGXiFaQKBRqDyld/GAsbYkRCcWN6npuQP+OapFA4L/etwYSLCR9jL6URD9H4szzonJ1awylmCWomFctF/L0x46Ex0zBIJ0NOD2bRy8T/vJ6l0ZU/k1FiCSORHSKpMD9khJZpA8iGUiMRz5IjkxETXHMi1JJxIVLRppWU0z68xe+XSfu85rk1r3lRrd8WzZTgGE7gDDy4hDrcQANaIADhCZ7hxbHOq/PmvP+MrjjFzhH8gfPxDVtVkXM=</latexit>

y 2 Y
<latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit><latexit sha1_base64="s8HTjEnI1RWL1vLOzArXUwYYhgk=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sgmnnB+6WyNFVj6CFio6RMvXUPAvnE0KSJhqNLOrnZ0gUdKQ6346pZXVtfWN8mZla3tnd6+6f9A2caoFtkSsYt0NuEElI2yRJIXdRCMPA4WdYHKd+51H1EbG0R1NE/RDPo7kSApOVupM+zJi92xQrbl1twBbJt6c1GCO5qD61R/GIg0xIqG4MT3PTcjPuCYpFM4q/dRgwsWEj7FnacRDNH5WxJ2xk9RwilmCmknFChF/b2Q8NGYaBnYy5PRgFr1c/M/rpTS69DMZJSlhJPJDJBUWh4zQ0vaAbCg1EvE8OTL7vOCaE6GWjAthxdQWU7F9eIvfL5P2Wd1z697tea1xNW+mDEdwDKfgwQU04Aaa0AIBE3iCZ3hxMufVeXPef0ZLznznEP7A+fgGOymTig==</latexit>

x 2 Y
<latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit><latexit sha1_base64="EqHYS5xWSTlPDQwzAyzvjZU41Z8=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IGSKFpfNuGU80N3a0Rk5SNooaJDtHwNBf/C2biAhKlGM7va2fFjJQ257qeztLyyurZe2ihvbm3v7Fb29lsmSrTApohUpDs+GFQyxCZJUtiJNULgK2z7k6vMbz+gNjIKb2kaYz+AcShHUgBZqf3YkyG/44NK1a25Ofgi8QpSZQUag8pXbxiJJMCQhAJjup4bUz8FTVIonJV7icEYxATG2LU0hABNP83jzvhxYoAiHqPmUvFcxN8bKQTGTAPfTgZA92bey8T/vG5Co4t+KsM4IQxFdoikwvyQEVraHpAPpUYiyJIjt88L0ECEWnIQwoqJLaZs+/Dmv18krdOa59a8m7Nq/bJopsQO2RE7YR47Z3V2zRqsyQSbsCf2zF6c1Hl13pz3n9Elp9g5YH/gfHwDOZSTiQ==</latexit>

So now do the following association…

f (�1)(y) = x
<latexit sha1_base64="JOBBK9Yk552egQf0JYyOdED/h28=">AAACDnicbVC7SgNBFJ2NrxhfUTttBoOQFIZdEbQRgjaWEcwDkjXMTu4mQ2Znl5m7YlgCfoJfYauVndj6Cxb+i5uYQhNPdTjnXu49x4ukMGjbn1ZmYXFpeSW7mltb39jcym/v1E0Yaw41HspQNz1mQAoFNRQooRlpYIEnoeENLsd+4w60EaG6wWEEbsB6SviCM0ylTn7Pv03aEnwsHjltLXp9LI2KwxI9p/edfMEu2xPQeeJMSYFMUe3kv9rdkMcBKOSSGdNy7AjdhGkUXMIo144NRIwPWA9aKVUsAOMmkwwjehgbhiGNQFMh6USE3xsJC4wZBl46GTDsm1lvLP7ntWL0z9xEqChGUHx8CIWEySHDtUjLAdoVGhDZ+HOgQlHONEMELSjjPBXjtK1c2oczm36e1I/Ljl12rk8KlYtpM1myTw5IkTjklFTIFamSGuHkgTyRZ/JiPVqv1pv1/jOasaY7u+QPrI9v24ya3w==</latexit><latexit sha1_base64="JOBBK9Yk552egQf0JYyOdED/h28=">AAACDnicbVC7SgNBFJ2NrxhfUTttBoOQFIZdEbQRgjaWEcwDkjXMTu4mQ2Znl5m7YlgCfoJfYauVndj6Cxb+i5uYQhNPdTjnXu49x4ukMGjbn1ZmYXFpeSW7mltb39jcym/v1E0Yaw41HspQNz1mQAoFNRQooRlpYIEnoeENLsd+4w60EaG6wWEEbsB6SviCM0ylTn7Pv03aEnwsHjltLXp9LI2KwxI9p/edfMEu2xPQeeJMSYFMUe3kv9rdkMcBKOSSGdNy7AjdhGkUXMIo144NRIwPWA9aKVUsAOMmkwwjehgbhiGNQFMh6USE3xsJC4wZBl46GTDsm1lvLP7ntWL0z9xEqChGUHx8CIWEySHDtUjLAdoVGhDZ+HOgQlHONEMELSjjPBXjtK1c2oczm36e1I/Ljl12rk8KlYtpM1myTw5IkTjklFTIFamSGuHkgTyRZ/JiPVqv1pv1/jOasaY7u+QPrI9v24ya3w==</latexit><latexit sha1_base64="JOBBK9Yk552egQf0JYyOdED/h28=">AAACDnicbVC7SgNBFJ2NrxhfUTttBoOQFIZdEbQRgjaWEcwDkjXMTu4mQ2Znl5m7YlgCfoJfYauVndj6Cxb+i5uYQhNPdTjnXu49x4ukMGjbn1ZmYXFpeSW7mltb39jcym/v1E0Yaw41HspQNz1mQAoFNRQooRlpYIEnoeENLsd+4w60EaG6wWEEbsB6SviCM0ylTn7Pv03aEnwsHjltLXp9LI2KwxI9p/edfMEu2xPQeeJMSYFMUe3kv9rdkMcBKOSSGdNy7AjdhGkUXMIo144NRIwPWA9aKVUsAOMmkwwjehgbhiGNQFMh6USE3xsJC4wZBl46GTDsm1lvLP7ntWL0z9xEqChGUHx8CIWEySHDtUjLAdoVGhDZ+HOgQlHONEMELSjjPBXjtK1c2oczm36e1I/Ljl12rk8KlYtpM1myTw5IkTjklFTIFamSGuHkgTyRZ/JiPVqv1pv1/jOasaY7u+QPrI9v24ya3w==</latexit><latexit sha1_base64="JOBBK9Yk552egQf0JYyOdED/h28=">AAACDnicbVC7SgNBFJ2NrxhfUTttBoOQFIZdEbQRgjaWEcwDkjXMTu4mQ2Znl5m7YlgCfoJfYauVndj6Cxb+i5uYQhNPdTjnXu49x4ukMGjbn1ZmYXFpeSW7mltb39jcym/v1E0Yaw41HspQNz1mQAoFNRQooRlpYIEnoeENLsd+4w60EaG6wWEEbsB6SviCM0ylTn7Pv03aEnwsHjltLXp9LI2KwxI9p/edfMEu2xPQeeJMSYFMUe3kv9rdkMcBKOSSGdNy7AjdhGkUXMIo144NRIwPWA9aKVUsAOMmkwwjehgbhiGNQFMh6USE3xsJC4wZBl46GTDsm1lvLP7ntWL0z9xEqChGUHx8CIWEySHDtUjLAdoVGhDZ+HOgQlHONEMELSjjPBXjtK1c2oczm36e1I/Ljl12rk8KlYtpM1myTw5IkTjklFTIFamSGuHkgTyRZ/JiPVqv1pv1/jOasaY7u+QPrI9v24ya3w==</latexit>
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y 2 Y
<latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit>
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y 2 Y
<latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit>
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y 2 Y
<latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit>

x1 2 X
<latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit>

x2 2 X
<latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit><latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit><latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit><latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit>
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y 2 Y
<latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit>

x1 2 X
<latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit>

x2 2 X
<latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit><latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit><latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit><latexit sha1_base64="hg/2LZuLaEbUW8gaCzK7J2Nq0eQ=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDRB5SYkXnyyaccj5bd2tEZPITtFDRIVp+hoJ/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRLNoc0jGelewAxIoaCNAiX0Yg0sDCR0g+lV5nfvQRsRqVucxeCHbKLEWHCGVuo9DBsDoWhvWK25dTcHXSZeQWqkQGtY/RqMIp6EoJBLZkzfc2P0U6ZRcAnzyiAxEDM+ZRPoW6pYCMZP87xzepIYhhGNQVMhaS7C742UhcbMwsBOhgzvzKKXif95/QTHF34qVJwgKJ4dQiEhP2S4FrYIoCOhAZFlyYHa3znTDBG0oIxzKya2mYrtw1v8fpl0GnXPrXs3Z7XmZdFMmRyRY3JKPHJOmuSatEibcCLJE3kmL86j8+q8Oe8/oyWn2Dkkf+B8fAMPLpQD</latexit>

NOT IN
VERTIBLE! 
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x1 2 X
<latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit>
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y 2 Y
<latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit>

x1 2 X
<latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit>
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y 2 Y
<latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit>

x1 2 X
<latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit>

INVERTIBLE! 
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<latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit><latexit sha1_base64="tSP+6Dv4BiaV7MqMp64cx1/vb+4=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+UWNH5sglHzmfrbo0UrPwDLVR0iJa/oeBfOBsXkDDVaGZXOztBLIVB1/10SkvLK6tr5fXKxubW9k51d69tokRzaPFIRrobMANSKGihQAndWAMLAwmdYHKZ+Z0H0EZE6ganMfghGysxEpyhldrTvlD0dlCtuXU3B10kXkFqpEBzUP3qDyOehKCQS2ZMz3Nj9FOmUXAJs0o/MRAzPmFj6FmqWAjGT/O0M3qUGIYRjUFTIWkuwu+NlIXGTMPAToYM78y8l4n/eb0ER+d+KlScICieHUIhIT9kuBa2BqBDoQGRZcmB2t850wwRtKCMcysmtpeK7cOb/36RtE/qnlv3rk9rjYuimTI5IIfkmHjkjDTIFWmSFuHknjyRZ/LiPDqvzpvz/jNacoqdffIHzsc34hyTYA==</latexit>

x1 2 X
<latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit><latexit sha1_base64="8RtmObx9Me7+MP0f1a163DO6a4I=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJIJLGUWNH5sgmnnM/W3RoRmfwELVR0iJafoeBfOBsXkDDVaGZXOzthIoVB1/10lpZXVtfWKxvVza3tnd3a3n7HxKnm0OaxjLUfMgNSKGijQAl+ooFFoYRuOLnK/e49aCNidYvTBIKIjZUYCc7QSv7DwOsLRf1Bre423AJ0kXglqZMSrUHtqz+MeRqBQi6ZMT3PTTDImEbBJcyq/dRAwviEjaFnqWIRmCAr8s7ocWoYxjQBTYWkhQi/NzIWGTONQjsZMbwz814u/uf1UhxdBJlQSYqgeH4IhYTikOFa2CKADoUGRJYnB2p/50wzRNCCMs6tmNpmqrYPb/77RdI5bXhuw7s5qzcvy2Yq5JAckRPikXPSJNekRdqEE0meyDN5cR6dV+fNef8ZXXLKnQPyB87HNw2alAI=</latexit>

INVERTIBLE! 

Invertibility 
depends on the 
definition of the 
domain and co-

domain!
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<latexit sha1_base64="mwS8UBr1ZLTkTJ+FrorelfdV5WQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH6sgmnnB+6WwORlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k8vM79yjNjIMbmkaoevDOJAjKYBS6eZxYA+qNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpJHnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zl5LxP/83oxjc7dRAZRTBiI7BBJhfkhI7RMO0A+lBqJIEuOXAZcgAYi1JKDEKkYp6VU0j6c+e8XSfuk7th15/q01rgomimzA3bIjpnDzliDXbEmazHBxuyJPbMX68F6td6s95/RklXs7LM/sD6+AbCokiQ=</latexit><latexit sha1_base64="mwS8UBr1ZLTkTJ+FrorelfdV5WQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH6sgmnnB+6WwORlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k8vM79yjNjIMbmkaoevDOJAjKYBS6eZxYA+qNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpJHnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zl5LxP/83oxjc7dRAZRTBiI7BBJhfkhI7RMO0A+lBqJIEuOXAZcgAYi1JKDEKkYp6VU0j6c+e8XSfuk7th15/q01rgomimzA3bIjpnDzliDXbEmazHBxuyJPbMX68F6td6s95/RklXs7LM/sD6+AbCokiQ=</latexit><latexit sha1_base64="mwS8UBr1ZLTkTJ+FrorelfdV5WQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH6sgmnnB+6WwORlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k8vM79yjNjIMbmkaoevDOJAjKYBS6eZxYA+qNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpJHnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zl5LxP/83oxjc7dRAZRTBiI7BBJhfkhI7RMO0A+lBqJIEuOXAZcgAYi1JKDEKkYp6VU0j6c+e8XSfuk7th15/q01rgomimzA3bIjpnDzliDXbEmazHBxuyJPbMX68F6td6s95/RklXs7LM/sD6+AbCokiQ=</latexit><latexit sha1_base64="mwS8UBr1ZLTkTJ+FrorelfdV5WQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH6sgmnnB+6WwORlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k8vM79yjNjIMbmkaoevDOJAjKYBS6eZxYA+qNbtu5+CLxClIjRVoDqpf/WEoYh8DEgqM6Tl2RG4CmqRQOKv0Y4MRiAmMsZfSAHw0bpJHnfGj2ACFPELNpeK5iL83EvCNmfpeOukD3Zl5LxP/83oxjc7dRAZRTBiI7BBJhfkhI7RMO0A+lBqJIEuOXAZcgAYi1JKDEKkYp6VU0j6c+e8XSfuk7th15/q01rgomimzA3bIjpnDzliDXbEmazHBxuyJPbMX68F6td6s95/RklXs7LM/sD6+AbCokiQ=</latexit>

f(x0)
<latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit><latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit><latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit><latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit>

f(x0)
<latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit><latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit><latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit><latexit sha1_base64="OIpWcHhjR9+jqGJ6xNwNTapRJME=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiRWtL5tw5PzQ3RoRovwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xwKCSATZJksJOpBF8T2HbG1+mfvsetZFhcEOTCF0fRoEcSgGUSK1h9aFvH/fLFbtmZ+CLxMlJheVo9MtfvUEoYh8DEgqM6Tp2RO4UNEmhcFbqxQYjEGMYYTehAfho3GmWdsaPYgMU8gg1l4pnIv7emIJvzMT3kkkf6NbMe6n4n9eNaXjuTmUQxYSBSA+RVJgdMkLLpAbkA6mRCNLkyGXABWggQi05CJGIcdJLKenDmf9+kbROao5dc65PK/WLvJkiO2CHrMocdsbq7Io1WJMJdsee2DN7sR6tV+vNev8ZLVj5zj77A+vjG0CDkvk=</latexit>

f (�1)(f(x0))
<latexit sha1_base64="pVpdsuCrS6xcgGSF11qacrIkJL8=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESElBZGNkKCMoKEMEnlIibHOl0045fzQ3ToistLyFbRQ0SFa/oOCf8E2LiBhqtHMrnZ2vEgKjZb1aSwtr6yurZc2yptb2zu75t5+W4ex4tDioQxV12MapAighQIldCMFzPckdLzxVeZ3JqC0CINbnEbg+GwUiKHgDFPJNc3hXVI9sWuz6rD64Fq1mmtWrLqVgy4SuyAVUqDpml/9QchjHwLkkmnds60InYQpFFzCrNyPNUSMj9kIeikNmA/aSfLkM3oca4YhjUBRIWkuwu+NhPlaT30vnfQZ3ut5LxP/83oxDi+cRARRjBDw7BAKCfkhzZVIKwE6EAoQWZYcqAgoZ4ohghKUcZ6KcdpROe3Dnv9+kbRP67ZVt2/OKo3LopkSOSRHpEpsck4a5Jo0SYtwMiFP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjG45jlko=</latexit><latexit sha1_base64="pVpdsuCrS6xcgGSF11qacrIkJL8=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESElBZGNkKCMoKEMEnlIibHOl0045fzQ3ToistLyFbRQ0SFa/oOCf8E2LiBhqtHMrnZ2vEgKjZb1aSwtr6yurZc2yptb2zu75t5+W4ex4tDioQxV12MapAighQIldCMFzPckdLzxVeZ3JqC0CINbnEbg+GwUiKHgDFPJNc3hXVI9sWuz6rD64Fq1mmtWrLqVgy4SuyAVUqDpml/9QchjHwLkkmnds60InYQpFFzCrNyPNUSMj9kIeikNmA/aSfLkM3oca4YhjUBRIWkuwu+NhPlaT30vnfQZ3ut5LxP/83oxDi+cRARRjBDw7BAKCfkhzZVIKwE6EAoQWZYcqAgoZ4ohghKUcZ6KcdpROe3Dnv9+kbRP67ZVt2/OKo3LopkSOSRHpEpsck4a5Jo0SYtwMiFP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjG45jlko=</latexit><latexit sha1_base64="pVpdsuCrS6xcgGSF11qacrIkJL8=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESElBZGNkKCMoKEMEnlIibHOl0045fzQ3ToistLyFbRQ0SFa/oOCf8E2LiBhqtHMrnZ2vEgKjZb1aSwtr6yurZc2yptb2zu75t5+W4ex4tDioQxV12MapAighQIldCMFzPckdLzxVeZ3JqC0CINbnEbg+GwUiKHgDFPJNc3hXVI9sWuz6rD64Fq1mmtWrLqVgy4SuyAVUqDpml/9QchjHwLkkmnds60InYQpFFzCrNyPNUSMj9kIeikNmA/aSfLkM3oca4YhjUBRIWkuwu+NhPlaT30vnfQZ3ut5LxP/83oxDi+cRARRjBDw7BAKCfkhzZVIKwE6EAoQWZYcqAgoZ4ohghKUcZ6KcdpROe3Dnv9+kbRP67ZVt2/OKo3LopkSOSRHpEpsck4a5Jo0SYtwMiFP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjG45jlko=</latexit><latexit sha1_base64="pVpdsuCrS6xcgGSF11qacrIkJL8=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESElBZGNkKCMoKEMEnlIibHOl0045fzQ3ToistLyFbRQ0SFa/oOCf8E2LiBhqtHMrnZ2vEgKjZb1aSwtr6yurZc2yptb2zu75t5+W4ex4tDioQxV12MapAighQIldCMFzPckdLzxVeZ3JqC0CINbnEbg+GwUiKHgDFPJNc3hXVI9sWuz6rD64Fq1mmtWrLqVgy4SuyAVUqDpml/9QchjHwLkkmnds60InYQpFFzCrNyPNUSMj9kIeikNmA/aSfLkM3oca4YhjUBRIWkuwu+NhPlaT30vnfQZ3ut5LxP/83oxDi+cRARRjBDw7BAKCfkhzZVIKwE6EAoQWZYcqAgoZ4ohghKUcZ6KcdpROe3Dnv9+kbRP67ZVt2/OKo3LopkSOSRHpEpsck4a5Jo0SYtwMiFP5Jm8GI/Gq/FmvP+MLhnFzgH5A+PjG45jlko=</latexit>

f (�1)(f(x0)) = x0
<latexit sha1_base64="sd5979a0pzQAm2j8O7yElOLTcPQ=">AAACCHicbVC5TsNAEF2HK4TLHB3NiggpKYhshAQNUgQNZZDIISUmWm8mYZX1od0xIlj5Ab6CFio6RMtfUPAv2MYFBF4xenpvRjPz3FAKjZb1YRTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr+PKgV2dVoaVu75VrZ4mtW+WrZqVgf4ldk7KJEejb372BgGPPPCRS6Z117ZCdGKmUHAJ01Iv0hAyPmYj6CbUZx5oJ86un9L9SDMMaAiKCkkzEX5OxMzTeuK5SafH8EbPeqn4n9eNcHjixMIPIwSfp4tQSMgWaa5EEgvQgVCAyNLLgQqfcqYYIihBGeeJGCU5lZI87Nnv/5LWYc22avblUbl+lidTJLtkj1SITY5JnVyQBmkSTu7JI3kiz8aD8WK8Gm/frQUjn9kmv2C8fwEwNpe2</latexit><latexit sha1_base64="sd5979a0pzQAm2j8O7yElOLTcPQ=">AAACCHicbVC5TsNAEF2HK4TLHB3NiggpKYhshAQNUgQNZZDIISUmWm8mYZX1od0xIlj5Ab6CFio6RMtfUPAv2MYFBF4xenpvRjPz3FAKjZb1YRTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr+PKgV2dVoaVu75VrZ4mtW+WrZqVgf4ldk7KJEejb372BgGPPPCRS6Z117ZCdGKmUHAJ01Iv0hAyPmYj6CbUZx5oJ86un9L9SDMMaAiKCkkzEX5OxMzTeuK5SafH8EbPeqn4n9eNcHjixMIPIwSfp4tQSMgWaa5EEgvQgVCAyNLLgQqfcqYYIihBGeeJGCU5lZI87Nnv/5LWYc22avblUbl+lidTJLtkj1SITY5JnVyQBmkSTu7JI3kiz8aD8WK8Gm/frQUjn9kmv2C8fwEwNpe2</latexit><latexit sha1_base64="sd5979a0pzQAm2j8O7yElOLTcPQ=">AAACCHicbVC5TsNAEF2HK4TLHB3NiggpKYhshAQNUgQNZZDIISUmWm8mYZX1od0xIlj5Ab6CFio6RMtfUPAv2MYFBF4xenpvRjPz3FAKjZb1YRTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr+PKgV2dVoaVu75VrZ4mtW+WrZqVgf4ldk7KJEejb372BgGPPPCRS6Z117ZCdGKmUHAJ01Iv0hAyPmYj6CbUZx5oJ86un9L9SDMMaAiKCkkzEX5OxMzTeuK5SafH8EbPeqn4n9eNcHjixMIPIwSfp4tQSMgWaa5EEgvQgVCAyNLLgQqfcqYYIihBGeeJGCU5lZI87Nnv/5LWYc22avblUbl+lidTJLtkj1SITY5JnVyQBmkSTu7JI3kiz8aD8WK8Gm/frQUjn9kmv2C8fwEwNpe2</latexit><latexit sha1_base64="sd5979a0pzQAm2j8O7yElOLTcPQ=">AAACCHicbVC5TsNAEF2HK4TLHB3NiggpKYhshAQNUgQNZZDIISUmWm8mYZX1od0xIlj5Ab6CFio6RMtfUPAv2MYFBF4xenpvRjPz3FAKjZb1YRTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr+PKgV2dVoaVu75VrZ4mtW+WrZqVgf4ldk7KJEejb372BgGPPPCRS6Z117ZCdGKmUHAJ01Iv0hAyPmYj6CbUZx5oJ86un9L9SDMMaAiKCkkzEX5OxMzTeuK5SafH8EbPeqn4n9eNcHjixMIPIwSfp4tQSMgWaa5EEgvQgVCAyNLLgQqfcqYYIihBGeeJGCU5lZI87Nnv/5LWYc22avblUbl+lidTJLtkj1SITY5JnVyQBmkSTu7JI3kiz8aD8WK8Gm/frQUjn9kmv2C8fwEwNpe2</latexit>
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The radical function

Theorem
For all n ∈ N and for all y ∈ R with y > 0 the equation

y = xn

has a unique solution x which is called the n-th root of y and it is indicated

with

x = y
1
n .

Definition

The function f : R+ → R+ defined as

f (x) = x
1
n

is called the radical function.
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0 < x0 < 1
<latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit>
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<latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit>
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<latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit>

106/425



0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.5

1

1.5

2

2.5

3

0 < x0 < 1
<latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit><latexit sha1_base64="id2jKxpYpxXg1cObUv8/UexQkYE=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKjojJChSRNBQBok8pMSKzpdNOOV8tu7WiMjKR9BCRYdo+RoK/gXbuICEqUYzu9rZ8SMlLTL26ZRWVtfWN8qbla3tnd296v5Bx4axEdAWoQpNz+cWlNTQRokKepEBHvgKuv70OvO7D2CsDPUdziLwAj7RciwFx1TqssbjkDXcYbXG6iwHXSZuQWqkQGtY/RqMQhEHoFEobm3fZRF6CTcohYJ5ZRBbiLiY8gn0U6p5ANZL8rhzehJbjiGNwFCpaC7C742EB9bOAj+dDDje20UvE//z+jGOL71E6ihG0CI7hFJBfsgKI9MegI6kAUSeJQcqNRXccEQwknIhUjFOi6mkfbiL3y+TzlndZXX39rzWvCqaKZMjckxOiUsuSJPckBZpE0Gm5Ik8kxcncV6dN+f9Z7TkFDuH5A+cj2+ba5Ml</latexit>

. . . < x4
0 < x3

0 < x2
0 < x0 < x

1/2
0 < x

1/3
0 < x

1/4
0 < . . .

<latexit sha1_base64="08h2eUoTpLXmq4L0xB+WG4BQ7+s=">AAACNXicbZA7TwJBEMf38IX4Qi1tNhITK7wDEi0oMDaWmMgjASR7ywAb9h7ZnTOSC5/Hj+CnsNVY0Blbv4J3BxoFp5j88p+ZzMzf9qXQaJpvRmpldW19I72Z2dre2d3L7h/UtRcoDjXuSU81baZBChdqKFBC01fAHFtCwx5dxfXGPSgtPPcWxz50HDZwRV9whpHUzV62hz0Pdfmha96VklxMciHOCYXWWWHyTcUfKk3Ks9FuNmfmzSToMlhzyJF5VLvZabvn8cABF7lkWrcs08dOyBQKLmGSaQcafMZHbACtCF3mgO6EyasTehJohh71QVEhaSLC74mQOVqPHTvqdBgO9WItFv+rtQLsX3RC4foBgsvjRSgkJIs0VyLyEGhPKEBk8eVAhUs5UwwRlKCM80gMIlMzkR/W4vfLUC/kLTNv3ZRylfLcmTQ5IsfklFjknFTINamSGuHkkTyTF/JqPBlT4934mLWmjPnMIfkTxucXwEGpLw==</latexit><latexit sha1_base64="08h2eUoTpLXmq4L0xB+WG4BQ7+s=">AAACNXicbZA7TwJBEMf38IX4Qi1tNhITK7wDEi0oMDaWmMgjASR7ywAb9h7ZnTOSC5/Hj+CnsNVY0Blbv4J3BxoFp5j88p+ZzMzf9qXQaJpvRmpldW19I72Z2dre2d3L7h/UtRcoDjXuSU81baZBChdqKFBC01fAHFtCwx5dxfXGPSgtPPcWxz50HDZwRV9whpHUzV62hz0Pdfmha96VklxMciHOCYXWWWHyTcUfKk3Ks9FuNmfmzSToMlhzyJF5VLvZabvn8cABF7lkWrcs08dOyBQKLmGSaQcafMZHbACtCF3mgO6EyasTehJohh71QVEhaSLC74mQOVqPHTvqdBgO9WItFv+rtQLsX3RC4foBgsvjRSgkJIs0VyLyEGhPKEBk8eVAhUs5UwwRlKCM80gMIlMzkR/W4vfLUC/kLTNv3ZRylfLcmTQ5IsfklFjknFTINamSGuHkkTyTF/JqPBlT4934mLWmjPnMIfkTxucXwEGpLw==</latexit><latexit sha1_base64="08h2eUoTpLXmq4L0xB+WG4BQ7+s=">AAACNXicbZA7TwJBEMf38IX4Qi1tNhITK7wDEi0oMDaWmMgjASR7ywAb9h7ZnTOSC5/Hj+CnsNVY0Blbv4J3BxoFp5j88p+ZzMzf9qXQaJpvRmpldW19I72Z2dre2d3L7h/UtRcoDjXuSU81baZBChdqKFBC01fAHFtCwx5dxfXGPSgtPPcWxz50HDZwRV9whpHUzV62hz0Pdfmha96VklxMciHOCYXWWWHyTcUfKk3Ks9FuNmfmzSToMlhzyJF5VLvZabvn8cABF7lkWrcs08dOyBQKLmGSaQcafMZHbACtCF3mgO6EyasTehJohh71QVEhaSLC74mQOVqPHTvqdBgO9WItFv+rtQLsX3RC4foBgsvjRSgkJIs0VyLyEGhPKEBk8eVAhUs5UwwRlKCM80gMIlMzkR/W4vfLUC/kLTNv3ZRylfLcmTQ5IsfklFjknFTINamSGuHkkTyTF/JqPBlT4934mLWmjPnMIfkTxucXwEGpLw==</latexit><latexit sha1_base64="08h2eUoTpLXmq4L0xB+WG4BQ7+s=">AAACNXicbZA7TwJBEMf38IX4Qi1tNhITK7wDEi0oMDaWmMgjASR7ywAb9h7ZnTOSC5/Hj+CnsNVY0Blbv4J3BxoFp5j88p+ZzMzf9qXQaJpvRmpldW19I72Z2dre2d3L7h/UtRcoDjXuSU81baZBChdqKFBC01fAHFtCwx5dxfXGPSgtPPcWxz50HDZwRV9whpHUzV62hz0Pdfmha96VklxMciHOCYXWWWHyTcUfKk3Ks9FuNmfmzSToMlhzyJF5VLvZabvn8cABF7lkWrcs08dOyBQKLmGSaQcafMZHbACtCF3mgO6EyasTehJohh71QVEhaSLC74mQOVqPHTvqdBgO9WItFv+rtQLsX3RC4foBgsvjRSgkJIs0VyLyEGhPKEBk8eVAhUs5UwwRlKCM80gMIlMzkR/W4vfLUC/kLTNv3ZRylfLcmTQ5IsfklFjknFTINamSGuHkkTyTF/JqPBlT4934mLWmjPnMIfkTxucXwEGpLw==</latexit>
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x0 > 1
<latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit>
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<latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit>
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<latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit><latexit sha1_base64="diGRaDZ63sOxnQwAF0k5KD2nruU=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhCswp0IWogEbCwjeEkgOcLeZhKX7H2wOyeGI7/BVis7sfXnWPhfvDuv0MRXPd6bYd48P1bSkG1/WkvLK6tr65WN6ubW9s5ubW+/baJEC3RFpCLd9blBJUN0SZLCbqyRB77Cjj+5zv3OA2ojo/COpjF6AR+HciQFp0xyHwf2lTOo1e2GXYAtEqckdSjRGtS++sNIJAGGJBQ3pufYMXkp1ySFwlm1nxiMuZjwMfYyGvIAjZcWYWfsODGcIhajZlKxQsTfGykPjJkGfjYZcLo3814u/uf1EhpdeKkM44QwFPkhkgqLQ0ZombWAbCg1EvE8OTIZMsE1J0ItGRciE5OslmrWhzP//SJpnzYcu+HcntWbl2UzFTiEIzgBB86hCTfQAhcESHiCZ3ixptar9Wa9/4wuWeXOAfyB9fENqB6SoQ==</latexit>

. . . < x
1/4
0 < x

1/3
0 < x

1/2
0 < x0 < x2

0 < x3
0 < x4

0 < . . .
<latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="bzB0uW1fzy1MgMhO8gWsRy3sg4E=">AAAB5HicbVC7TsNAEFyHVzABQk1zIkKiimwaKJFoKINEHlKwovVlE045n627NVIU5QdoqegQf0XBv2CbFJAw1WhmVzs7caaV4yD49Gpb2zu7e/V9/6DhHx4dNxs9l+ZWUlemOrWDGB1pZajLijUNMkuYxJr68ey29PvPZJ1KzQPPM4oSnBo1URK5kDqjZitoBxXEJglXpAUrjJpfj+NU5gkZlhqdG4ZBxtECLSupaek/5o4ylDOc0rCgBhNy0aKKuRTnuUNORUZWKC0qkX5vLDBxbp7ExWSC/OTWvVL8zxvmPLmOFspkOZOR5SFWmqpDTlpV/E9irCwxY5mchDJCokVmskqglIWYF4X4RR3h+vObpHfZDoN2eB9AHU7hDC4ghCu4gTvoQBckjOEFXj3nvXnvP7XVvFV/J/AH3sc3ljCOsg==</latexit><latexit sha1_base64="Eh0crowNWYJ8qCBMY11jxkzRMEs=">AAACMHicbZDLTgJBEEVrfCKiols3HYmJK5xBE124MHGhS0zkkQCSnqaAjj2PdNcYyYRP8hP8ClcmsnJn/AiHAYyCtTp9b3VX13VDJQ3Z9pu1tLyyurae2chu5ra2d/K7uaoJIi2wIgIV6LrLDSrpY4UkKayHGrnnKqy5D1djv/aI2sjAv6NBiC2P93zZlYJTIrXz181+JyBz8dS272Pn+HQ4o5MfKqU0OZWm6sxN+icPtPMFu2inxRbBmUIBplVu50fNTiAiD30SihvTcOyQWjHXJIXCYbYZGQy5eOA9bCTocw9NK04XHrLDyHAKWIiaScVSEX/fiLlnzMBzk06PU9/Me2PxP68RUfe8FUs/jAh9MR5EUmE6yAgtkySRdaRGIj7+OTLpM8E1J0ItGRciEaMk2myShzO//SJUS0XHLjq3NmRgHw7gCBw4g0u4gTJUQMAzvMI7jKwX68P6nCS3ZE0j3IM/ZX19A2ZUqrM=</latexit><latexit sha1_base64="Eh0crowNWYJ8qCBMY11jxkzRMEs=">AAACMHicbZDLTgJBEEVrfCKiols3HYmJK5xBE124MHGhS0zkkQCSnqaAjj2PdNcYyYRP8hP8ClcmsnJn/AiHAYyCtTp9b3VX13VDJQ3Z9pu1tLyyurae2chu5ra2d/K7uaoJIi2wIgIV6LrLDSrpY4UkKayHGrnnKqy5D1djv/aI2sjAv6NBiC2P93zZlYJTIrXz181+JyBz8dS272Pn+HQ4o5MfKqU0OZWm6sxN+icPtPMFu2inxRbBmUIBplVu50fNTiAiD30SihvTcOyQWjHXJIXCYbYZGQy5eOA9bCTocw9NK04XHrLDyHAKWIiaScVSEX/fiLlnzMBzk06PU9/Me2PxP68RUfe8FUs/jAh9MR5EUmE6yAgtkySRdaRGIj7+OTLpM8E1J0ItGRciEaMk2myShzO//SJUS0XHLjq3NmRgHw7gCBw4g0u4gTJUQMAzvMI7jKwX68P6nCS3ZE0j3IM/ZX19A2ZUqrM=</latexit><latexit sha1_base64="nqTDUXz4Aybl5OiQZybbrhSQ6Bg=">AAACO3icbZC7TgJBFIZnvSLeVi1tJhITK9xFEy0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPmdQAqNlvVqLC2vrK6tZzaym1vbO7vm3n5V+6HiUOG+9FXdYRqk8KCCAiXUAwXMdSTUnMHVxK89gNLC9+5wGEDLZT1PdAVnGEtt87rZ7/ioi49t6z6yT89HMzr7oUJC01MhVWdu3D99oG3mrLyVFF0EO4UcSavcNsfNjs9DFzzkkmndsK0AWxFTKLiEUbYZaggYH7AeNGL0mAu6FSULj+hxqBn6NABFhaSJCL9vRMzVeug6cafLsK/nvYn4n9cIsXvZioQXhAgenwxCISEZpLkScZJAO0IBIpv8HKjwKGeKIYISlHEei2EcbTbOw57ffhGqhbxt5e1bK1cqpslkyCE5IifEJhekRG5ImVQIJ0/khbyRsfFsvBsfxue0dclI7xyQP2V8fQPDnKxP</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit><latexit sha1_base64="Nti4pFZVcOXPmpV31cgBEMIwMXE=">AAACO3icbZC7TgJBFIZn8YZ4Qy1tJhITK9xFEi0oSCy0xEQuCSCZHQ4wYfaSmbNGsuGRfASfwspEKjtja++yLEbBU33z/2fmzPltXwqNpvlqpFZW19Y30puZre2d3b3s/kFNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eHV1K8/gNLCc+9w5EPbYX1X9ARnGEmd7HVr0PVQlx475n1onRXHczr/oUJMs1MhUedu1D97oJPNmXkzLroMVgI5klSlk520uh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMj60IzQZQ7odhgvPKYngWboUR8UFZLGIvy+ETJH65FjR50Ow4Fe9Kbif14zwN5lOxSuHyC4fDoIhYR4kOZKREkC7QoFiGz6c6DCpZwphghKUMZ5JAZRtJkoD2tx+2WoFfKWmbdui7lyKUkmTY7IMTklFrkgZXJDKqRKOHkiL+SNTIxn4934MD5nrSkjuXNI/pTx9Q3E3KxT</latexit>
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The radical function

The following definition is now well-posed:

Definition
Let q = n

m with n ∈ N and m ∈ N, m > 0, be a rational number. For all

x > 0 we define

x
n
m =

(
x

1
m

)n
,

that is, the m-th root of x to the power n. It can be proved that this

definition is equivalent to

x
n
m = (xn)

1
m ,

that is, the m-th root of x to the power n. If q < 0 we set xq = 1
x−q .

Example

4
3
2 =

(
4

1
2

)3
= 23 = 8, 4(−

3
2) =

1

4
3
2
=

1
8
.
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Toward the exponential function...

Up to now we have defined ...

xn
def
= x · · · x︸ ︷︷ ︸

n− times

, x−n def
=

1
xn

,

and

x
n
m

def
= (xn)

1
m , x−

n
m

def
=

1
x

n
m

.

Now consider an irrational number, for example
√

2 = 1. 414213562373095048801688724209 . . .︸ ︷︷ ︸
Infinite, non-periodic, number of digits.

what does it mean

3
√

2 ??

Is it possible to define 3x for ALL x ∈ R? We need the concept of

SEQUENCES!
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Sequences

Definition

A sequence of real number (sn)n∈N is any function

s : N → R

n → s (n) = sn.

The number sn is also called the n-th element of the sequence.

Example

Consider the sequence sn = 1
n
, hence

s1 = 1, s2 =
1
2
, s3 =

1
3
, s4 =

1
4
, . . .

or for example sn = n
n+1 , hence

s1 =
1
2
, s2 =

2
3
, s3 =

3
4
, s4 =

4
5
, . . .
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Limit of sequences

What happens to a sequence sn when n is “very large” ?

sn

n 1
n

n
n+1 (−1)n

1 1 1
2 = 0.5 -1

2 1
2 = 0.5 2

3 = 0.6667 1
3 1

3 = 0.333 3
4 = 0.75 -1

4 1
4 = 0.25 4

5 = 0.8 1
5 1

5 = 0.2 5
6 = 0.8333 -1

...
...

...
...

The elements of sn = 1/n seem to approach 0 as n grows.

The elements of sn = n/(n + 1) seem to approach 1 as n grows.

The elements of sn = (−1)n swings between 1 and −1.
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Limit of sequences

The idea
For a sequence of real numbers sn, if it is possible to find a number ℓ ∈ R,

such that sn is arbitrarily close to ℓ provided that n is sufficiently

large...then I say that ℓ is the limit of the sequnce.

Definition
Let (sn)n∈N be a sequence. If it exists ℓ ∈ R such that

∀ε > 0, ∃n∗ : ∀n > n∗ ⇒ |sn − ℓ| < ε.

then ℓ is called the limit of the sequence and we use the notation

ℓ = lim
n→∞

sn

or we say sn → ℓ as n → ∞.
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Limit of sequences

Exercize
Prove that, according to the definition of limit,

lim
n→∞

1
n
= 0.

Solution. Take an arbitrarily small ε > 0. We have to prove that there

exists a n∗ ∈ N such that for all n > n∗ it holds that
∣∣ 1
n − 0

∣∣ = 1
n < ε. It is

enough to take

n∗ = min

{
n ∈ N

∣∣∣∣ n ≥ 1
ε

}
because if n > n∗ then

1
n
<

1
n∗

< ε.
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Limit of sequences

Exercize
Prove that, according to the definition of limit,

lim
n→∞

n

n + 1
= 1.

Solution. Take an arbitrarily small ε > 0. We have to prove that there

exists a n∗ ∈ N such that for all n > n∗ it holds that∣∣∣∣ n

n + 1
− 1
∣∣∣∣ = ∣∣∣∣n − n − 1

n + 1

∣∣∣∣ = ∣∣∣∣ −1
n + 1

∣∣∣∣ = 1
n + 1

< ε,

but this is exactly what we have done in the previous exercise.
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Toward the exponential function...

Consider the following iterative rule:q0 = 1

qn+1 = qn
2 + 1

qn
.

that is

q1 =
q0

2
+

1
q0

=
1
2
+ 1 =

3
2
= 1.5 ∈ Q

q2 =
q1

2
+

1
q1

=
3
2

2
+

2
3
=

17
12

= 1.416 ∈ Q

q3 =
q2

2
+

1
q2

=
17
12

2
+

12
17

=
577
408

= 1.414215 ∈ Q.

Note that qn ∈ Q for all n so 3qn is well-defined for all n. Besides, we will prove that
qn →

√
2 as n → +∞.

The idea

I define
3
√

2 def
= lim

n→∞
3qn .
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The exponential function

Definition
Let a be a positive number with either 0 < a < 1 or a > 1.

For all x ∈ R let qn be a sequence of points of Q, i.e. qn ∈ Q for all n,

such that

x = lim
n→∞

qn.

Then the exponential function f (x) = ax is defined as

ax = lim
n→∞

aqn .

If x < 0 we define ax = 1
a−x .

Theorem
It can be proved that the definition above does not depend on the chosen

sequence qn.
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The exponential function

Properties of the exponential function
Let a be a positive real number with either 0 < a < 1 or a > 1.

The function f (x) = ax is defined for all x ∈ R with values in

R+ \ {0}, that is

∀x ∈ R ⇒ ax > 0.

a0 = 1.

Given x and y it holds that

ax+y = ax ay , (ax)y = (ay )x = ax y .

If 0 < a < 1 the function is strictly decreasing.

If a > 1 the function is strictly increasing.
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x 2x
( 1

2

)x
-100 2−100 = 1

2100 = 0.000....
( 1

2

)−100
= 2100 = Huge number!

...
...

...
-3 2−3 = 1

23 = 1
8

( 1
2

)−3
= 23 = 8

-2 2−2 = 1
22 = 1

4

( 1
2

)−2
= 22 = 4

-1 2−1 = 1
2

( 1
2

)−1
= 2

0 20 = 1
( 1

2

)0
= 1

1 21 = 2
( 1

2

)1
= 1

2

2 22 = 4
( 1

2

)2
= 1

22 = 1
4

3 23 = 8
( 1

2

)3
= 1

23 = 1
8

...
...

...
100 2100 = Huge number!

( 1
2

)100
= 2100 = 0.000...
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As the image goes to + 1
<latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="bzB0uW1fzy1MgMhO8gWsRy3sg4E=">AAAB5HicbVC7TsNAEFyHVzABQk1zIkKiimwaKJFoKINEHlKwovVlE045n627NVIU5QdoqegQf0XBv2CbFJAw1WhmVzs7caaV4yD49Gpb2zu7e/V9/6DhHx4dNxs9l+ZWUlemOrWDGB1pZajLijUNMkuYxJr68ey29PvPZJ1KzQPPM4oSnBo1URK5kDqjZitoBxXEJglXpAUrjJpfj+NU5gkZlhqdG4ZBxtECLSupaek/5o4ylDOc0rCgBhNy0aKKuRTnuUNORUZWKC0qkX5vLDBxbp7ExWSC/OTWvVL8zxvmPLmOFspkOZOR5SFWmqpDTlpV/E9irCwxY5mchDJCokVmskqglIWYF4X4RR3h+vObpHfZDoN2eB9AHU7hDC4ghCu4gTvoQBckjOEFXj3nvXnvP7XVvFV/J/AH3sc3ljCOsg==</latexit><latexit sha1_base64="dGdk7sz0zGAujPfjT7CcOvFOTiU=">AAACDHicbVC7TgMxENzjGUKAQEtjESEhIUV3NFCCaCiDRB5SEkU+Z5NY8flO9h4iOuUD+AS+ghYqOsQvUPAvOEcKSJhqPLPW7E6YKGnJ9z+9ldW19Y3NwlZxu7Szu1feLzVsnBqBdRGr2LRCblFJjXWSpLCVGORRqLAZjq9nfvMejZWxvqNJgt2ID7UcSMHJSb1ypUP4QNmVZTRCJp2LbBije8ZsetqRekATN+VX/RxsmQRzUoE5ar3yV6cfizRCTUJxa9uBn1A344akUDgtdlKLCRdjF9Z2VPMIbTfLj5my49RyF56gYVKxXMTfPzIeWTuJQjcZcRrZRW8m/ue1UxpcdDOpk5RQi1kQSYV5kBVGupaQ9aVBIj7b3LWhmeCGE6GRjAvhxNTVVnR9BIvXL5PGWTXwq8GtDwU4hCM4gQDO4RJuoAZ1EPAIz/ACr96T9+a9/zS34s0rPIA/8D6+AWcwnf8=</latexit><latexit sha1_base64="dGdk7sz0zGAujPfjT7CcOvFOTiU=">AAACDHicbVC7TgMxENzjGUKAQEtjESEhIUV3NFCCaCiDRB5SEkU+Z5NY8flO9h4iOuUD+AS+ghYqOsQvUPAvOEcKSJhqPLPW7E6YKGnJ9z+9ldW19Y3NwlZxu7Szu1feLzVsnBqBdRGr2LRCblFJjXWSpLCVGORRqLAZjq9nfvMejZWxvqNJgt2ID7UcSMHJSb1ypUP4QNmVZTRCJp2LbBije8ZsetqRekATN+VX/RxsmQRzUoE5ar3yV6cfizRCTUJxa9uBn1A344akUDgtdlKLCRdjF9Z2VPMIbTfLj5my49RyF56gYVKxXMTfPzIeWTuJQjcZcRrZRW8m/ue1UxpcdDOpk5RQi1kQSYV5kBVGupaQ9aVBIj7b3LWhmeCGE6GRjAvhxNTVVnR9BIvXL5PGWTXwq8GtDwU4hCM4gQDO4RJuoAZ1EPAIz/ACr96T9+a9/zS34s0rPIA/8D6+AWcwnf8=</latexit><latexit sha1_base64="Drc0yYwFEX3BhShvPQx7ErZhips=">AAACF3icbVC7TsMwFHXKq5RXgZHFokJCQqoSFhgLLIxFog+piSrHvW2tOk5k3yCqqB/AJ/AVrDCxIVZGBv4FN3SAljsdn3Ouju8JEykMuu6nU1haXlldK66XNja3tnfKu3tNE6eaQ4PHMtbtkBmQQkEDBUpoJxpYFEpohaOrqd66A21ErG5xnEAQsYESfcEZWqpbrvgI95hdGIpDoMKqQAcx2GdMJye+UH0cW5dbdfOhi8CbgQqZTb1b/vJ7MU8jUMglM6bjuQkGGdMouIRJyU8NJIyPbFjHQsUiMEGWHzOhR6lhNjwBTYWkOQm/NzIWGTOOQuuMGA7NvDYl/9M6KfbPg0yoJEVQfBqEQkIeZLgWtiWgPaEBkU1/bttQlDPNEEELyji3ZGprK9k+vPnrF0HztOq5Ve/GrdQuZ80UyQE5JMfEI2ekRq5JnTQIJw/kiTyTF+fReXXenPcfa8GZ7eyTP+N8fAM/dp99</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit><latexit sha1_base64="qojHYyEx0igcwD8BgZU/OZqnjp0=">AAACF3icbVC7SgNBFJ31GeMramkzGARBCLsiaBm1sYxgHpBdwuzkJhkyO7vM3BXDkg/wE/wKW63sxNbSwn9xsqbQxFudOedcztwTJlIYdN1PZ2FxaXlltbBWXN/Y3Nou7ew2TJxqDnUey1i3QmZACgV1FCihlWhgUSihGQ6vJnrzDrQRsbrFUQJBxPpK9ARnaKlOqewj3GN2YSgOgAqrAu3HYJ8xHR/7QvVwZF1uxc2HzgNvCspkOrVO6cvvxjyNQCGXzJi25yYYZEyj4BLGRT81kDA+tGFtCxWLwARZfsyYHqaG2fAENBWS5iT83shYZMwoCq0zYjgws9qE/E9rp9g7DzKhkhRB8UkQCgl5kOFa2JaAdoUGRDb5uW1DUc40QwQtKOPckqmtrWj78GavnweNk4rnVryb03L1ctpMgeyTA3JEPHJGquSa1EidcPJAnsgzeXEenVfnzXn/sS4405098mecj29Atp+B</latexit>

The counter image goes to + 1
<latexit sha1_base64="zmWE54RbI6lmaOpvp5xqVJ6pwDI=">AAACHHicbVDLSgNBEJyNrxhfUY9eBoMQEMKuCHoMevEYIS9IQpiddJIhs7PLTK8YlvyCn+BXeNWTN/EqePBfnF1z0MQ+FVXVVHf5kRQGXffTya2srq1v5DcLW9s7u3vF/YOmCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/Ml1qrfuQBsRqjpOI+gFbKTEUHCGluoXy12Ee0zqY6A8jBWCpsJagI5CMBRDOjvtCjXEab9YcituNnQZeHNQIvOp9Ytf3UHI4wAUcsmM6XhuhL2EaRRcwqzQjQ1EjE9sWMdCxQIwvST7aEZPYsNseJSeI2lGwu+NhAXGTAPfOgOGY7OopeR/WifG4WUvESqKERRPg1BIyIIM18JWBXQgNCCy9HKgQlHONEPbjKCMc0vGtruC7cNb/H4ZNM8qnlvxbs9L1at5M3lyRI5JmXjkglTJDamRBuHkgTyRZ/LiPDqvzpvz/mPNOfOdQ/JnnI9vrFOh3w==</latexit><latexit sha1_base64="zmWE54RbI6lmaOpvp5xqVJ6pwDI=">AAACHHicbVDLSgNBEJyNrxhfUY9eBoMQEMKuCHoMevEYIS9IQpiddJIhs7PLTK8YlvyCn+BXeNWTN/EqePBfnF1z0MQ+FVXVVHf5kRQGXffTya2srq1v5DcLW9s7u3vF/YOmCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/Ml1qrfuQBsRqjpOI+gFbKTEUHCGluoXy12Ee0zqY6A8jBWCpsJagI5CMBRDOjvtCjXEab9YcituNnQZeHNQIvOp9Ytf3UHI4wAUcsmM6XhuhL2EaRRcwqzQjQ1EjE9sWMdCxQIwvST7aEZPYsNseJSeI2lGwu+NhAXGTAPfOgOGY7OopeR/WifG4WUvESqKERRPg1BIyIIM18JWBXQgNCCy9HKgQlHONEPbjKCMc0vGtruC7cNb/H4ZNM8qnlvxbs9L1at5M3lyRI5JmXjkglTJDamRBuHkgTyRZ/LiPDqvzpvz/mPNOfOdQ/JnnI9vrFOh3w==</latexit><latexit sha1_base64="zmWE54RbI6lmaOpvp5xqVJ6pwDI=">AAACHHicbVDLSgNBEJyNrxhfUY9eBoMQEMKuCHoMevEYIS9IQpiddJIhs7PLTK8YlvyCn+BXeNWTN/EqePBfnF1z0MQ+FVXVVHf5kRQGXffTya2srq1v5DcLW9s7u3vF/YOmCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/Ml1qrfuQBsRqjpOI+gFbKTEUHCGluoXy12Ee0zqY6A8jBWCpsJagI5CMBRDOjvtCjXEab9YcituNnQZeHNQIvOp9Ytf3UHI4wAUcsmM6XhuhL2EaRRcwqzQjQ1EjE9sWMdCxQIwvST7aEZPYsNseJSeI2lGwu+NhAXGTAPfOgOGY7OopeR/WifG4WUvESqKERRPg1BIyIIM18JWBXQgNCCy9HKgQlHONEPbjKCMc0vGtruC7cNb/H4ZNM8qnlvxbs9L1at5M3lyRI5JmXjkglTJDamRBuHkgTyRZ/LiPDqvzpvz/mPNOfOdQ/JnnI9vrFOh3w==</latexit><latexit sha1_base64="zmWE54RbI6lmaOpvp5xqVJ6pwDI=">AAACHHicbVDLSgNBEJyNrxhfUY9eBoMQEMKuCHoMevEYIS9IQpiddJIhs7PLTK8YlvyCn+BXeNWTN/EqePBfnF1z0MQ+FVXVVHf5kRQGXffTya2srq1v5DcLW9s7u3vF/YOmCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/Ml1qrfuQBsRqjpOI+gFbKTEUHCGluoXy12Ee0zqY6A8jBWCpsJagI5CMBRDOjvtCjXEab9YcituNnQZeHNQIvOp9Ytf3UHI4wAUcsmM6XhuhL2EaRRcwqzQjQ1EjE9sWMdCxQIwvST7aEZPYsNseJSeI2lGwu+NhAXGTAPfOgOGY7OopeR/WifG4WUvESqKERRPg1BIyIIM18JWBXQgNCCy9HKgQlHONEPbjKCMc0vGtruC7cNb/H4ZNM8qnlvxbs9L1at5M3lyRI5JmXjkglTJDamRBuHkgTyRZ/LiPDqvzpvz/mPNOfOdQ/JnnI9vrFOh3w==</latexit>
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As the image goes to 0
<latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit><latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit><latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit><latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit>
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The counter image goes to �1
<latexit sha1_base64="pqHb2NnY8yUeXMYiQWCn1lG8tSk=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSCkMeyKoGXQxjJCXpCEMDu5SYbMzi4zd8Ww5Bf8BL/CVis7sRUs/Bdn1xSaeKvDOedy7j1+JIVB1/10ciura+sb+c3C1vbO7l5x/6BpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3Kd6q070EaEqo7TCHoBGykxFJyhpfrFchfhHpP6GCgPY4WgqbAWoKMQDMWQzk67Qg1x2i+W3IqbDV0G3hyUyHxq/eJXdxDyOACFXDJjOp4bYS9hGgWXMCt0YwMR4xMb1rFQsQBML8k+mtGT2DAbHqXnSJqR8HsjYYEx08C3zoDh2CxqKfmf1olxeNlLhIpiBMXTIBQSsiDDtbBVAR0IDYgsvRyoUJQzzdA2Iyjj3JKx7a5g+/AWv18GzbOK51a82/NS9WreTJ4ckWNSJh65IFVyQ2qkQTh5IE/kmbw4j86r8+a8/1hzznznkPwZ5+Mbr32h4Q==</latexit><latexit sha1_base64="pqHb2NnY8yUeXMYiQWCn1lG8tSk=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSCkMeyKoGXQxjJCXpCEMDu5SYbMzi4zd8Ww5Bf8BL/CVis7sRUs/Bdn1xSaeKvDOedy7j1+JIVB1/10ciura+sb+c3C1vbO7l5x/6BpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3Kd6q070EaEqo7TCHoBGykxFJyhpfrFchfhHpP6GCgPY4WgqbAWoKMQDMWQzk67Qg1x2i+W3IqbDV0G3hyUyHxq/eJXdxDyOACFXDJjOp4bYS9hGgWXMCt0YwMR4xMb1rFQsQBML8k+mtGT2DAbHqXnSJqR8HsjYYEx08C3zoDh2CxqKfmf1olxeNlLhIpiBMXTIBQSsiDDtbBVAR0IDYgsvRyoUJQzzdA2Iyjj3JKx7a5g+/AWv18GzbOK51a82/NS9WreTJ4ckWNSJh65IFVyQ2qkQTh5IE/kmbw4j86r8+a8/1hzznznkPwZ5+Mbr32h4Q==</latexit><latexit sha1_base64="pqHb2NnY8yUeXMYiQWCn1lG8tSk=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSCkMeyKoGXQxjJCXpCEMDu5SYbMzi4zd8Ww5Bf8BL/CVis7sRUs/Bdn1xSaeKvDOedy7j1+JIVB1/10ciura+sb+c3C1vbO7l5x/6BpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3Kd6q070EaEqo7TCHoBGykxFJyhpfrFchfhHpP6GCgPY4WgqbAWoKMQDMWQzk67Qg1x2i+W3IqbDV0G3hyUyHxq/eJXdxDyOACFXDJjOp4bYS9hGgWXMCt0YwMR4xMb1rFQsQBML8k+mtGT2DAbHqXnSJqR8HsjYYEx08C3zoDh2CxqKfmf1olxeNlLhIpiBMXTIBQSsiDDtbBVAR0IDYgsvRyoUJQzzdA2Iyjj3JKx7a5g+/AWv18GzbOK51a82/NS9WreTJ4ckWNSJh65IFVyQ2qkQTh5IE/kmbw4j86r8+a8/1hzznznkPwZ5+Mbr32h4Q==</latexit><latexit sha1_base64="pqHb2NnY8yUeXMYiQWCn1lG8tSk=">AAACHHicbVC7SgNBFJ2NrxhfUUubwSCkMeyKoGXQxjJCXpCEMDu5SYbMzi4zd8Ww5Bf8BL/CVis7sRUs/Bdn1xSaeKvDOedy7j1+JIVB1/10ciura+sb+c3C1vbO7l5x/6BpwlhzaPBQhrrtMwNSKGigQAntSAMLfAktf3Kd6q070EaEqo7TCHoBGykxFJyhpfrFchfhHpP6GCgPY4WgqbAWoKMQDMWQzk67Qg1x2i+W3IqbDV0G3hyUyHxq/eJXdxDyOACFXDJjOp4bYS9hGgWXMCt0YwMR4xMb1rFQsQBML8k+mtGT2DAbHqXnSJqR8HsjYYEx08C3zoDh2CxqKfmf1olxeNlLhIpiBMXTIBQSsiDDtbBVAR0IDYgsvRyoUJQzzdA2Iyjj3JKx7a5g+/AWv18GzbOK51a82/NS9WreTJ4ckWNSJh65IFVyQ2qkQTh5IE/kmbw4j86r8+a8/1hzznznkPwZ5+Mbr32h4Q==</latexit>

As the image goes to 0
<latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit><latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit><latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit><latexit sha1_base64="3i3lVU+tiZcPWv73iO/STicgvcg=">AAACEXicbVC7SgNBFJ31GeNr1VKEwSBYhV0RtIzaWEYwD0iWMDu5SYbMPpi5K4YllZ/gV9hqZSe2foGF/+LsuoUmnurMOfdy5h4/lkKj43xaC4tLyyurpbXy+sbm1ra9s9vUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3yV+a07UFpE4S1OYvACNgzFQHCGRurZB12Ee0wvNMURUGFcoMMIzDOiU6dnV5yqk4POE7cgFVKg3rO/uv2IJwGEyCXTuuM6MXopUyi4hGm5m2iIGR+bmI6hIQtAe2l+xpQeJZqZ2BgUFZLmIvzeSFmg9STwzWTAcKRnvUz8z+skODj3UhHGCULIsyAUEvIgzZUw/QDtCwWILPu56SGknCmGCEpQxrkRE1NY2fThzl4/T5onVdepujenldpl0UyJ7JNDckxcckZq5JrUSYNw8kCeyDN5sR6tV+vNev8ZXbCKnT3yB9bHNzUSnMQ=</latexit>
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(x, y) ! (y, x)
<latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit><latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit><latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit><latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit>
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(x, y) ! (y, x)
<latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit><latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit><latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit><latexit sha1_base64="VGqbjFNkOgF7xiPL8GDJOClB8J4=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhMICFk15jokcSDHjGRRwKE9A4NTJh9ZKZXIcgf+BVe9eTNePUnPPgv7iIHBetUqepOV5cbKmnItj+tpeWV1bX11EZ6c2t7Zzezt181QaQFVkSgAl13waCSPlZIksJ6qBE8V2HNHVwmfu0OtZGBf0ujEFse9HzZlQIoltqZw9ywMMo3tez1CbQO7nluVBjm25msXbSn4IvEmZEsm6Hcznw1O4GIPPRJKDCm4dghtcagSQqFk3QzMhiCGEAPGzH1wUPTGk/zT/hJZIACHqLmUvGpiL83xuAZM/LceNID6pt5LxH/8xoRdS9aY+mHEaEvkkMkFU4PGaFlXAzyjtRIBEly5NLnAjQQoZYchIjFKG4qHffhzH+/SKqnRccuOjdn2dLVrJkUO2LHLMccds5K7JqVWYUJ9sCe2DN7sR6tV+vNev8ZXbJmOwfsD6yPb4YImbI=</latexit>
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The logarithmic function

Theorem
Let a be a positive number with either 0 < a < 1 or a > 1.

For all x ∈ R, x > 0, there exists a unique y such that

ay = x (✠)

The number y is called the logarithm to base a of x and it is indicated as

y = loga (x) .

The function f (x) = loga (x) is called the logarithmic function.

Remark
Remember that ay > 0 for all y , so the equation (✠) cannot be solved if

x ≤ 0. In other words the domain of the logarithmic function is
(0,+∞).
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The logarithmic function

Properties of the exponential function
Let a be a positive real number with either 0 < a < 1 or a > 1.

The function f (x) = loga (x) is defined for all x ∈ (0,∞) with values

in R.

Given x > 0 and y > 0 it holds that

loga (x y) = loga (x) + loga (y) , loga (x
y ) = y loga (x) .

loga (1) = 0.

If 0 < a < 1 the function is strictly decreasing, loga (x) > 0 for

x ∈ (0, 1) and loga (x) < 0 for x ∈ (1,+∞).

If a > 1 the function is strictly increasing, loga (x) < 0 for x ∈ (0, 1)

and loga (x) > 0 for x ∈ (1,+∞).
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The logarithmic function

Exercize
Find the domain of the function

f (x) = log3
(
1 − x2)

and find for which values f (x) > 0, f (x) > 0 and f (x) < 0.

Solution. The argument of the logarithm must be STRICTLY
POSITIVE, hence the domain is

D =
{
x ∈ R

∣∣ 1 − x2 > 0
}
= (−1, 1) .

Since the base is 3 > 1 then f (x) > 0 if 1 − x2 > 1 that is −x2 > 0 which

is impossible, hence f (x) ≤ 0 for all x . In particular

f (x) = 0 ⇔ 1 − x2 = 1 ⇔ x = 0.
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The logarithmic function

Exercize
Find the domain of the function

f (x) = log2 (log2 (log2 (x))) .

Solution. The most external logarithm requires

log2 (log2 (x)) > 0

which is true if and only if

log2 (x) > 1

which is true if and only if

2log2(x) > 21 ⇔ x > 2.

Whence the domain is D = (2,∞).
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The logarithmic function

Exercize

For each n ∈ N, n > 0, consider the function

fn (x) = log2

(
x − 1

n

)
Find the domain Dn of fn and find the domain D where all the fn’s are defined.

Solution. For a generic n it must be

x − 1
n
> 0 ⇔ x >

1
n
.

Whence
Dn =

(
1
n
,∞
)

and

D =
∞⋂
n=1

Dn = D1 = (1,∞) .



123/425

The logarithmic function

Exercize
Find the domain of the function

f (x) = log2

(
x

1 + 2x

)
.

Solution. The condition to be imposed is

x

1 + 2x
> 0,

Nevertheless the denominator 1 + 2x > 0 for all x , whence

D = (0,∞) .
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Principle of induction

Declaration of the axiom
Let Pn be a proposition defined on the set of integer numbers N. Assume

Pn∗ is true for some n∗ ∈ N. If for all n ≥ n∗ it holds that

Pn ⇒ Pn+1

then Pn is true for all n ≥ n∗.
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Principle of induction

Exercize
Find a closed-form formula for the sum of the first n integers:

Sn = 1 + 2 + 3 + 4 + 5 + . . .+ n =?

Solution. Let’s write down the first terms:

S1 = 1

S2 = 1 + 2 = 3 =
2 · 3
2

S3 = 1 + 2 + 3 = 6 =
3 · 4
2

S4 = 1 + 2 + 3 + 4 = 10 =
4 · 5
2

(0.1)

The guess is Sn = n · (n + 1) /2. Let’s prove it.
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Principle of induction

Exercize

Find a closed-form formula for the sum of the first n integers:

Sn = 1 + 2 + 3 + 4 + 5 + . . .+ n =?

Solution. We claim that
Sn =

n · (n + 1)
2

(✠) .

We know that the proposition is true for n = 1, 2, 3, 4. Let’s assume that (✠) is true.
Then

Sn+1 = 1 + 2 + 3 + . . .+ n︸ ︷︷ ︸
Sn

+n + 1

= Sn + n + 1 =
n · (n + 1)

2
+ n + 1 =

n · (n + 1) + 2 (n + 1)
2

=
(n + 1) · (n + 2)

2
, (0.2)

which means that the claim (✠) is true also for n + 1.
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Principle of induction

Exercize

Show that, ∀x ≥ −1, it holds that

(1 + x)n ≥ 1 + n x (□)

Solution. Let’s start with n = 0. The inequality (□) gives

(1 + x)0 = 1 ≥ 1,

which is trivially true. Let’s assume that (□) is true for a generic n. At n + 1 we get

(1 + x)n+1 = (1 + x)︸ ︷︷ ︸
≥0

(1 + x)n︸ ︷︷ ︸
Use (□)

≥ (1 + x) (1 + n x) = 1 + n x + x + n x2︸︷︷︸
≥0

≥ 1 + n x + x = 1 + (n + 1) x , (0.3)

which means that the claim (□) is true also for n + 1.
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Principle of induction

Exercize

For all x ∈ R prove that

1 + x + x2 + x3 + · · ·+ xn =
1 − xn+1

1 − x
, (△)

Solution. Let’s start with n = 0. The equality (△) gives

1 =
1 − x

1 − x
= 1,

which is trivially true. Let’s assume that (△) is true for a generic n. At n + 1 we get

1 + x + x2 + · · ·+ xn︸ ︷︷ ︸
Use (△)

+xn+1 =
1 − xn+1

1 − x
+ xn+1

=
1 − xn+1 + xn+1 − xn+2

1 − x
=

1 − xn+2

1 − x
.

which means that the claim (△) is true also for n + 1.
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Principle of induction

Example
The formulas derived so far allow to skip a lot of computation...

1 + 2 + 3 + 4 + 5 + · · ·+ 100 =
100 · 101

2
= 50 · 101 = 5050.

1 + 2 + 22 + 23 + 24 + 25 =
1 − 26

1 − 2
=

1 − 64
−1

= 63.
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Sequences

Definition

A sequence of real number (sn)n∈N is any function

s : N → R

n → s (n) = sn.

The number sn is also called the n-th element of the sequence.

Definition

Let (sn)n∈N be a sequence. If it exists ℓ ∈ R such that

∀ε > 0,∃n∗ : ∀n > n∗ ⇒ 0 < |sn − ℓ| < ε.

then ℓ is called the limit of the sequence and we use the notation

ℓ = lim
n→∞

sn

or we say sn → ℓ as n → ∞.
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Sequences

Definition

A sequence of real number (sn)n∈N is any function

s : N → R

n → s (n) = sn.

The number sn is also called the n-th element of the sequence.

Definition

Let (sn)n∈N be a sequence. If

∀M > 0,∃n∗ : ∀n > n∗ ⇒ sn > M.

we say that
lim

n→∞
sn = +∞

or we say sn → +∞ as n → ∞.
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n⇤ = 4
<latexit sha1_base64="Mj0tUiB4KzpcuN/A1IolUBccoIc=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItxJQBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a822q5djVrpgCHcAQn4ME51OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpJTkpg=</latexit><latexit sha1_base64="Mj0tUiB4KzpcuN/A1IolUBccoIc=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItxJQBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a822q5djVrpgCHcAQn4ME51OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpJTkpg=</latexit><latexit sha1_base64="Mj0tUiB4KzpcuN/A1IolUBccoIc=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItxJQBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a822q5djVrpgCHcAQn4ME51OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpJTkpg=</latexit><latexit sha1_base64="Mj0tUiB4KzpcuN/A1IolUBccoIc=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItxJQBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a822q5djVrpgCHcAQn4ME51OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpJTkpg=</latexit>

131/425



n⇤ = 7
<latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit>
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1 � "
<latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit>

1 + "
<latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit>

n⇤ = 7
<latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit>
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n⇤ = 7
<latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit>
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<latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit>

1 + "
<latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit>

n⇤ = 13
<latexit sha1_base64="1ROVPCEeo+qoWa85FLRZJ4JfeAE=">AAAB+HicbVC7TsNAEFyHVwivACXNiQgJUUQ2IEGDFEFDGSTykBITnS+bcHA+W3drpBDlH2ihokO0/A0F/4ITXEDCVKOZXe3sBLGSllz308nNzS8sLuWXCyura+sbxc2tuo0SI7AmIhWZZsAtKqmxRpIUNmODPAwUNoL7i7HfeEBjZaSvaRCjH/K+lj0pOKVSXd8cnHlHnWLJLbsTsFniZaQEGaqd4le7G4kkRE1CcWtbnhuTP+SGpFA4KrQTizEX97yPrZRqHqL1h5O0I7aXWE4Ri9EwqdhExN8bQx5aOwiDdDLkdGunvbH4n9dKqHfqD6WOE0ItxodIKpwcssLItAZkXWmQiI+TI5OaCW44ERrJuBCpmKS9FNI+vOnvZ0n9sOy5Ze/quFQ5z5rJww7swj54cAIVuIQq1EDAHTzBM7w4j86r8+a8/4zmnGxnG/7A+fgGA42S0g==</latexit><latexit sha1_base64="1ROVPCEeo+qoWa85FLRZJ4JfeAE=">AAAB+HicbVC7TsNAEFyHVwivACXNiQgJUUQ2IEGDFEFDGSTykBITnS+bcHA+W3drpBDlH2ihokO0/A0F/4ITXEDCVKOZXe3sBLGSllz308nNzS8sLuWXCyura+sbxc2tuo0SI7AmIhWZZsAtKqmxRpIUNmODPAwUNoL7i7HfeEBjZaSvaRCjH/K+lj0pOKVSXd8cnHlHnWLJLbsTsFniZaQEGaqd4le7G4kkRE1CcWtbnhuTP+SGpFA4KrQTizEX97yPrZRqHqL1h5O0I7aXWE4Ri9EwqdhExN8bQx5aOwiDdDLkdGunvbH4n9dKqHfqD6WOE0ItxodIKpwcssLItAZkXWmQiI+TI5OaCW44ERrJuBCpmKS9FNI+vOnvZ0n9sOy5Ze/quFQ5z5rJww7swj54cAIVuIQq1EDAHTzBM7w4j86r8+a8/4zmnGxnG/7A+fgGA42S0g==</latexit><latexit sha1_base64="1ROVPCEeo+qoWa85FLRZJ4JfeAE=">AAAB+HicbVC7TsNAEFyHVwivACXNiQgJUUQ2IEGDFEFDGSTykBITnS+bcHA+W3drpBDlH2ihokO0/A0F/4ITXEDCVKOZXe3sBLGSllz308nNzS8sLuWXCyura+sbxc2tuo0SI7AmIhWZZsAtKqmxRpIUNmODPAwUNoL7i7HfeEBjZaSvaRCjH/K+lj0pOKVSXd8cnHlHnWLJLbsTsFniZaQEGaqd4le7G4kkRE1CcWtbnhuTP+SGpFA4KrQTizEX97yPrZRqHqL1h5O0I7aXWE4Ri9EwqdhExN8bQx5aOwiDdDLkdGunvbH4n9dKqHfqD6WOE0ItxodIKpwcssLItAZkXWmQiI+TI5OaCW44ERrJuBCpmKS9FNI+vOnvZ0n9sOy5Ze/quFQ5z5rJww7swj54cAIVuIQq1EDAHTzBM7w4j86r8+a8/4zmnGxnG/7A+fgGA42S0g==</latexit><latexit sha1_base64="1ROVPCEeo+qoWa85FLRZJ4JfeAE=">AAAB+HicbVC7TsNAEFyHVwivACXNiQgJUUQ2IEGDFEFDGSTykBITnS+bcHA+W3drpBDlH2ihokO0/A0F/4ITXEDCVKOZXe3sBLGSllz308nNzS8sLuWXCyura+sbxc2tuo0SI7AmIhWZZsAtKqmxRpIUNmODPAwUNoL7i7HfeEBjZaSvaRCjH/K+lj0pOKVSXd8cnHlHnWLJLbsTsFniZaQEGaqd4le7G4kkRE1CcWtbnhuTP+SGpFA4KrQTizEX97yPrZRqHqL1h5O0I7aXWE4Ri9EwqdhExN8bQx5aOwiDdDLkdGunvbH4n9dKqHfqD6WOE0ItxodIKpwcssLItAZkXWmQiI+TI5OaCW44ERrJuBCpmKS9FNI+vOnvZ0n9sOy5Ze/quFQ5z5rJww7swj54cAIVuIQq1EDAHTzBM7w4j86r8+a8/4zmnGxnG/7A+fgGA42S0g==</latexit>
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n⇤ = 7
<latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit><latexit sha1_base64="Fw4APQLcKYU+Qcp2R+WtF2FbmGk=">AAAB93icbVA9SwNBEJ3zM8avqKXNYhDEItyJEBshaGMZwXxAcoa9zSQu2ds7dueEcOQ32GplJ7b+HAv/i3cxhSa+6vHeDPPmBbGSllz301laXlldWy9sFDe3tnd2S3v7TRslRmBDRCoy7YBbVFJjgyQpbMcGeRgobAWj69xvPaKxMtJ3NI7RD/lQy4EUnDKpoe9PL6u9UtmtuFOwReLNSBlmqPdKX91+JJIQNQnFre14bkx+yg1JoXBS7CYWYy5GfIidjGoeovXTadgJO04sp4jFaJhUbCri742Uh9aOwyCbDDk92HkvF//zOgkNLvxU6jgh1CI/RFLh9JAVRmYtIOtLg0Q8T45Maia44URoJONCZGKS1VLM+vDmv18kzbOK51a82/Ny7WrWTAEO4QhOwIMq1OAG6tAAARKe4BlenLHz6rw57z+jS85s5wD+wPn4BpcAkps=</latexit>
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1 � "
<latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit><latexit sha1_base64="QR5sDe70pg6VeiPeJZQok6iBuVc=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESHRENkICcoIGsogkYeUWNH6sgmnnM/mbh0pslLwFbRQ0SFaPoWCf8EJLiBhqtHMrnZ2glhJS6776Swtr6yurRc2iptb2zu7pb39ho0SI7AuIhWZVgAWldRYJ0kKW7FBCAOFzWB4PfWbIzRWRvqOxjH6IQy07EsBlEm+d9oZgcHYShXpbqnsVtwZ+CLxclJmOWrd0lenF4kkRE1CgbVtz43JT8GQFAonxU5iMQYxhAG2M6ohROuns9ATfpxYoIjHaLhUfCbi740UQmvHYZBNhkD3dt6biv957YT6l34qdZwQajE9RFLh7JAVRmZtIO9Jg0QwTY5cai7AABEayUGITEyyeopZH97894ukcVbx3Ip3e16uXuXNFNghO2InzGMXrMpuWI3VmWAP7Ik9sxfn0Xl13pz3n9ElJ985YH/gfHwDaQ6Wfg==</latexit>

1 + "
<latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit><latexit sha1_base64="89SP5c0p3S/DQqAjxE27aCSRSuY=">AAAB/3icbVA9SwNBEN3zM8avqKXNYhAEIdyJoGXQxjKC+YDkCHObSVyyt3fuzgXCkcJfYauVndj6Uyz8L17iFZr4qsd7M8ybF8RKWnLdT2dpeWV1bb2wUdzc2t7ZLe3tN2yUGIF1EanItAKwqKTGOklS2IoNQhgobAbD66nfHKGxMtJ3NI7RD2GgZV8KoEzyvdPOCAzGVqpId0tlt+LOwBeJl5Myy1Hrlr46vUgkIWoSCqxte25MfgqGpFA4KXYSizGIIQywnVENIVo/nYWe8OPEAkU8RsOl4jMRf2+kEFo7DoNsMgS6t/PeVPzPayfUv/RTqeOEUIvpIZIKZ4esMDJrA3lPGiSCaXLkUnMBBojQSA5CZGKS1VPM+vDmv18kjbOK51a82/Ny9SpvpsAO2RE7YR67YFV2w2qszgR7YE/smb04j86r8+a8/4wuOfnOAfsD5+MbZdqWfA==</latexit>

n⇤ = 36
<latexit sha1_base64="0f2hcBQuCl5Cc/J0QwxmDb2wdDc=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgJUUQ2IKBBiqChDBJ5SImJzpdNOHI+W3drpGDlH2ihokO0/A0F/4JtXEDCVKOZXe3seKEUBm370yrMzS8sLhWXSyura+sb5c2tpgkizaHBAxnotscMSKGggQIltEMNzPcktLzRZeq3HkAbEagbHIfg+myoxEBwhonUVLcH50cnvXLFrtoZ6CxxclIhOeq98le3H/DIB4VcMmM6jh2iGzONgkuYlLqRgZDxERtCJ6GK+WDcOEs7oXuRYRjQEDQVkmYi/N6ImW/M2PeSSZ/hnZn2UvE/rxPh4MyNhQojBMXTQygkZIcM1yKpAWhfaEBkaXKgQlHONEMELSjjPBGjpJdS0ocz/f0saR5WHbvqXB9Xahd5M0WyQ3bJPnHIKamRK1InDcLJPXkiz+TFerRerTfr/We0YOU72+QPrI9vC1qS1w==</latexit><latexit sha1_base64="0f2hcBQuCl5Cc/J0QwxmDb2wdDc=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgJUUQ2IKBBiqChDBJ5SImJzpdNOHI+W3drpGDlH2ihokO0/A0F/4JtXEDCVKOZXe3seKEUBm370yrMzS8sLhWXSyura+sb5c2tpgkizaHBAxnotscMSKGggQIltEMNzPcktLzRZeq3HkAbEagbHIfg+myoxEBwhonUVLcH50cnvXLFrtoZ6CxxclIhOeq98le3H/DIB4VcMmM6jh2iGzONgkuYlLqRgZDxERtCJ6GK+WDcOEs7oXuRYRjQEDQVkmYi/N6ImW/M2PeSSZ/hnZn2UvE/rxPh4MyNhQojBMXTQygkZIcM1yKpAWhfaEBkaXKgQlHONEMELSjjPBGjpJdS0ocz/f0saR5WHbvqXB9Xahd5M0WyQ3bJPnHIKamRK1InDcLJPXkiz+TFerRerTfr/We0YOU72+QPrI9vC1qS1w==</latexit><latexit sha1_base64="0f2hcBQuCl5Cc/J0QwxmDb2wdDc=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgJUUQ2IKBBiqChDBJ5SImJzpdNOHI+W3drpGDlH2ihokO0/A0F/4JtXEDCVKOZXe3seKEUBm370yrMzS8sLhWXSyura+sb5c2tpgkizaHBAxnotscMSKGggQIltEMNzPcktLzRZeq3HkAbEagbHIfg+myoxEBwhonUVLcH50cnvXLFrtoZ6CxxclIhOeq98le3H/DIB4VcMmM6jh2iGzONgkuYlLqRgZDxERtCJ6GK+WDcOEs7oXuRYRjQEDQVkmYi/N6ImW/M2PeSSZ/hnZn2UvE/rxPh4MyNhQojBMXTQygkZIcM1yKpAWhfaEBkaXKgQlHONEMELSjjPBGjpJdS0ocz/f0saR5WHbvqXB9Xahd5M0WyQ3bJPnHIKamRK1InDcLJPXkiz+TFerRerTfr/We0YOU72+QPrI9vC1qS1w==</latexit><latexit sha1_base64="0f2hcBQuCl5Cc/J0QwxmDb2wdDc=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgJUUQ2IKBBiqChDBJ5SImJzpdNOHI+W3drpGDlH2ihokO0/A0F/4JtXEDCVKOZXe3seKEUBm370yrMzS8sLhWXSyura+sb5c2tpgkizaHBAxnotscMSKGggQIltEMNzPcktLzRZeq3HkAbEagbHIfg+myoxEBwhonUVLcH50cnvXLFrtoZ6CxxclIhOeq98le3H/DIB4VcMmM6jh2iGzONgkuYlLqRgZDxERtCJ6GK+WDcOEs7oXuRYRjQEDQVkmYi/N6ImW/M2PeSSZ/hnZn2UvE/rxPh4MyNhQojBMXTQygkZIcM1yKpAWhfaEBkaXKgQlHONEMELSjjPBGjpJdS0ocz/f0saR5WHbvqXB9Xahd5M0WyQ3bJPnHIKamRK1InDcLJPXkiz+TFerRerTfr/We0YOU72+QPrI9vC1qS1w==</latexit>

No matter how large we take n
<latexit sha1_base64="nWheLb8Aj9uq2EhLhbBAdxglnsM=">AAACGXicbVC7TgJBFJ31ifhCLW0mEhIrsmtMtCTaWBlM5JEAIXfHK0yYfWTmrkg2fIGf4FfYamVnbK0s/BeHlULBW52cc27uucePlTTkup/OwuLS8spqbi2/vrG5tV3Y2a2bKNECayJSkW76YFDJEGskSWEz1giBr7DhD84neuMOtZFReE2jGDsB9EJ5KwWQpbqFUpvwntLLiAdAhJr3oyFXoHvIh8gJBsjH3PqKbtnNhs8DbwqKbDrVbuGrfROJJMCQhAJjWp4bUycFTVIoHOfbicEYxAB62LIwhABNJ83eGfNSYoAiHts0UvGMxN8bKQTGjALfOm3ovpnVJuR/Wiuh29NOKsM4IQzF5BBJhdkhI7S0PSG/kRqJYJIcuQy5AJ0VIzkIYcnEFpe3fXiz38+D+lHZc8ve1XGxcjZtJsf22QE7ZB47YRV2waqsxgR7YE/smb04j86r8+a8/1gXnOnOHvszzsc3mPSgLQ==</latexit><latexit sha1_base64="nWheLb8Aj9uq2EhLhbBAdxglnsM=">AAACGXicbVC7TgJBFJ31ifhCLW0mEhIrsmtMtCTaWBlM5JEAIXfHK0yYfWTmrkg2fIGf4FfYamVnbK0s/BeHlULBW52cc27uucePlTTkup/OwuLS8spqbi2/vrG5tV3Y2a2bKNECayJSkW76YFDJEGskSWEz1giBr7DhD84neuMOtZFReE2jGDsB9EJ5KwWQpbqFUpvwntLLiAdAhJr3oyFXoHvIh8gJBsjH3PqKbtnNhs8DbwqKbDrVbuGrfROJJMCQhAJjWp4bUycFTVIoHOfbicEYxAB62LIwhABNJ83eGfNSYoAiHts0UvGMxN8bKQTGjALfOm3ovpnVJuR/Wiuh29NOKsM4IQzF5BBJhdkhI7S0PSG/kRqJYJIcuQy5AJ0VIzkIYcnEFpe3fXiz38+D+lHZc8ve1XGxcjZtJsf22QE7ZB47YRV2waqsxgR7YE/smb04j86r8+a8/1gXnOnOHvszzsc3mPSgLQ==</latexit><latexit sha1_base64="nWheLb8Aj9uq2EhLhbBAdxglnsM=">AAACGXicbVC7TgJBFJ31ifhCLW0mEhIrsmtMtCTaWBlM5JEAIXfHK0yYfWTmrkg2fIGf4FfYamVnbK0s/BeHlULBW52cc27uucePlTTkup/OwuLS8spqbi2/vrG5tV3Y2a2bKNECayJSkW76YFDJEGskSWEz1giBr7DhD84neuMOtZFReE2jGDsB9EJ5KwWQpbqFUpvwntLLiAdAhJr3oyFXoHvIh8gJBsjH3PqKbtnNhs8DbwqKbDrVbuGrfROJJMCQhAJjWp4bUycFTVIoHOfbicEYxAB62LIwhABNJ83eGfNSYoAiHts0UvGMxN8bKQTGjALfOm3ovpnVJuR/Wiuh29NOKsM4IQzF5BBJhdkhI7S0PSG/kRqJYJIcuQy5AJ0VIzkIYcnEFpe3fXiz38+D+lHZc8ve1XGxcjZtJsf22QE7ZB47YRV2waqsxgR7YE/smb04j86r8+a8/1gXnOnOHvszzsc3mPSgLQ==</latexit><latexit sha1_base64="nWheLb8Aj9uq2EhLhbBAdxglnsM=">AAACGXicbVC7TgJBFJ31ifhCLW0mEhIrsmtMtCTaWBlM5JEAIXfHK0yYfWTmrkg2fIGf4FfYamVnbK0s/BeHlULBW52cc27uucePlTTkup/OwuLS8spqbi2/vrG5tV3Y2a2bKNECayJSkW76YFDJEGskSWEz1giBr7DhD84neuMOtZFReE2jGDsB9EJ5KwWQpbqFUpvwntLLiAdAhJr3oyFXoHvIh8gJBsjH3PqKbtnNhs8DbwqKbDrVbuGrfROJJMCQhAJjWp4bUycFTVIoHOfbicEYxAB62LIwhABNJ83eGfNSYoAiHts0UvGMxN8bKQTGjALfOm3ovpnVJuR/Wiuh29NOKsM4IQzF5BBJhdkhI7S0PSG/kRqJYJIcuQy5AJ0VIzkIYcnEFpe3fXiz38+D+lHZc8ve1XGxcjZtJsf22QE7ZB47YRV2waqsxgR7YE/smb04j86r8+a8/1gXnOnOHvszzsc3mPSgLQ==</latexit>

we will always have
n

n + 1
< 1

<latexit sha1_base64="AM0j+VZ3L2cYuRUDRLsiLca1vIs=">AAACHnicbVC7TsNAEDzzDOEVoKQ5ESEhkCIbIUFBEUFDGSQSkJIoWh8bOHE+W3frhMjyP/AJfAUtVHSIFgr+Bce44DXVaGZXuzN+pKQl1313JianpmdmS3Pl+YXFpeXKymrLhrER2BShCs2FDxaV1NgkSQovIoMQ+ArP/ZvjsX8+QGNlqM9oFGE3gCst+1IAZVKvst0hvKVkiHwoleKghjCy/BoGyNNO34BIdJroHS899HqVqltzc/C/xCtIlRVo9CofnctQxAFqEgqsbXtuRN0EDEmhMC13YosRiBu4wnZGNQRou0meKeWbsQUKeYSGS8VzEb9vJBBYOwr8bDIAura/vbH4n9eOqX/QTaSOYkItxodIKswPWWFkVhbyS2mQCMafI5eaCzBAhEZyECIT46y9ctaH9zv9X9LarXluzTvdq9aPimZKbJ1tsC3msX1WZyeswZpMsDv2wB7Zk3PvPDsvzuvX6IRT7KyxH3DePgFg/aLD</latexit><latexit sha1_base64="AM0j+VZ3L2cYuRUDRLsiLca1vIs=">AAACHnicbVC7TsNAEDzzDOEVoKQ5ESEhkCIbIUFBEUFDGSQSkJIoWh8bOHE+W3frhMjyP/AJfAUtVHSIFgr+Bce44DXVaGZXuzN+pKQl1313JianpmdmS3Pl+YXFpeXKymrLhrER2BShCs2FDxaV1NgkSQovIoMQ+ArP/ZvjsX8+QGNlqM9oFGE3gCst+1IAZVKvst0hvKVkiHwoleKghjCy/BoGyNNO34BIdJroHS899HqVqltzc/C/xCtIlRVo9CofnctQxAFqEgqsbXtuRN0EDEmhMC13YosRiBu4wnZGNQRou0meKeWbsQUKeYSGS8VzEb9vJBBYOwr8bDIAura/vbH4n9eOqX/QTaSOYkItxodIKswPWWFkVhbyS2mQCMafI5eaCzBAhEZyECIT46y9ctaH9zv9X9LarXluzTvdq9aPimZKbJ1tsC3msX1WZyeswZpMsDv2wB7Zk3PvPDsvzuvX6IRT7KyxH3DePgFg/aLD</latexit><latexit sha1_base64="AM0j+VZ3L2cYuRUDRLsiLca1vIs=">AAACHnicbVC7TsNAEDzzDOEVoKQ5ESEhkCIbIUFBEUFDGSQSkJIoWh8bOHE+W3frhMjyP/AJfAUtVHSIFgr+Bce44DXVaGZXuzN+pKQl1313JianpmdmS3Pl+YXFpeXKymrLhrER2BShCs2FDxaV1NgkSQovIoMQ+ArP/ZvjsX8+QGNlqM9oFGE3gCst+1IAZVKvst0hvKVkiHwoleKghjCy/BoGyNNO34BIdJroHS899HqVqltzc/C/xCtIlRVo9CofnctQxAFqEgqsbXtuRN0EDEmhMC13YosRiBu4wnZGNQRou0meKeWbsQUKeYSGS8VzEb9vJBBYOwr8bDIAura/vbH4n9eOqX/QTaSOYkItxodIKswPWWFkVhbyS2mQCMafI5eaCzBAhEZyECIT46y9ctaH9zv9X9LarXluzTvdq9aPimZKbJ1tsC3msX1WZyeswZpMsDv2wB7Zk3PvPDsvzuvX6IRT7KyxH3DePgFg/aLD</latexit><latexit sha1_base64="AM0j+VZ3L2cYuRUDRLsiLca1vIs=">AAACHnicbVC7TsNAEDzzDOEVoKQ5ESEhkCIbIUFBEUFDGSQSkJIoWh8bOHE+W3frhMjyP/AJfAUtVHSIFgr+Bce44DXVaGZXuzN+pKQl1313JianpmdmS3Pl+YXFpeXKymrLhrER2BShCs2FDxaV1NgkSQovIoMQ+ArP/ZvjsX8+QGNlqM9oFGE3gCst+1IAZVKvst0hvKVkiHwoleKghjCy/BoGyNNO34BIdJroHS899HqVqltzc/C/xCtIlRVo9CofnctQxAFqEgqsbXtuRN0EDEmhMC13YosRiBu4wnZGNQRou0meKeWbsQUKeYSGS8VzEb9vJBBYOwr8bDIAura/vbH4n9eOqX/QTaSOYkItxodIKswPWWFkVhbyS2mQCMafI5eaCzBAhEZyECIT46y9ctaH9zv9X9LarXluzTvdq9aPimZKbJ1tsC3msX1WZyeswZpMsDv2wB7Zk3PvPDsvzuvX6IRT7KyxH3DePgFg/aLD</latexit>
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Sequences

Definition

A sequence of real number (sn)n∈N is any function

s : N → R

n → s (n) = sn.

The number sn is also called the n-th element of the sequence.

Definition

Let (sn)n∈N be a sequence. If

∀M > 0, ∃n∗ : ∀n > n∗ ⇒ sn < −M.

we say that
lim

n→∞
sn = −∞

or we say sn → −∞ as n → ∞.
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Sequences: the limit may not exist

Warning

Pay attention! It is not guaranteed that a sequence (sn)n∈N falls in one of the three
cases:

lim
n→∞

sn =


ℓ

+∞

−∞

.

This theorem gives us a necessary condition for a sequence to have a finite limit ℓ.

Theorem

Let (sn)n∈N be a sequence. If ∃ℓ ∈ R such that

lim
n→∞

sn = ℓ

then
lim

n→∞
s2 n = ℓ and lim

n→∞
s2 n+1 = ℓ.
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Sequences

Example
Consider the “alternating” sequence

sn = (−1)n .

The guess is that sn does not have a limit!

s2 n = (−1)2 n = +1 → +1.

s2 n+1 = (−1)2 n+1 = −1 → −1.

whence, by the necessary condition, it is not possible that sn → ℓ.
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Sequences

Theorem

The limit of a sequence, when it exists, is unique.

Proof. Suppose, by contradiction, that a sequence has two limits ℓ and ℓ′ with ℓ ̸= ℓ′.
By definition of limit:

∀ε > 0, ∃n1 : ∀n > n1 ⇒ 0 < |sn − ℓ| < ε.

and, simultaneously,

∀ε > 0, ∃n2 : ∀n > n2 ⇒ 0 <
∣∣sn − ℓ′

∣∣ < ε.

Take n∗ = max (n1, n2), whence for n > n∗ we have ...∣∣ℓ− ℓ′
∣∣ = ∣∣ℓ− sn + sn − ℓ′

∣∣ ≤ |ℓ− sn|+
∣∣sn − ℓ′

∣∣ < ε+ ε = 2 ε → 0

whence ℓ = ℓ′.



136/425

Sequences

Theorem

Let E ⊂ R and let x0 be a limit point of E . Then there exists a sequence (xn)n∈N such
that xn ∈ E for all n and xn → x0 when n → ∞.

Proof. Recall the definition of limit point

∀ε > 0 ⇒ (x0 − ε, x0 + ε) ∩ E \ {x0} ̸= ∅

Since ε can be taken arbitrarily small then, for all n ∈ N, I take εn = 1
n

and for each n I
know that

∀n > 0 ⇒
(
x0 −

1
n
, x0 +

1
n

)
∩ E \ {x0} ̸= ∅

which means that I can find, for all n, a point xn ∈ E , xn ̸= x0, such that

xn ∈
(
x0 −

1
n
, x0 +

1
n

)
or

0 < |xn − x0| <
1
n
,

i.e. xn → x0.
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Reverse triangular inequality

Exercize
Prove that, ∀a ∈ R and ∀b ∈ R, then

|a− b| ≥ ||a| − |b|| .

Solution

a = a−b+b ⇒ |a| = |a− b + b| ≤ |a− b|+|b| ⇒ |a|−|b| ≤ |a− b| , (□) ,

and, symmetrically,

b = b−a+a ⇒ |b| = |b − a+ a| ≤ |a− b|+|a| ⇒ |b|−|a| ≤ |a− b| , (△) .

Summing up, (□) plus (△) yield|a| − |b| ≤ |a− b|
|b| − |a| ≤ |a− b|

⇒ ||a| − |b|| ≤ |a− b| .
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Sequences

Theorem
Let (sn)n∈N be a sequence. As n → ∞ if sn → ℓ then |sn| → |ℓ|.

Proof. Since by hypothesis sn → ℓ we have that

∀ε > 0,∃n∗ : ∀n > n∗ ⇒ 0 < |sn − ℓ| < ε.

By the reverse triangular inequality we get

||sn| − |ℓ|| < |sn − ℓ| < ε

which means |sn| → |ℓ| as n → ∞.
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Sequences

Is the converse true? That is...can we say that if |sn| → |ℓ| then sn → ℓ ?

Remark
When you think that a sentence is true you have to prove it!

When you think that a sentence is false you have to find a

counter-example: that is at least one case in which the statement of the

sentence is false!

Take

sn = (−1)n

then |sn| = 1, whence

|sn| → 1

nevertheless we know that ∄ℓ = limn→∞ (−1)n.
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Sequences

There is however an exception ...

Theorem
Let (sn)n∈N be a sequence. As n → ∞ if |sn| → 0 then sn → 0.

Proof. The hypothesis, in formula, reads

∀ε > 0,∃n∗ : ∀n > n∗ ⇒ 0 < ||sn|| < ε,

which trivially means

∀ε > 0, ∃n∗ : ∀n > n∗ ⇒ 0 < |sn| < ε,

which means

lim
n→∞

sn = 0.
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Sequences

Functions and sequences
Suppose that xn → x0 and that f : D ⊆ R → R is a function. What can I

say about

x ′n
def
= f (xn) ?

Does x ′n → ℓ′ for some ℓ′ ? If yes, can I say that ℓ′ = f (ℓ) ?

Definition
Let f : D ⊆ R → R be a function and let x0 ∈ D be a point of the
domain. We say that the function f is continuous in x0 if and only if for
all sequences (xn)n∈N such that xn → x0 it holds that

f (xn) → f (x0) .

We say that a function f : D ⊆ R → R is continuous if it is continuous in

all x ∈ D.
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Sequences

Theorem
The following functions are continuous:

cos (x) : R → [−1, 1]

sin (x) : R → [−1, 1] ,

x2 n : R → [0,+∞)

x2 n+1 : R → R

x1/n : [0,+∞) → [0,+∞)

ax : R → (0,+∞)

loga (x) : (0,+∞) → R
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Sequences

Example

1
n

→ 0

cos

(
1
n

)
→ cos (0) = 1

sin

(
1
n

)
→ sin (0) = 0

What about, for example

log2

(
1
n

)
→?

Since 1
n
→ 0 and the domain of the log is (0,+∞) we cannot use the continuity

argument!!.
Nevertheless

log2

(
1
n

)
= log2

(
n−1) = − log2 (n) → −∞.
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Sequences

Theorem
Let (sn)n∈N and (qn)n∈N be two sequences.

1 If sn → ℓ and qn → ℓ′ then sn + qn → ℓ+ ℓ′ and sn · qn → ℓ · ℓ′.
2 If sn → ℓ and qn → ℓ′ with ℓ′ ̸= 0 then sn/qn → ℓ/ℓ′.

3 If sn → +∞ and qn → +∞ then sn + qn → +∞ and sn · qn → +∞.

4 If sn → −∞ and qn → −∞ then sn + qn → −∞ and sn · qn → +∞.

5 If sn → +∞ and qn → −∞ then sn + qn is undetermined (i.e. the

limit could be anything) and sn · qn → −∞.
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Sequences

Exercize
Compute, if exists, the following limit

lim
n→∞

(√
n2 + n − n

)
.

Solution. We have
√
n2 + n → +∞ so the limit is of the form +∞−∞

and it is undetermined! Nevertheless

(√
n2 + n − n

)
=

(√
n2 + n − n

) (√
n2 + n + n

)
√
n2 + n + n

=
n2 + n − n2
√
n2 + n + n

=
n√

n2 + n + n

=
1√

1 + 1
n + 1

→ 1
2
. (0.4)
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Sequences

Exercize

Compute, if exists, the following limit

lim
n→∞

(√
n2 + 100 n − n

)
.

Solution. As in the previous case +∞−∞ is undetermined!(√
n2 + 100 n − n

)
=

(√
n2 + 100 n − n

) (√
n2 + 100 n + n

)
√
n2 + 100 n + n

=
n2 + 100 n − n2
√
n2 + 100 n + n

=
100 n√

n2 + n + n

=
100√

1 + 1
n
+ 1

→ 50. (0.5)

Warning!

The same undetermined form may corresponds to an infinite number of different results!
This is why is called undetermined.
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Sequences

Exercize

Compute, if exists, the following limit

lim
n→∞

3 n7 − 8 n6 + 15 n3/2 − 10 n1/2

12 n − 4 n7 .

Solution. Trick: put in evidence the highest power at the numerator and at the
denominator.

3 n7 − 8 n6 + 15 n3/2 − 10 n1/2

12 n − 4 n7 =
n7
(
3 − 8 n−1 + 15 n−11/2 − 10 n−13/2

)
n7 (12 n−6 − 4)

=
n7
(
3 − 8 1

n
+ 15

( 1
n

)11/2 − 10
( 1
n

)13/2
)

n7
(
12
( 1
n

)6 − 4
)

Since for α > 0 we have
( 1
n

)α → 0 we get

lim
n→∞

3 n7 − 8 n6 + 15 n3/2 − 10 n1/2

12 n − 4 n7 = −3
4
.
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Sequences. The comparison theorem.

Theorem
Let (pn)n∈N, (qn)n∈N and (rn)n∈N be three sequences such that

qn ≤ pn ≤ rn.

The following three results hold:

if qn → ℓ and rn → ℓ then also pn → ℓ.

If qn → +∞ then also pn → +∞.

If rn → −∞ then also pn → −∞.
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Sequences: notable limits

An application of the comparison theorem

For all p > 0 it holds that
lim

n→∞
p1/n = 1.

In fact, assume first p > 1 define xn = p1/n − 1 ≥ 0 and note that

p = (1 + xn)
n ≥ 1 + n xn

whence
0 ≤ xn ≤ p − 1

n
→ 0 =⇒ xn → 0

whence p1/n → 1. If 0 < p < 1 consider q = 1/p > 1 and note that

p1/n =
1

q1/n

but we know that, since q > 1 then q1/n → 1, whence p1/n → 1.
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Sequences: notable limits

An application of the comparison theorem
Can we say something on

lim
n→∞

n sin

(
1
n

)
= +∞× 0 = indeterminate form!

Why indeterminate? It could be anything...

lim
n→∞

n · 1
n

= +∞× 0 = 1

lim
n→∞

n2 · 1
n

= +∞× 0 = lim
n→∞

n = +∞

lim
n→∞

n · 1
n2 = +∞× 0 = lim

n→∞

1
n
= 0.

lim
n→∞

n · 7
n + 10

= +∞× 0 = 7

Pay always attention to the indeterminate forms!!!
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<latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>
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x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>0

<latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>0

<latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit><latexit sha1_base64="1iOyBLATaz1nZcLGSQlS2/OhV48=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi13WK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhZRkTk=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
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↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

cos(↵)
<latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit>

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>
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<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

cos(↵)
<latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit>

tan(↵) =
sin(↵)

cos(↵)
<latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit>

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

cos(↵)
<latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit>

tan(↵) =
sin(↵)

cos(↵)
<latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit>

A B C

D

E

ACE  ACE  ACD
<latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit>

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

cos(↵)
<latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit>

tan(↵) =
sin(↵)

cos(↵)
<latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit>

B C

D

E

ACE  ACE  ACD
<latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit>

sin(↵)

2
 ↵

2
 tan(↵)

2<latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit>

A

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

cos(↵)
<latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit>

tan(↵) =
sin(↵)

cos(↵)
<latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit>

B C

D

E

ACE  ACE  ACD
<latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit>

sin(↵)

2
 ↵

2
 tan(↵)

2<latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit>

2⇡ r2

2
<latexit sha1_base64="GzCjMGoGsUbtH2+pDSvqslA02UY=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBQwi7QdBj0IvHCOYB2TX0TjpxyOyDmV4hLPkCv8KrnryJV7/Cg//iJu5BE+tUVHXT1eXHShqy7U9raXlldW29sFHc3Nre2S3t7bdMlGiBTRGpSHd8MKhkiE2SpLATa4TAV9j2R1dTv/2A2sgovKVxjF4Aw1AOpADKpF7p0B1oEGnNrbixdCv6rjZJa5NeqWxX7Rn4InFyUmY5Gr3Sl9uPRBJgSEKBMV3HjslLQZMUCidFNzEYgxjBELsZDSFA46Wz+BN+khigiMeouVR8JuLvjRQCY8aBn00GQPdm3puK/3ndhAYXXirDOCEMxfQQSYWzQ0ZomfWCvC81EsE0OXIZcgEaiFBLDkJkYpIVVcz6cOa/XyStWtWxq87NWbl+mTdTYEfsmJ0yh52zOrtmDdZkgqXsiT2zF+vRerXerPef0SUr3zlgf2B9fANEgZmV</latexit><latexit sha1_base64="GzCjMGoGsUbtH2+pDSvqslA02UY=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBQwi7QdBj0IvHCOYB2TX0TjpxyOyDmV4hLPkCv8KrnryJV7/Cg//iJu5BE+tUVHXT1eXHShqy7U9raXlldW29sFHc3Nre2S3t7bdMlGiBTRGpSHd8MKhkiE2SpLATa4TAV9j2R1dTv/2A2sgovKVxjF4Aw1AOpADKpF7p0B1oEGnNrbixdCv6rjZJa5NeqWxX7Rn4InFyUmY5Gr3Sl9uPRBJgSEKBMV3HjslLQZMUCidFNzEYgxjBELsZDSFA46Wz+BN+khigiMeouVR8JuLvjRQCY8aBn00GQPdm3puK/3ndhAYXXirDOCEMxfQQSYWzQ0ZomfWCvC81EsE0OXIZcgEaiFBLDkJkYpIVVcz6cOa/XyStWtWxq87NWbl+mTdTYEfsmJ0yh52zOrtmDdZkgqXsiT2zF+vRerXerPef0SUr3zlgf2B9fANEgZmV</latexit><latexit sha1_base64="GzCjMGoGsUbtH2+pDSvqslA02UY=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBQwi7QdBj0IvHCOYB2TX0TjpxyOyDmV4hLPkCv8KrnryJV7/Cg//iJu5BE+tUVHXT1eXHShqy7U9raXlldW29sFHc3Nre2S3t7bdMlGiBTRGpSHd8MKhkiE2SpLATa4TAV9j2R1dTv/2A2sgovKVxjF4Aw1AOpADKpF7p0B1oEGnNrbixdCv6rjZJa5NeqWxX7Rn4InFyUmY5Gr3Sl9uPRBJgSEKBMV3HjslLQZMUCidFNzEYgxjBELsZDSFA46Wz+BN+khigiMeouVR8JuLvjRQCY8aBn00GQPdm3puK/3ndhAYXXirDOCEMxfQQSYWzQ0ZomfWCvC81EsE0OXIZcgEaiFBLDkJkYpIVVcz6cOa/XyStWtWxq87NWbl+mTdTYEfsmJ0yh52zOrtmDdZkgqXsiT2zF+vRerXerPef0SUr3zlgf2B9fANEgZmV</latexit><latexit sha1_base64="GzCjMGoGsUbtH2+pDSvqslA02UY=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBQwi7QdBj0IvHCOYB2TX0TjpxyOyDmV4hLPkCv8KrnryJV7/Cg//iJu5BE+tUVHXT1eXHShqy7U9raXlldW29sFHc3Nre2S3t7bdMlGiBTRGpSHd8MKhkiE2SpLATa4TAV9j2R1dTv/2A2sgovKVxjF4Aw1AOpADKpF7p0B1oEGnNrbixdCv6rjZJa5NeqWxX7Rn4InFyUmY5Gr3Sl9uPRBJgSEKBMV3HjslLQZMUCidFNzEYgxjBELsZDSFA46Wz+BN+khigiMeouVR8JuLvjRQCY8aBn00GQPdm3puK/3ndhAYXXirDOCEMxfQQSYWzQ0ZomfWCvC81EsE0OXIZcgEaiFBLDkJkYpIVVcz6cOa/XyStWtWxq87NWbl+mTdTYEfsmJ0yh52zOrtmDdZkgqXsiT2zF+vRerXerPef0SUr3zlgf2B9fANEgZmV</latexit>r

<latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit><latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit><latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit><latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit>

2⇡
<latexit sha1_base64="l6PfCGsvUJN4k5qKC33SS8qevm4=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRoMiOkKCMoKEMEnlIcRSdL5tw5Hw+3a2RgpV/oIWKDtHyNxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vbbNooNhxaPZGS6AbMghYIWCpTQ1QZYGEjoBJOrzO88gLEiUrc41dAP2ViJkeAMU6ld9099LQaVqltzc9BF4hWkSgo0B5UvfxjxOASFXDJre56rsZ8wg4JLmJX92IJmfMLG0EupYiHYfpKnndHj2DKMqAZDhaS5CL83EhZaOw2DdDJkeGfnvUz8z+vFOLroJ0LpGEHx7BAKCfkhy41IawA6FAYQWZYcqFCUM8MQwQjKOE/FOO2lnPbhzX+/SNr1mufWvJuzauOyaKZEDskROSEeOScNck2apEU4uSdP5Jm8OI/Oq/PmvP+MLjnFzgH5A+fjG4wEkyo=</latexit><latexit sha1_base64="l6PfCGsvUJN4k5qKC33SS8qevm4=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRoMiOkKCMoKEMEnlIcRSdL5tw5Hw+3a2RgpV/oIWKDtHyNxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vbbNooNhxaPZGS6AbMghYIWCpTQ1QZYGEjoBJOrzO88gLEiUrc41dAP2ViJkeAMU6ld9099LQaVqltzc9BF4hWkSgo0B5UvfxjxOASFXDJre56rsZ8wg4JLmJX92IJmfMLG0EupYiHYfpKnndHj2DKMqAZDhaS5CL83EhZaOw2DdDJkeGfnvUz8z+vFOLroJ0LpGEHx7BAKCfkhy41IawA6FAYQWZYcqFCUM8MQwQjKOE/FOO2lnPbhzX+/SNr1mufWvJuzauOyaKZEDskROSEeOScNck2apEU4uSdP5Jm8OI/Oq/PmvP+MLjnFzgH5A+fjG4wEkyo=</latexit><latexit sha1_base64="l6PfCGsvUJN4k5qKC33SS8qevm4=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRoMiOkKCMoKEMEnlIcRSdL5tw5Hw+3a2RgpV/oIWKDtHyNxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vbbNooNhxaPZGS6AbMghYIWCpTQ1QZYGEjoBJOrzO88gLEiUrc41dAP2ViJkeAMU6ld9099LQaVqltzc9BF4hWkSgo0B5UvfxjxOASFXDJre56rsZ8wg4JLmJX92IJmfMLG0EupYiHYfpKnndHj2DKMqAZDhaS5CL83EhZaOw2DdDJkeGfnvUz8z+vFOLroJ0LpGEHx7BAKCfkhy41IawA6FAYQWZYcqFCUM8MQwQjKOE/FOO2lnPbhzX+/SNr1mufWvJuzauOyaKZEDskROSEeOScNck2apEU4uSdP5Jm8OI/Oq/PmvP+MLjnFzgH5A+fjG4wEkyo=</latexit><latexit sha1_base64="l6PfCGsvUJN4k5qKC33SS8qevm4=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRoMiOkKCMoKEMEnlIcRSdL5tw5Hw+3a2RgpV/oIWKDtHyNxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vbbNooNhxaPZGS6AbMghYIWCpTQ1QZYGEjoBJOrzO88gLEiUrc41dAP2ViJkeAMU6ld9099LQaVqltzc9BF4hWkSgo0B5UvfxjxOASFXDJre56rsZ8wg4JLmJX92IJmfMLG0EupYiHYfpKnndHj2DKMqAZDhaS5CL83EhZaOw2DdDJkeGfnvUz8z+vFOLroJ0LpGEHx7BAKCfkhy41IawA6FAYQWZYcqFCUM8MQwQjKOE/FOO2lnPbhzX+/SNr1mufWvJuzauOyaKZEDskROSEeOScNck2apEU4uSdP5Jm8OI/Oq/PmvP+MLjnFzgH5A+fjG4wEkyo=</latexit>

A

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

cos(↵)
<latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit>

tan(↵) =
sin(↵)

cos(↵)
<latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit>

B C

D

E

ACE  ACE  ACD
<latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit>

sin(↵)

2
 ↵

2
 tan(↵)

2<latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit>

r
<latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit><latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit><latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit><latexit sha1_base64="GbufYEQM1KbT1XA/ciUTkd3qf0Q=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdTSw2rNrbs52CrxClKDAs1h9WswioUNMSKhuDF9z03In3NNUihcVAbWYMLFlE+wn9KIh2j8eR50wc6s4RSzBDWTiuUi/t6Y89CYWRikkyGnB7PsZeJ/Xt/S+NqfyyixhJHIDpFUmB8yQsu0AWQjqZGIZ8mRyYgJrjkRasm4EKlo00oqaR/e8verpHNR99y617qsNW6KZspwAqdwDh5cQQPuoAltEIDwBM/w4ljn1Xlz3n9GS06xcwx/4Hx8A30vkXs=</latexit>

↵ r2

2
<latexit sha1_base64="+a9gjU0g6ziEazor4WIWIqs5CM0=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBg4TdIOgx6MVjBPOAbAy9k04yZPbBTK8QlnyBX+FVT97Eq1/hwX9xs+5BE+tUVHXT1eVFShqy7U9raXlldW29sFHc3Nre2S3t7TdNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyxtczv/WA2sgwuKNJhF0fhoEcSAGUSr3SoTvQIBIXVDQC90zfV6dJddorle2KnYEvEicnZZaj3it9uf1QxD4GJBQY03HsiLoJaJJC4bToxgYjEGMYYielAfhoukkWf8pPYgMU8gg1l4pnIv7eSMA3ZuJ76aQPNDLz3kz8z+vENLjsJjKIYsJAzA6RVJgdMkLLtBfkfamRCGbJkcuAC9BAhFpyECIV47SoYtqHM//9ImlWK45dcW7Py7WrvJkCO2LH7JQ57ILV2A2rswYTLGFP7Jm9WI/Wq/Vmvf+MLln5zgH7A+vjG/2Pmgg=</latexit><latexit sha1_base64="+a9gjU0g6ziEazor4WIWIqs5CM0=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBg4TdIOgx6MVjBPOAbAy9k04yZPbBTK8QlnyBX+FVT97Eq1/hwX9xs+5BE+tUVHXT1eVFShqy7U9raXlldW29sFHc3Nre2S3t7TdNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyxtczv/WA2sgwuKNJhF0fhoEcSAGUSr3SoTvQIBIXVDQC90zfV6dJddorle2KnYEvEicnZZaj3it9uf1QxD4GJBQY03HsiLoJaJJC4bToxgYjEGMYYielAfhoukkWf8pPYgMU8gg1l4pnIv7eSMA3ZuJ76aQPNDLz3kz8z+vENLjsJjKIYsJAzA6RVJgdMkLLtBfkfamRCGbJkcuAC9BAhFpyECIV47SoYtqHM//9ImlWK45dcW7Py7WrvJkCO2LH7JQ57ILV2A2rswYTLGFP7Jm9WI/Wq/Vmvf+MLln5zgH7A+vjG/2Pmgg=</latexit><latexit sha1_base64="+a9gjU0g6ziEazor4WIWIqs5CM0=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBg4TdIOgx6MVjBPOAbAy9k04yZPbBTK8QlnyBX+FVT97Eq1/hwX9xs+5BE+tUVHXT1eVFShqy7U9raXlldW29sFHc3Nre2S3t7TdNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyxtczv/WA2sgwuKNJhF0fhoEcSAGUSr3SoTvQIBIXVDQC90zfV6dJddorle2KnYEvEicnZZaj3it9uf1QxD4GJBQY03HsiLoJaJJC4bToxgYjEGMYYielAfhoukkWf8pPYgMU8gg1l4pnIv7eSMA3ZuJ76aQPNDLz3kz8z+vENLjsJjKIYsJAzA6RVJgdMkLLtBfkfamRCGbJkcuAC9BAhFpyECIV47SoYtqHM//9ImlWK45dcW7Py7WrvJkCO2LH7JQ57ILV2A2rswYTLGFP7Jm9WI/Wq/Vmvf+MLln5zgH7A+vjG/2Pmgg=</latexit><latexit sha1_base64="+a9gjU0g6ziEazor4WIWIqs5CM0=">AAACCXicbVDLSgNBEJz1GeMrKp68DAbBg4TdIOgx6MVjBPOAbAy9k04yZPbBTK8QlnyBX+FVT97Eq1/hwX9xs+5BE+tUVHXT1eVFShqy7U9raXlldW29sFHc3Nre2S3t7TdNGGuBDRGqULc9MKhkgA2SpLAdaQTfU9jyxtczv/WA2sgwuKNJhF0fhoEcSAGUSr3SoTvQIBIXVDQC90zfV6dJddorle2KnYEvEicnZZaj3it9uf1QxD4GJBQY03HsiLoJaJJC4bToxgYjEGMYYielAfhoukkWf8pPYgMU8gg1l4pnIv7eSMA3ZuJ76aQPNDLz3kz8z+vENLjsJjKIYsJAzA6RVJgdMkLLtBfkfamRCGbJkcuAC9BAhFpyECIV47SoYtqHM//9ImlWK45dcW7Py7WrvJkCO2LH7JQ57ILV2A2rswYTLGFP7Jm9WI/Wq/Vmvf+MLln5zgH7A+vjG/2Pmgg=</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

A

150/425



x
<latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit><latexit sha1_base64="xkc78HWoCWaqRyJi3LYsRV9Sgos=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjKRyENKrOh82YRTzmfrbo2IonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKT+Z0HNFZG+o6mMfohH2s5koJTKjUfB5WqW3NzsGXiFaQKBRqDyld/GIkkRE1CcWt7nhuTP+OGpFA4L/cTizEXEz7GXko1D9H6szzonJ0mllPEYjRMKpaL+HtjxkNrp2GQToac7u2il4n/eb2ERlf+TOo4IdQiO0RSYX7ICiPTBpANpUEiniVHJjUT3HAiNJJxIVIxSSspp314i98vk/Z5zXNrXvOiWr8uminBMZzAGXhwCXW4hQa0QADCEzzDi5M4r86b8/4zuuIUO0fwB87HN4aJkYE=</latexit>

y
<latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit><latexit sha1_base64="dh92eh8HJSHKsgqxQH/hVeeT6EI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LuEElI2yTJIW9RCMPA4XdYHqb+d1H1EbG0T3NEvRDPonkWApOqdSaDas1t+7mYKvEK0gNCjSH1a/BKBY2xIiE4sb0PTchf841SaFwURlYgwkXUz7BfkojHqLx53nQBTuzhlPMEtRMKpaL+HtjzkNjZmGQToacHsyyl4n/eX1L42t/LqPEEkYiO0RSYX7ICC3TBpCNpEYiniVHJiMmuOZEqCXjQqSiTSuppH14y9+vks5F3XPrXuuy1rgpminDCZzCOXhwBQ24gya0QQDCEzzDi2OdV+fNef8ZLTnFzjH8gfPxDYgYkYI=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

1
<latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit><latexit sha1_base64="cJZ7FkinJi+qsxkl1HhMLZmHaYA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48JmAckS+iddOKQ2QczPUII+QKvevImXv0gD/6Lu+seNLFORVU3XV1BoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhjYqsFtkWsYt0LwKCSEbZJksJeohHCQGE3mN5mfvcRtZFxdE+zBP0QJpEcSwGUSi1vWK25dTcHXyVeQWqsQHNY/RqMYmFDjEgoMKbvuQn5c9AkhcJFZWANJiCmMMF+SiMI0fjzPOiCn1kDFPMENZeK5yL+3phDaMwsDNLJEOjBLHuZ+J/XtzS+9ucySixhJLJDJBXmh4zQMm0A+UhqJIIsOXIZcQEaiFBLDkKkok0rqaR9eMvfr5LORd1z617rsta4KZopsxN2ys6Zx65Yg92xJmszwZA9sWf24ljn1Xlz3n9GS06xc8z+wPn4BhfgkTo=</latexit>

�1
<latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit><latexit sha1_base64="7gB876GjEhRcGmagBtLrWxwEJ+0=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJhshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7PnEG1ZtftHHyZOAWpsQLNQfWrPwxF7GNAQoExPceOyE1AkxQK55V+bDACMYEx9lIagI/GTfKkc34SG6CQR6i5VDwX8fdGAr4xM99LJ32gR7PoZeJ/Xi+m0ZWbyCCKCQORHSKpMD9khJZpBciHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+P0yaZ/XHbvu3F3UGtdFM2V2xI7ZKXPYJWuwW9ZkLSbYiD2xZ/ZiTa1X6816/xktWcXOIfsD6+Mbgx+RcQ==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

si
n
(↵

)
<latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit><latexit sha1_base64="BqpkZhwxLzRq5/2T0RlHmrktbrc=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEAuhLnNJFmyt7fszgkhBPwVtlrZia1/xcL/4iWm0MRXPd6bYd68yCjpyPc/vZXVtfWNzdxWfntnd2+/cHBYd0lqBdZEohLbjMChkhprJElh01iEOFLYiIY3U7/xgNbJRN/TyGA7hr6WPSmAMikMndSlEJQZwFmnUPTL/gx8mQRzUmRzVDuFr7CbiDRGTUKBc63AN9QegyUpFE7yYerQgBhCH1sZ1RCja49nmSf8NHVACTdouVR8JuLvjTHEzo3iKJuMgQZu0ZuK/3mtlHpX7bHUJiXUYnqIpMLZISeszMpA3pUWiWCaHLnUXIAFIrSSgxCZmGbt5LM+gsXvl0n9vBz45eDuoli5njeTY8fshJVYwC5Zhd2yKqsxwQx7Ys/sxXv0Xr037/1ndMWb7xyxP/A+vgFCTJXQ</latexit>

cos(↵)
<latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit><latexit sha1_base64="87C0/gPlJLtgOS+4ZKwRajMJ4BE=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhBiE+5E0DJoYxnBfEDuCHObSbJk727ZnRNCCPgrbLWyE1v/ioX/xbuYQhNf9XhvhnnzQq2kJdf9dFZW19Y3Ngtbxe2d3b390sFh0yapEdgQiUpMOwSLSsbYIEkK29ogRKHCVji6yf3WAxork/iexhqDCAax7EsBlEm+LxJb8UHpIZx1S2W36s7Al4k3J2U2R71b+vJ7iUgjjEkosLbjuZqCCRiSQuG06KcWNYgRDLCT0RgitMFklnnKT1MLlHCNhkvFZyL+3phAZO04CrPJCGhoF71c/M/rpNS/CiYy1ilhLPJDJBXODllhZFYG8p40SAR5cuQy5gIMEKGRHITIxDRrp5j14S1+v0ya51XPrXp3F+Xa9byZAjtmJ6zCPHbJauyW1VmDCabZE3tmL86j8+q8Oe8/oyvOfOeI/YHz8Q06P5XL</latexit>

tan(↵) =
sin(↵)

cos(↵)
<latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit><latexit sha1_base64="eLoOQerHpqoWgSaJyw9FalOTJwY=">AAACInicbVBNS8NAEN34WetX1aOXxSLopSQi6EUoevGoYG2hKWWynbZLN5uwOxFK6L/wJ/grvOrJm3gS9L+Y1FLU+k5v3pthZl4QK2nJdd+dufmFxaXlwkpxdW19Y7O0tX1ro8QIrIlIRaYRgEUlNdZIksJGbBDCQGE9GFzkfv0OjZWRvqFhjK0Qelp2pQDKpHap4hPoAx9U3IfDM79rQKS+lVNplPoistOqXSq7FXcMPku8CSmzCa7apU+/E4kkRE1CgbVNz42plYIhKRSOin5iMQYxgB42M6ohRNtKx3+N+H5igSIeo+FS8bGIPydSCK0dhkHWGQL17V8vF//zmgl1T1up1HFCqEW+iKTC8SIrjMwCQ96RBokgvxy51FyAASI0koMQmZhkCRazPLy/38+S26OK51a86+Ny9XySTIHtsj12wDx2wqrskl2xGhPsnj2yJ/bsPDgvzqvz9t0650xmdtgvOB9fBtCkIA==</latexit>

B C

D

E

ACE  ACE  ACD
<latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit><latexit sha1_base64="aqc0rSD/b4vk5eZKhLECz8/Pmcc=">AAACCHicbVC5TsNAEF2HK4TLHB3NigiJKrIREpSBgEQZJHJISRStN5Owyvpgd4wUrPwAX0ELFR2i5S8o+BfWxgUEXjNP781oZp4XSaHRcT6swtz8wuJScbm0srq2vmFvbjV1GCsODR7KULU9pkGKABooUEI7UsB8T0LLG9dSv3UHSoswuMZJBD2fjQIxFJyhkfr2zmntoivhlppKc3Let8tOxclA/xI3J2WSo963P7uDkMc+BMgl07rjOhH2EqZQcAnTUjfWEDE+ZiPoGBowH3Qvya6f0v1YMwxpBIoKSTMRfk4kzNd64num02d4o2e9VPzP68Q4POklIohihICni1BIyBZproSJBehAKEBk6eVARUA5UwwRlKCMcyPGJqeSycOd/f4vaR5WXKfiXh2Vq2d5MkWyS/bIAXHJMamSS1InDcLJPXkkT+TZerBerFfr7bu1YOUz2+QXrPcviRCX7g==</latexit>

sin(↵)

2
 ↵

2
 tan(↵)

2<latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit><latexit sha1_base64="0ByesYhT0f0BwLW58kVptIdLJyw=">AAACOnicbVBNS8NAEN34WetX1aOXxSLopSQi6LEoiMcKthWaUibbaV3cbOLuRCih/8if4K/wJurFm3j1B5jGHLT6To/33jAzL4iVtOS6T87M7Nz8wmJpqby8srq2XtnYbNkoMQKbIlKRuQrAopIamyRJ4VVsEMJAYTu4OZ347Ts0Vkb6kkYxdkMYajmQAiiTepUzf2BApL6Ves8HFV/D/jg9GPsKb3lh5eq0SPAr36tU3Zqbg/8lXkGqrECjV3n1+5FIQtQkFFjb8dyYuikYkkLhuOwnFmMQNzDETkY1hGi7af7vmO8mFijiMRouFc9F/DmRQmjtKAyyZAh0bae9ifif10locNxNpY4TQi0mi0gqzBdZYWRWJPK+NEgEk8uRS80FGCBCIzkIkYlJ1mw568Ob/v4vaR3UPLfmXRxW6ydFMyW2zXbYHvPYEauzc9ZgTSbYPXtkz+zFeXDenHfn4zs64xQzW+wXnM8vzAGuww==</latexit>

↵
<latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit><latexit sha1_base64="130Rv+B+JajR8XDoAlIAxI8edTY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+qOXXduz2uNq6KZMjtix+yUOeyCNdgNa7IWE+yePbFn9mI9Wq/Wm/X+M1qyip1D9gfWxzdBFpOd</latexit>

↵

2
<latexit sha1_base64="cVBdWo82gfxvBedIiavMvjRSDsI=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRXaEBGUEDWWQyEOKo2h92SSnnB+6W0eKrLR8BS1UdIiW/6DgX7CDC0iYajSzq50dP1bSkON8WmvrG5tb26Wd8u7e/sGhfXTcMlGiBTZFpCLd8cGgkiE2SZLCTqwRAl9h25/c5n57itrIKHygWYy9AEahHEoBlEl92/aGGkTqgYrHME9r875dcarOAnyVuAWpsAKNvv3lDSKRBBiSUGBM13Vi6qWgSQqF87KXGIxBTGCE3YyGEKDppYvkc36eGKCIx6i5VHwh4u+NFAJjZoGfTQZAY7Ps5eJ/Xjeh4XUvlWGcEIYiP0RS4eKQEVpmlSAfSI1EkCdHLkMuQAMRaslBiExMso7KWR/u8verpFWruk7Vvb+s1G+KZkrslJ2xC+ayK1Znd6zBmkywKXtiz+zFerRerTfr/Wd0zSp2TtgfWB/fu9WYTA==</latexit><latexit sha1_base64="cVBdWo82gfxvBedIiavMvjRSDsI=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRXaEBGUEDWWQyEOKo2h92SSnnB+6W0eKrLR8BS1UdIiW/6DgX7CDC0iYajSzq50dP1bSkON8WmvrG5tb26Wd8u7e/sGhfXTcMlGiBTZFpCLd8cGgkiE2SZLCTqwRAl9h25/c5n57itrIKHygWYy9AEahHEoBlEl92/aGGkTqgYrHME9r875dcarOAnyVuAWpsAKNvv3lDSKRBBiSUGBM13Vi6qWgSQqF87KXGIxBTGCE3YyGEKDppYvkc36eGKCIx6i5VHwh4u+NFAJjZoGfTQZAY7Ps5eJ/Xjeh4XUvlWGcEIYiP0RS4eKQEVpmlSAfSI1EkCdHLkMuQAMRaslBiExMso7KWR/u8verpFWruk7Vvb+s1G+KZkrslJ2xC+ayK1Znd6zBmkywKXtiz+zFerRerTfr/Wd0zSp2TtgfWB/fu9WYTA==</latexit><latexit sha1_base64="cVBdWo82gfxvBedIiavMvjRSDsI=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRXaEBGUEDWWQyEOKo2h92SSnnB+6W0eKrLR8BS1UdIiW/6DgX7CDC0iYajSzq50dP1bSkON8WmvrG5tb26Wd8u7e/sGhfXTcMlGiBTZFpCLd8cGgkiE2SZLCTqwRAl9h25/c5n57itrIKHygWYy9AEahHEoBlEl92/aGGkTqgYrHME9r875dcarOAnyVuAWpsAKNvv3lDSKRBBiSUGBM13Vi6qWgSQqF87KXGIxBTGCE3YyGEKDppYvkc36eGKCIx6i5VHwh4u+NFAJjZoGfTQZAY7Ps5eJ/Xjeh4XUvlWGcEIYiP0RS4eKQEVpmlSAfSI1EkCdHLkMuQAMRaslBiExMso7KWR/u8verpFWruk7Vvb+s1G+KZkrslJ2xC+ayK1Znd6zBmkywKXtiz+zFerRerTfr/Wd0zSp2TtgfWB/fu9WYTA==</latexit><latexit sha1_base64="cVBdWo82gfxvBedIiavMvjRSDsI=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRXaEBGUEDWWQyEOKo2h92SSnnB+6W0eKrLR8BS1UdIiW/6DgX7CDC0iYajSzq50dP1bSkON8WmvrG5tb26Wd8u7e/sGhfXTcMlGiBTZFpCLd8cGgkiE2SZLCTqwRAl9h25/c5n57itrIKHygWYy9AEahHEoBlEl92/aGGkTqgYrHME9r875dcarOAnyVuAWpsAKNvv3lDSKRBBiSUGBM13Vi6qWgSQqF87KXGIxBTGCE3YyGEKDppYvkc36eGKCIx6i5VHwh4u+NFAJjZoGfTQZAY7Ps5eJ/Xjeh4XUvlWGcEIYiP0RS4eKQEVpmlSAfSI1EkCdHLkMuQAMRaslBiExMso7KWR/u8verpFWruk7Vvb+s1G+KZkrslJ2xC+ayK1Znd6zBmkywKXtiz+zFerRerTfr/Wd0zSp2TtgfWB/fu9WYTA==</latexit>

r = 1
<latexit sha1_base64="WRnnVam1l71JKqhIpgmRbedhREA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREjRIETSUQZCHlFjR+rIJp5wfuluDIiufQAsVHaLleyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PTCoZIAtkqSwG2kE31PY8SZXmd95QG1kGNzRNELXh3EgR1IApdKtvnAG1Zpdt3PwReIUpMYKNAfVr/4wFLGPAQkFxvQcOyI3AU1SKJxV+rHBCMQExthLaQA+GjfJo874UWyAQh6h5lLxXMTfGwn4xkx9L530ge7NvJeJ/3m9mEbnbiKDKCYMRHaIpML8kBFaph0gH0qNRJAlRy4DLkADEWrJQYhUjNNSKmkfzvz3i6R9UnfsunNzWmtcFs2U2QE7ZMfMYWeswa5Zk7WYYGP2xJ7Zi/VovVpv1vvPaMkqdvbZH1gf33Oxkf0=</latexit><latexit sha1_base64="WRnnVam1l71JKqhIpgmRbedhREA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREjRIETSUQZCHlFjR+rIJp5wfuluDIiufQAsVHaLleyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PTCoZIAtkqSwG2kE31PY8SZXmd95QG1kGNzRNELXh3EgR1IApdKtvnAG1Zpdt3PwReIUpMYKNAfVr/4wFLGPAQkFxvQcOyI3AU1SKJxV+rHBCMQExthLaQA+GjfJo874UWyAQh6h5lLxXMTfGwn4xkx9L530ge7NvJeJ/3m9mEbnbiKDKCYMRHaIpML8kBFaph0gH0qNRJAlRy4DLkADEWrJQYhUjNNSKmkfzvz3i6R9UnfsunNzWmtcFs2U2QE7ZMfMYWeswa5Zk7WYYGP2xJ7Zi/VovVpv1vvPaMkqdvbZH1gf33Oxkf0=</latexit><latexit sha1_base64="WRnnVam1l71JKqhIpgmRbedhREA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREjRIETSUQZCHlFjR+rIJp5wfuluDIiufQAsVHaLleyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PTCoZIAtkqSwG2kE31PY8SZXmd95QG1kGNzRNELXh3EgR1IApdKtvnAG1Zpdt3PwReIUpMYKNAfVr/4wFLGPAQkFxvQcOyI3AU1SKJxV+rHBCMQExthLaQA+GjfJo874UWyAQh6h5lLxXMTfGwn4xkx9L530ge7NvJeJ/3m9mEbnbiKDKCYMRHaIpML8kBFaph0gH0qNRJAlRy4DLkADEWrJQYhUjNNSKmkfzvz3i6R9UnfsunNzWmtcFs2U2QE7ZMfMYWeswa5Zk7WYYGP2xJ7Zi/VovVpv1vvPaMkqdvbZH1gf33Oxkf0=</latexit><latexit sha1_base64="WRnnVam1l71JKqhIpgmRbedhREA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREjRIETSUQZCHlFjR+rIJp5wfuluDIiufQAsVHaLleyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PTCoZIAtkqSwG2kE31PY8SZXmd95QG1kGNzRNELXh3EgR1IApdKtvnAG1Zpdt3PwReIUpMYKNAfVr/4wFLGPAQkFxvQcOyI3AU1SKJxV+rHBCMQExthLaQA+GjfJo874UWyAQh6h5lLxXMTfGwn4xkx9L530ge7NvJeJ/3m9mEbnbiKDKCYMRHaIpML8kBFaph0gH0qNRJAlRy4DLkADEWrJQYhUjNNSKmkfzvz3i6R9UnfsunNzWmtcFs2U2QE7ZMfMYWeswa5Zk7WYYGP2xJ7Zi/VovVpv1vvPaMkqdvbZH1gf33Oxkf0=</latexit>

A
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Sequences: notable limits

Hence, for n sufficiently large,

0 ≤ sin

(
1
n

)
≤ 1

n
≤ sin (1/n)

cos (1/n)

divide all sides by the positive quantity sin
( 1
n

)
, obtaining

0 ≤ 1 ≤ 1
n sin (1/n)

≤ 1
cos (1/n)

flip al the fractions

1 ≥ n sin (1/n) ≥ cos (1/n)

more comfortable expression....

cos (1/n) ≤ n sin (1/n) ≤ 1

Since cos (1/n) → 1 then we get

lim
n→∞

n sin (1/n) = 1.
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Sequences: notable limits

Exercize

Let a ∈ R, a ̸= 1. Prove that

lim
n→∞

an =


0 if |a| < 1

+∞ if a > 1

∄ if a ≤ −1

Solution. Case |a| < 1. Define h = 1
|a| − 1. We get

|a| < 1 =⇒ 1
|a| > 1 =⇒ 1

|a| − 1 > 0 =⇒ h =
1
|a| − 1 > 0,

and |a| = 1
1+h

. We know that

(1 + h)n ≥ 1 + n h ≥ n h =⇒ 0 <
1

(1 + h)n
≤ 1

n h

So finally:
0 < |a|n =

1
(1 + h)n

≤ 1
n h

→ 0 =⇒ an → 0.
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Sequences: notable limits

Exercize
Let a ∈ R, a ̸= 1. Prove that

lim
n→∞

an =


0 if |a| < 1

+∞ if a > 1

∄ if a ≤ −1

Solution. Case a > 1. Define h = a− 1. We get

a > 1 =⇒ a− 1 > 0 =⇒ h = a− 1 > 0,

and a = 1 + h. Whence

an = (1 + h)n ≥ 1 + n h → ∞.
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Sequences: notable limits

Exercize
Let a ∈ R, a ̸= 1. Prove that

lim
n→∞

an =


0 if |a| < 1

+∞ if a > 1

∄ if a ≤ −1

Solution. Case a > 1. Define h = a− 1. We get

a > 1 =⇒ a− 1 > 0 =⇒ h = a− 1 > 0,

and a = 1 + h. Whence

an = (1 + h)n ≥ 1 + n h → ∞.
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Sequences: notable limits

Exercize
Let a ∈ R, a ̸= 1. Prove that

lim
n→∞

an =


0 if |a| < 1

+∞ if a > 1

∄ if a ≤ −1

Solution. Case a = −1.

We already know that (−1)n has no limit.
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Sequences: notable limits

Exercize
Let a ∈ R, a ̸= 1. Prove that

lim
n→∞

an =


0 if |a| < 1

+∞ if a > 1

∄ if a ≤ −1

Solution. Case a < −1. Then a = − |a| with |a| > 1 and

an = (−1)n |a|n .

But then

a2 n = |a|2 n → ∞
and

a2 n+1 = − |a|2 n+1 → −∞
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Sequences

Excursus: the summation symbol

For any sequence (sn)n∈N we use the notation

n∑
k=0

sk = s0 + s1 + s2 + . . .+ sn.

Example

We already know that

n∑
k=0

k = 0 + 1 + 2 + 3 + . . .+ n =
n (n + 1)

2
.

Similarly it could be proved that

n∑
k=0

k2 = 0 + 12 + 22 + 32 + . . .+ n2 =
n (n + 1) (2 n + 1)

6

n∑
k=0

k3 = 0 + 13 + 23 + 33 + . . .+ n3 =
n2 (n + 1)2

4

and so on and so forth...
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Sequences

The summation symbol: change of variable

Consider
k2∑

k=k1

sk

change variable k ′ = k − k1 ⇒ k = k ′ + k1 then

k2∑
k=k1

sk =

k2−k1∑
k′=0

sk′+k1

but k ′ or k are dummy variables! Whence

k2∑
k=k1

sk =

k2−k1∑
k′=0

sk′+k1 =

k2−k1∑
k=0

sk+k1

Example

5∑
k=1

k = 1 + 2 + 3 + 4 + 5 =
4∑

k=0

(k + 1) = 1 + 2 + 3 + 4 + 5
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Sequences

Some WARNINGs!
A tricky notation ....

n∑
k=0

=
n∑

k=0

1 = 1 + 1 + 1 + ...+ 1︸ ︷︷ ︸
n+1− times

= n + 1

It does not make any sense to do something like

n∑
k=0

k

k + 1
= k

n∑
k=0

1
k + 1

the dummy variable cannot jump out of the summation!!!
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Sequences

Definition

For any integer n we define define the factorial of n as

n! = n · (n − 1) · (n − 2) · · · 2 · 1, 0! = 1.

Examples and properties

Some simple examples.5! = 5 · 4 · 3 · 2 · 1 = 120

8! = 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1 = 40320

A useful property. Consider k < n, then

n! = n · (n − 1) · · · (n − k + 1) · (n − k) · (n − k − 1) · · · 2 · 1︸ ︷︷ ︸
(n−k)!

= n · (n − 1) · · · (n − k + 1) · (n − k)!

whence
n!

(n − k)!
= n · (n − 1) · · · (n − k + 1) .
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Sequences

Definition

For any two integers k and n, with k ≤ n, the binomial coefficient is defined as(n
k

)
=

n!

k! (n − k)!

and it is read “n choose k”.

Theorem

For any couple of real numbers a and b and for all integers n, it holds that

(a+ b)n =
(n

0

)
an b0+

(n
1

)
an−1 b1+

(n
2

)
an−2 b2+ . . .+

(
n

n − 1

)
a1 bn−1+

(n
n

)
a0 bn

which is also written as

(a+ b)n =
n∑

k=0

(n
k

)
an−k bk .
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Sequences

Example

(a+ b)2 =
2∑

k=0

(
2
k

)
a2−k bk

=

(
2
0

)
a2 b0 +

(
2
1

)
a2−1 b1 +

(
2
2

)
a2−2 b2

(
2
0

)
=

2!
0! (2 − 0)!

= 1,
(

2
1

)
=

2!
1! (2 − 1)!

= 2,
(

2
2

)
=

2!
2! (2 − 2)!

= 1

(a+ b)2 = a2 + 2 a b + b2.
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Sequences: notable limits

Assume k ∈ N and a > 1. We want to compute the limit

lim
n→∞

nk

an

a > 1 implies a = 1 + h with h > 0.

Newton’s binomial implies

an = (1 + h)n =
n∑

k=0

(n
k

)
hk

=
(n

0

)
︸︷︷︸
≥0

+
(n

1

)
h︸ ︷︷ ︸

≥0

+ . . .+
(n
k

)
hk︸ ︷︷ ︸

≥0

+

(
n

k + 1

)
hk+1

︸ ︷︷ ︸
≥0

+ . . .+
(n
n

)
hn︸ ︷︷ ︸

≥0

≥
(

n

k + 1

)
hk+1 =

n (n − 1) · · · (n − k)

(k + 1)!
hk+1.

Whence

0 ≤ nk

an
≤

k−factors︷︸︸︷
nk

hk+1 n (n − 1) · · · (n − k)︸ ︷︷ ︸
k+1−factors

(k + 1)! =
(k + 1)!

hk+1 n
(
1 − 1

n

)
· · ·
(
1 − k

n

)→ 0
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Sequences: notable limits

Let x ∈ R be a real number. First remember that

Sn (x) = 1 + x + x2 + x3 + . . .+ xn =
n∑

k=0

xk =
1 − xn+1

1 − x
.

so

lim
n→∞

Sn (x) =


1

1−x
if |x | < 1

+∞ if x > 1

∄ if x ≤ −1

.

IMPORTNAT!

This results is very important!! It is also indicated with

∞∑
k=0

xk =
1

1 − x
⇔ |x | < 1.
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Sequences: notable limits and the geometric series

1 + x + x2 + x3 + . . . = lim
n→∞

n∑
k=0

xk =


1

1−x
if |x | < 1

+∞ if x > 1

∄ if x ≤ −1

.

Example

1 +
1
2
+

(
1
2

)2

+

(
1
2

)3

+ . . . = lim
n→∞

n∑
k=0

(
1
2

)k

=
1

1 − 1
2

= 2

1 + 2 + 22 + 23 + . . . = lim
n→∞

n∑
k=0

2k = ∞

1 − 1
2
+

(
1
2

)2

−
(

1
2

)3

+ . . . = lim
n→∞

n∑
k=0

(
−1

2

)k

=
1

1 + 1
2

=
2
3

1 − 2 + 22 − 23 + . . . = lim
n→∞

n∑
k=0

(−2)k = ∄.
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Sequences: notable limits

Consider
lim

n→∞
n

1
n = (+∞)0 = Indeterminate form!

Why indeterminate? Consider for example

lim
n→∞

n1/ log2(n) = (+∞)0

But using the fact that x = 2log2(x) we get

n1/ log2(n) = 2log2(n1/ log2(n)) = 2
1

log2(n)
log2(n) = 2 → 2

and, similarly
n1/ log3(n) = 3log3(n1/ log3(n)) = 3

1
log3(n)

log3(n) = 3 → 3

so (+∞)0 can be anything!.
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Sequences: notable limits

Consider
lim

n→∞
n

1
n = (+∞)0 = Indeterminate form!

For n sufficiently large we have n1/n > 1, because if, by contradiction, n1/n < 1 then

n = n1/n · n1/n · n1/n · · · n1/n︸ ︷︷ ︸
n−times

< 1 · 1 · 1 · · · 1 = 1

which is impossible. Hence I can write

n1/n = 1 + an

with an ≥ 0, then

n = (1 + an)
n = 1 +

(n
1

)
an +

(n
2

)
a2
n + . . .+ ann ≥ 1 +

(n
2

)
a2
n = 1 +

n (n − 1)
2

a2
n

or
n − 1 ≥ n (n − 1)

2
a2
n ⇒ 1 ≥ n

2
a2
n ⇒ 2

n
≥ a2

n ≥ 0

so an → 0 and thus
n1/n = 1 + an → 1.
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Sequences: notable limits

Consider
lim

n→∞

nn

n!
=

+∞
+∞ = Indeterminate form!

Let’s decompose both nn and n! in all their factors:

nn

n!
=

n−factors︷ ︸︸ ︷
n · n · n · · · n · n

n · (n − 1) · (n − 2) · · · 2 · 1︸ ︷︷ ︸
n−factors

Now associate to each factor on the numerator the corresponding factor to the
denominator....

nn

n!
=

n

n
· n

n − 1
· n

n − 2
· · · n

2
· n

1
and note that

nn

n!
=

n

n︸︷︷︸
=1

· n

n − 1︸ ︷︷ ︸
>1

· n

n − 2︸ ︷︷ ︸
>1

· · · n

2︸︷︷︸
>1

· n

1︸︷︷︸
=n

> n → +∞.

hence
lim

n→∞

nn

n!
= +∞.
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Sequences: notable limits

Consider, for a > 1,

lim
n→∞

loga (n)

n
=

+∞
+∞ = Indeterminate form!

Nevertheless
loga (n)

n
= loga

(
n1/n

)
since n1/n → 1 we have

lim
n→∞

loga (n)

n
= loga (1) = 0.

More generally, for any b > 0 we have

lim
n→∞

loga (n)

nb
= 0.
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Sequences: notable limits

Consider, for a > 1,

lim
n→∞

an

n!
=

+∞
+∞ = Indeterminate form!

Define xn = an

n!
≥ 0 and consider that

xn+1

xn
=

an+1

an
n!

(n + 1)!
=

an+1

an
n!

(n + 1) · n! = a
1

n + 1
→ 0.

This means that
∀ε > 0, ∃n∗ : ∀n ≥ n∗ ⇒ 0 <

xn+1

xn
< ε.

Consider then an ε < 1, then I can find an N such that, for all n ≥ N

0 ≤ xn+1

xn
< ε < 1 ⇒ 0 ≤ xn+1 < ε xn

iterating we get

0 ≤ xn+1 < ε xn < ε2 xn−1 < ε3 xn−2 < · · · < εn−NxN+1.

N is fixed! Whence I can take n → +∞ and I get εn−N → 0, obtaining

xn+1 → 0 ⇒ lim
n→∞

an

n!
= 0.
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Consider any a > 1 and b > 0 then

Summary

lim
n→∞

loga (n)

nb
= 0 ⇒ The power diverges faster than the logarithm

lim
n→∞

nb

an
= 0 ⇒ The exponential diverges faster than the power

lim
n→∞

an

n!
= 0 ⇒ The factorial diverges faster than the exponential

lim
n→∞

n!

nn
= 0 ⇒ nn diverges faster than the factorial
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Sequences

Example

lim
n→∞

3n + log2 (n)

n!
= lim

n→∞
3n

1 +

→0︷ ︸︸ ︷
log2 (n)

3n
n!

= lim
n→∞

3n

n!
= 0

lim
n→∞

n1/100

log20 (n
100)

= lim
n→∞

n1/100

100 log20 (n)
= +∞

lim
n→∞

n! + n200000

nn
= lim

n→∞
n!

1 +

→0︷ ︸︸ ︷
n200000

n!
nn

= lim
n→∞

n!

nn
= 0.
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Sequences: asymptotic equivalence

Definition
Let an and bn be two sequences. If

lim
n→∞

an
bn

= 1

we say that an and bn are asymptotically equivalent, and we write an ∼ bn.

Theorem
Suppose that an ∼ bn and that bn → ℓ > 0. Then an → ℓ.

Proof. Since an ∼ bn then for all ε > 0 and for n ≥ n∗ we get

(1 − ε) <
an
bn

< (1 + ε) ⇒ bn (1 − ε) < an < (1 + ε) bn

Now as ε → 0 we have n → ∞ so bn → ℓ and also (1 ± ε) → 1, whence

for the comparison theorem

an → ℓ.
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Sequences: asymptotic equivalence

Example

n2 − n ∼ n2 → ∞
n3/2 − n1/2 + n8 ∼ n8 → ∞

sin

(
1
n

)
∼ 1

n
→ 0

n2 sin

(
1
n

)
∼ n2 1

n
→ ∞

n9 − n1/10000 + sin (n)

n10 ∼ n9

n10 =
1
n
→ 0.

3n − n100

6n
∼ 3n

6n
=

(
3
6

)n

=

(
1
2

)n

→ 0

log7 (n)− n2

3 n2 = ∼ −n2

3 n2 = −1
3
→ −1

3
.
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Sequences

Definition
A sequence sn is said to be

strictly increasing if sn < sn+1 for all n.

increasing if sn ≤ sn+1 for all n.

strictly decreasing if sn > sn+1 for all n.

decreasing if sn ≥ sn+1 for all n.

Theorem
Let sn be increasing. Then sn → ℓ if and only if sn ≤ M.

Theorem
Let sn be decreasing. Then sn → ℓ if and only if sn ≥ M.
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Sequences: the Euler sequence

Definition
The sequence

an =

(
1 +

1
n

)n

is called the Euler sequence.

Theorem
The Euler sequence is increasing.

Proof. Next slide ⇒.



177/425

Sequences: the Euler sequence

an =

(
1 +

1
n

)n

=
n∑

k=0

(n
k

)(1
n

)k

= 1 +
n∑

k=1

(n
k

)(1
n

)k

= 1 +
n∑

k=1

n · (n − 1) · · · (n − k + 1)
k!

1
nk

= 1 + 1 +
n∑

k=2

n · (n − 1) · · · (n − k + 1)
nk

1
k!

= 2 +
n∑

k=2

k− factors︷ ︸︸ ︷
n · (n − 1) · · · (n − k + 1)

n · n · · · n︸ ︷︷ ︸
k− factors

1
k!

= 2 +
n∑

k=2

1 ·
(

1 − 1
n

)
·
(

1 − 2
n

)
· · ·
(

1 − k − 1
n

)
1
k!

< 2 +
n∑

k=2

1 ·
(

1 − 1
n + 1

)
·
(

1 − 2
n + 1

)
· · ·
(

1 − k − 1
n + 1

)
1
k!

< 2 +
n+1∑
k=2

1 ·
(

1 − 1
n + 1

)
·
(

1 − 2
n + 1

)
· · ·
(

1 − k − 1
n + 1

)
1
k!

= an+1.

In summary an < an+1.
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Sequences: the Euler sequence

Definition
The sequence

an =

(
1 +

1
n

)n

is called the Euler sequence.

Theorem
The Euler sequence is bounded from below and from above.

Proof. From below: Use binomial inequality:

an =

(
1 +

1
n

)n

≥ 1 + n
1
n
= 2.

From above: Next slide ⇒.
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Sequences: the Euler sequence

First remember that

lim
n→∞

n∑
k=0

1
2k

=
1

1 − 1
2
= 2.

then note that

k! = 1 · 2 · 3 · · · k ≥ 1 · 2 · 2 · · · 2 = 2k−1.

and so

2 < an = 1 +
n∑

k=1

1 ·
(

1 − 1
n

)
︸ ︷︷ ︸

<1

·
(

1 − 2
n

)
︸ ︷︷ ︸

<1

· · ·
(

1 − k − 1
n

)
︸ ︷︷ ︸

<1

1
k!

< 1 +
n∑

k=1

1
k!

≤ 1 +
n∑

k=1

1
2k−1 = 1 + 2

n∑
k=1

1
2k

< 1 + 2 lim
n→∞

n∑
k=1

1
2k

= 1 + 2

(
1

1 − 1
2
− 1

)
= 3. (0.6)
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Sequences: the Euler sequence

Summary

Euler sequence is defined as

an =

(
1 +

1
n

)n

.

an < an+1 for all n.

2 ≤ an < 3 for all n.

In particular

Increasing + bounded from above ⇒ ∃e = lim
n→∞

(
1 +

1
n

)n

.

Besides
2 ≤ e < 3.

Definition

The number e is called the Euler’s number.
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Sequences: the Euler sequence

Exercize

Compute

lim
n→∞

(
1 +

7
n2

)n2

.

Solution. Define m = n√
7
, whence n = m

√
7 so that

lim
n→∞

(
1 +

7
n2

)n2

= lim
m→∞

(
1 +

1
m2

)7m2

Call k = m2 so that

lim
m→∞

(
1 +

1
m2

)7m2

= lim
k→∞

(
1 +

1
k

)7 k

= lim
k→∞

((
1 +

1
k

)k
)7

= e7
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The Euler sequence: an economic application.

[0, 1] = time horizon, for example one year.

R = interest rate, defined as (Final Value-Initial Value)/Initial Value.

If I invest 1$ at time t = 0 =⇒ I get (1 + R) $ at time t = 1.
What happens if I compound in two periods?(

1 +
R

2

) (
1 +

R

2

)
=

(
1 +

R

2

)2

.

What happens if I compound in three periods?(
1 +

R

3

) (
1 +

R

3

) (
1 +

R

3

)
=

(
1 +

R

3

)3

.

More generally, I divide the interval [0, 1] into n periods....(
1 +

R

n

) (
1 +

R

n

)
· · ·
(

1 +
R

n

)
︸ ︷︷ ︸

n− times

=

(
1 +

R

n

)n

→ eR .

This is why eR − 1 is called the continuously compounded interest rate.
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Sequences: an economic application.

Let p be the price of a one kilogram of rice.

The demand curve

WIKIPEDIA (I am not an economist): demand curve is the graph depicting the
relationship between the price of a certain commodity and the amount of it that
consumers are willing and able to purchase at any given price. We assume a linear
demand curve:

D (p) = −b p + a

with b > 0 and a > 0.

The supply curve

WIKIPEDIA: supply is the amount of something that firms, consumers, labourers,
providers of financial assets, or other economic agents are willing to provide to the
marketplace. We assume a linear supply curve:

S (p) = s p −m

with s > 0 and m > 0.
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Sequences: an economic application.

Let p0 be the initial price of one kilogram of rice. The dynamics of the price is

pn+1 = pn + D (pn)− S (pn)

if D (pn) > S (pn) then pn+1 > pn, i.e. price increases.

if D (pn) < S (pn) then pn+1 < pn, i.e. price decreases.

if D (pn) = S (pn) then pn+1 = pn, i.e. price stays constant.

Using the expressions of the demand and supply curve we obtain:

pn+1 = pn − b pn + a− s pn +m = a+m︸ ︷︷ ︸
α

+pn (1 − b − s)︸ ︷︷ ︸
β

= α+ β pn

whence ...

p1 = α+ β p0

p2 = α+ β p1 = α+ β (α+ β p0) = α+ αβ + β2 p0 = α (1 + β) + β2 p0

p3 = α+ β p2 = α+ β
(
α+ αβ + β2 p0

)
= α

(
1 + β + β2)+ β3 p0

...
...

pn = α
(
1 + β + β2 + β3 + . . .+ βn−1)+ βn p0 = α

1 − βn

1 − β
+ βn p0.
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Sequences: an economic application.

Summary 

D (p) = −b p + a

S (p) = s p −m

α = a+m

β = 1 − b − s

pn+1 = pn + D (pn)− S (pn) = α
1 − βn

1 − β
+ βn p0,

|β| < 1 ⇒ pn+1 → pe = α
1

1 − β
=

a+m

b + s

Note that

D (pe) = −b
a+m

b + s
+ a =

−b a− b m + a b + a s

b + s
=

a s − b m

b + s

S (pe) = s
a+m

b + s
−m =

s a+ s m −mb −m s

b + s
=

a s − b m

b + s
= D (pe)
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p0 = 10, b = 0.1, a = 10, s = 0.2, m = 1, pe = a+m
b+s = 36.6667.
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p0 = 10
<latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit>
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p0 = 10
<latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit>

p1 = 18
<latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit>
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p0 = 10
<latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit>

p1 = 18
<latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit>

p2 = 23.6
<latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit><latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit><latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit><latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit>
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p0 = 10
<latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit><latexit sha1_base64="WjLG3K2Sfdkrjr0nSG4BuqEyq7c=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKjojJGiQImgog0QeUmJF58smHDmfrbs1UrDyD7RQ0SFa/oaCf8E2LiBhqtHMrnZ2/EhJi4x9OqWl5ZXVtfJ6ZWNza3unurvXtmFsBLREqELT9bkFJTW0UKKCbmSAB76Cjj+5yvzOAxgrQ32L0wi8gI+1HEnBMZXa0YBduGxQrbE6y0EXiVuQGinQHFS/+sNQxAFoFIpb23NZhF7CDUqhYFbpxxYiLiZ8DL2Uah6A9ZI87YwexZZjSCMwVCqai/B7I+GBtdPATycDjnd23svE/7xejKNzL5E6ihG0yA6hVJAfssLItAagQ2kAkWfJgUpNBTccEYykXIhUjNNeKmkf7vz3i6R9UndZ3b05rTUui2bK5IAckmPikjPSINekSVpEkHvyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3w0Hktg=</latexit>

p1 = 18
<latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit><latexit sha1_base64="UT2fuRABvWU8kFQIeW6Dfcos3lM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREmmQImgog0QeUmJF58smHDmfT3drpGDlH2ihokO0/A0F/4JtXABhqtHMrnZ2Ai2FRdf9cEpLyyura+X1ysbm1vZOdXevY6PYcGjzSEamFzALUihoo0AJPW2AhYGEbjC9zPzuPRgrInWDMw1+yCZKjAVnmEodPfTOvcawWnPrbg66SLyC1EiB1rD6ORhFPA5BIZfM2r7navQTZlBwCfPKILagGZ+yCfRTqlgI1k/ytHN6FFuGEdVgqJA0F+HnRsJCa2dhkE6GDG/tXy8T//P6MY4bfiKUjhEUzw6hkJAfstyItAagI2EAkWXJgQpFOTMMEYygjPNUjNNeKmkf3t/vF0nnpO65de/6tNa8KJopkwNySI6JR85Ik1yRFmkTTu7II3kiz86D8+K8Om/foyWn2Nknv+C8fwEbEZLh</latexit>

p2 = 23.6
<latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit><latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit><latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit><latexit sha1_base64="pBxvN1ffO11a9o9NrhBuZQeSfUI=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJyrIDAhqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv2AbF5Aw1WhmVzs7fiSFQcf5tEpLyyura+X1ysbm1vZOdXevbcJYc2jxUIa66zMDUihooUAJ3UgDC3wJHX9ynfmdB9BGhOoOpxF4ARsrMRKcYSp1o0H9sn5inw2qNcd2ctBF4hakRgo0B9Wv/jDkcQAKuWTG9FwnQi9hGgWXMKv0YwMR4xM2hl5KFQvAeEmed0aPYsMwpBFoKiTNRfi9kbDAmGngp5MBw3sz72Xif14vxtGFlwgVxQiKZ4dQSMgPGa5FWgTQodCAyLLkQIWinGmGCFpQxnkqxmkzlbQPd/77RdKu265ju7entcZV0UyZHJBDckxcck4a5IY0SYtwIskTeSYv1qP1ar1Z7z+jJavY2Sd/YH18A/+sk1Y=</latexit>

p30 = 36.6658
<latexit sha1_base64="DO9PN/Mn32vfkdPObjk4MRkq9YQ=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJyrIJhDRIETSUQSIPKTHR+bIJp5wfulsjRVYavoIWKjpEy59Q8C/YxgUkTDWa2dXOjhtKodGyPo3C0vLK6lpxvbSxubW9U97da+sgUhxaPJCB6rpMgxQ+tFCghG6ogHmuhI47uUr9zgMoLQL/FqchOB4b+2IkOMNEugsHcdWaXVRrZq12Vh+UK5ZpZaCLxM5JheRoDspf/WHAIw985JJp3bOtEJ2YKRRcwqzUjzSEjE/YGHoJ9ZkH2omz1DN6FGmGAQ1BUSFpJsLvjZh5Wk89N5n0GN7reS8V//N6EY7qTiz8MELweXoIhYTskOZKJHUAHQoFiCxNDlT4lDPFEEEJyjhPxCjpp5T0Yc9/v0jaJ6ZtmfbNaaVxmTdTJAfkkBwTm5yTBrkmTdIinCjyRJ7Ji/FovBpvxvvPaMHId/bJHxgf38WrlWI=</latexit><latexit sha1_base64="DO9PN/Mn32vfkdPObjk4MRkq9YQ=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJyrIJhDRIETSUQSIPKTHR+bIJp5wfulsjRVYavoIWKjpEy59Q8C/YxgUkTDWa2dXOjhtKodGyPo3C0vLK6lpxvbSxubW9U97da+sgUhxaPJCB6rpMgxQ+tFCghG6ogHmuhI47uUr9zgMoLQL/FqchOB4b+2IkOMNEugsHcdWaXVRrZq12Vh+UK5ZpZaCLxM5JheRoDspf/WHAIw985JJp3bOtEJ2YKRRcwqzUjzSEjE/YGHoJ9ZkH2omz1DN6FGmGAQ1BUSFpJsLvjZh5Wk89N5n0GN7reS8V//N6EY7qTiz8MELweXoIhYTskOZKJHUAHQoFiCxNDlT4lDPFEEEJyjhPxCjpp5T0Yc9/v0jaJ6ZtmfbNaaVxmTdTJAfkkBwTm5yTBrkmTdIinCjyRJ7Ji/FovBpvxvvPaMHId/bJHxgf38WrlWI=</latexit><latexit sha1_base64="DO9PN/Mn32vfkdPObjk4MRkq9YQ=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJyrIJhDRIETSUQSIPKTHR+bIJp5wfulsjRVYavoIWKjpEy59Q8C/YxgUkTDWa2dXOjhtKodGyPo3C0vLK6lpxvbSxubW9U97da+sgUhxaPJCB6rpMgxQ+tFCghG6ogHmuhI47uUr9zgMoLQL/FqchOB4b+2IkOMNEugsHcdWaXVRrZq12Vh+UK5ZpZaCLxM5JheRoDspf/WHAIw985JJp3bOtEJ2YKRRcwqzUjzSEjE/YGHoJ9ZkH2omz1DN6FGmGAQ1BUSFpJsLvjZh5Wk89N5n0GN7reS8V//N6EY7qTiz8MELweXoIhYTskOZKJHUAHQoFiCxNDlT4lDPFEEEJyjhPxCjpp5T0Yc9/v0jaJ6ZtmfbNaaVxmTdTJAfkkBwTm5yTBrkmTdIinCjyRJ7Ji/FovBpvxvvPaMHId/bJHxgf38WrlWI=</latexit><latexit sha1_base64="DO9PN/Mn32vfkdPObjk4MRkq9YQ=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJyrIJhDRIETSUQSIPKTHR+bIJp5wfulsjRVYavoIWKjpEy59Q8C/YxgUkTDWa2dXOjhtKodGyPo3C0vLK6lpxvbSxubW9U97da+sgUhxaPJCB6rpMgxQ+tFCghG6ogHmuhI47uUr9zgMoLQL/FqchOB4b+2IkOMNEugsHcdWaXVRrZq12Vh+UK5ZpZaCLxM5JheRoDspf/WHAIw985JJp3bOtEJ2YKRRcwqzUjzSEjE/YGHoJ9ZkH2omz1DN6FGmGAQ1BUSFpJsLvjZh5Wk89N5n0GN7reS8V//N6EY7qTiz8MELweXoIhYTskOZKJHUAHQoFiCxNDlT4lDPFEEEJyjhPxCjpp5T0Yc9/v0jaJ6ZtmfbNaaVxmTdTJAfkkBwTm5yTBrkmTdIinCjyRJ7Ji/FovBpvxvvPaMHId/bJHxgf38WrlWI=</latexit>

· · ·<latexit sha1_base64="sN5D/z35yXe/9uhVqry0L/zGVpM=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGERk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtk6ZO0</latexit><latexit sha1_base64="sN5D/z35yXe/9uhVqry0L/zGVpM=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGERk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtk6ZO0</latexit><latexit sha1_base64="sN5D/z35yXe/9uhVqry0L/zGVpM=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGERk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtk6ZO0</latexit><latexit sha1_base64="sN5D/z35yXe/9uhVqry0L/zGVpM=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGERk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtk6ZO0</latexit>
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Sub-sequences

Definition
Let sn : N → R be a sequence. Let nk : N → N be a strictly increasing
sequence of integers. The sequence snk is called a sub-sequence of sn.

Example

sn =
1
n

⇒ sn2 =
1
n2

sn = (−1)n n ⇒ s2 n = (−1)2 n (2 n) = 2 n.

sn =
n

n + 1
⇒ sn2+n =

n2 + n

n2 + n + 1
. (0.7)
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Sub-sequences

Theorem
Let sn : N → R be a sequence.

sn → ℓ ⇔ ∀snk subsequence of sn it holds that snk → ℓ.

Example

The classical example is the alternating sequence sn = (−1)n. This

sequence cannot have limit since the two sub-sequences

s2 n = +1 → +1

and

s2 n+1 = −1 → −1.

converge to two different limits.
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Sequences defined by recurrence

Exercize
Compute, if exists, the limit of the sequences0 = 2

sn+1 = 1
2

(
sn +

2
sn

)
.

Solution. First of all note that s0 > 0 and that if sn > 0 then also sn+1 > 0.

So sn > 0 for all n. We compute explicitly some elements of the sequence:

s0 = 2

s1 =
1
2

(
s0 +

2
s0

)
=

1
2

(
2 +

2
2

)
=

3
2
< s0

s2 =
1
2

(
s1 +

2
s1

)
=

1
2

(
3
2
+

4
3

)
=

17
12

<
3
2

(0.8)

The guess is that the sequence is decreasing ...
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Sequences defined by recurrence

s0 = 2

sn+1 = 1
2

(
sn +

2
sn

)
.

From the recursive equation we get ...

sn+1 =
1
2
s2
n + 2
sn

⇒ 2 sn sn+1 = s2
n + 2 ⇒ s2

n − 2 sn+1 sn + 2 = 0.

the ∆ must be positive hence

4 s2
n+1 − 8 ≥ 0 ⇒ s2

n+1 ≥ 2

whence the sequence is bounded from below. Is it decreasing? Let’s compute

sn+1 − sn =
1
2
s2
n + 2
sn

− sn =
s2
n + 2 − 2 s2

n

2 sn
=

2 − s2
n

2 sn︸︷︷︸
>0

≤ 0

that is sn+1 − sn ≤ 0 i.e. the sequence is decreasing.
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Sequences defined by recurrence

Summary s0 = 2

sn+1 = 1
2

(
sn +

2
sn

)
.

s2
n ≥ 2, i.e. the sequence is bounded from below.

sn ≥ sn+1, i.e. the sequence is decreasing.

Whence the sequence has a limit! In other words ... there exists ℓ such that

lim
n→∞

sn = ℓ.

How to compute it? If sn → ℓ then also sn+1 → ℓ, whence the recursive equation implies

ℓ =
1
2

(
ℓ+

2
ℓ

)
=⇒ ℓ2 =

ℓ2

2
+ 1 =⇒ ℓ2 = 2

but sn > 0 so ℓ ≥ 0, whence ℓ = +
√

2.
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Sequences defined by recurrence

Remarks s0 = 2

sn+1 = 1
2

(
sn +

2
sn

)
.

sn ∈ Q, for all n.

sn →
√

2 = 1.414213562373095 . . . /∈ Q.

The sequence is also an algorithm to compute (with arbitrary precision) the number
√

2.

s0 = 2

s1 =
1
2

(
s0 +

2
s0

)
=

1
2

(
2 +

2
2

)
=

3
2
= 1.5

s2 =
1
2

(
s1 +

2
s1

)
=

1
2

(
3
2
+

4
3

)
=

17
12

= 1.416̄

s3 =
1
2

(
s2 +

2
s2

)
=

1
2

(
17
12

+
24
17

)
=

577
408

= 1.414215686274510 . . .

(0.9)

The larger the n the better the approximation...
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Sequences defined by recurrence

Exercize

Compute, if exists, the limit of the sequencea1 = 1

an+1 = 3 − 1
an

Solution. Let’s compute explicitly some elements of the sequence

a1 = 1

a2 = 3 − 1
a1

= 3 − 1 = 2 < 3

a3 = 3 − 1
a2

= 3 − 1
2
=

5
2
= 2.5 < 3

a4 = 3 − 1
a3

= 3 − 2
5
=

13
5

= 2.6 < 3

a5 = 3 − 1
a4

= 3 − 5
13

=
39 − 5

13
=

34
13

= 2.615384 < 3

a6 = 3 − 1
a5

= 3 − 13
34

=
102 − 13

34
=

89
34

= 2.617647058823529 < 3 . . .

It seems increasing and bounded from above...let’s prove it.
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Sequences defined by recurrence

Induction hypothesis: an ≤ 3. The induction hypothesis implies 1
an

≥ 1
3 or

− 1
an

≤ − 1
3 .

Then
an+1 = 3 − 1

an
≤ 3 − 1

3
=

9 − 1
3

=
8
3
= 2.6 < 3.

and since, for example, a1 < 3, form the principle of induction we have an < 3 for
all n.

Induction hypothesis: an < an+1. The induction hypothesis implies 1
an

> 1
an+1

.
Then

an+2 = 3 − 1
an + 1

> 3 − 1
an

= an+1.

Since, for example, a1 < a2, form the principle of induction we have an < an+1 for
all n.

Whence
∃ℓ = lim

n→∞
an

an+1 = 3 − 1
an

⇒ ℓ = 3 − 1
ℓ

⇒ ℓ2 − 3 ℓ+ 1 = 0 ⇒ ℓ1,2 =
3 ±

√
5

2
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Sequences defined by recurrence

Summary a1 = 1

an+1 = 3 − 1
an

The limit ℓ exists and it must verifies

ℓ2 − 3 ℓ+ 1 = 0 ⇒ ℓ1,2 =
3 ±

√
5

2

The limit, when it exists, is unique!! Which is the correct solution?

3 −
√

5
2

= 0.381966 . . . ,
3 +

√
5

2
= 2.6180 . . .

Since 3−
√

5
2 < 1 = a1 and the sequence is increasing the limit is

lim
n→∞

an =
3 +

√
5

2
.
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Series

The idea

Consider, for example, the sequence ak = 1
k
.

What can I say about the sequence

Sn =
n∑

k=1

ak =
n∑

k=1

1
k

= 1 +
1
2
+

1
3
+ . . .+

1
n

?

Does Sn converge? If yes, which is the limit of Sn ?

Definition

Given a sequence an, the sequence of the partial sums of an is defined as

Sn =
n∑

k=0

ak .

We call the sum of the series of the an the limit, if it exists, of the partial sums and we
write:

S = lim
n→∞

Sn =
+∞∑
k=0

ak .
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Series

Example
We already know that

∞∑
k=0

xk =
1

1 − x
⇔ |x | < 1,

so, for example,

∞∑
k=0

(
1
2

)k

= 1 +
1
2
+

1
4
+

1
8
+ . . . =

1
1 − 1

2
= 2.

Definition
The series

∞∑
k=0

xk

is called the geometric series.
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Series

The necessary condition

If the series
∑∞

n=0 an converges then

lim
n→∞

an = 0.

Proof. Since the series converge, call L =
∑∞

n=0 an. Call Sn =
∑n

k=0 ak .

Then Sn → L

Sn−1 → L

Now note that

an = an + an−1 + ...+ a0︸ ︷︷ ︸
Sn

− (an−1 + ...+ a0)︸ ︷︷ ︸
Sn−1

= Sn − Sn−1 → L− L = 0
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Series

The meaning of necessary condition

If a SEQUENCE an does not verify the necessary condition, i.e. if limn→∞ an ̸= 0 it is
IMPOSSIBLE that the CORRESPONDING SERIES

∞∑
n=0

an

converges!

Example

ak =
k

k + 1
→ 1

whence we can say that the series
∞∑
k=0

k

k + 1

does not converge. In particular

∞∑
k=0

k

k + 1
=

1
2
+

2
3
+

3
4
+ . . . = +∞.
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Series

The meaning of necessary condition

The condition
lim

n→∞
an = 0

is necessary but NOT SUFFICIENT!!
Consider ak = 1

k
→ 0. Nevertheless

22∑
k=1

1
k

= 1 +
1
2
+

1
3
+

1
4
> 1 +

1
2
+

1
4
+

1
4
= 1 +

1
2
+

1
2
= 1 +

2
2

23∑
k=1

1
k

= 1 +
1
2
+

1
3
+

1
4
+

1
5
+

1
6
+

1
7
+

1
8
> 1 +

1
2
+

1
4
+

1
4
+

1
8
+

1
8
+

1
8
+

1
8

= 1 +
1
2
+

1
2
+

1
2
= 1 +

3
2

More generally we can prove, by induction, that

2n∑
k=1

1
k

> 1 +
n

2
→ ∞.

so the sequence of the partial sum Sn =
∑n

k=1
1
k

cannot have a finite limit.
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Series: tests for convergence

Theorem
Suppose that ak and bk are two sequences such that

0 ≤ ak ≤ bk

for k ≥ k0, with k0 fixed.

If the series
∑∞

k=0 bk is convergent then also the series
∑∞

k=0 ak is

convergent.

If the series
∑∞

k=0 ak is divergent then also the series
∑∞

k=0 bk is divergent.

Proof. The proof is a straightforward application of the comparison

theorem two the sequences of partial sums

Sn =
n∑

k=0

ak and S ′
n =

n∑
k=0

bk .
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Series: condensation test

Theorem
Suppose that ak is a sequence such that

a1 ≥ a2 ≥ a3 ≥ . . . > 0.

Then the series
∞∑
k=1

ak

converges if and only if the series

∞∑
k=0

2ka2k

converges.
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Series: condensation test

Proof. Using a1 ≥ a2 ≥ a3 ≥ . . . > 0 we get∑∞
k=1 ak = a1 + a2 + a3 + a4 + a5 + a6 + a7 + . . .

≤ a1 + a2 + a2 + a4 + a4 + a4 + a4 + . . .

= a1 + 2 a2 + 4 a4 + . . .

=
∑∞

k=0 2k a2k

Similarly note that∑∞
k=0 2ka2k = a1 + a2 + a2 + a4 + a4 + a4 + a4 + . . .

= a1 + a2 + a2 + a4 + a4 + a4 + a4 + a8 + a8 + a8 + a8 + a8 + a8 + a8 + . . .

≤ a1 + a1 + a2 + a2 + a3 + a3 + a4 + a4 + a5 + a5 + a6 + a6 + a7 + a7 + . . .

= 2
∑∞

k=1 ak ,

In summary

0 ≤
∞∑
k=1

ak ≤
∞∑
k=0

2k a2k ≤ 2
∞∑
k=1

ak .

whence the thesis.
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The harmonic series

Theorem

Let p > 0. The series
∞∑
k=1

(
1
k

)p

is called the harmonic series and it converges if and only if

p > 1.

Proof. By the condensation test the series converges if and only if it is convergent the
series

∞∑
k=1

2k

(
1
2k

)p

=
∞∑
k=1

2k

2k p
=

∞∑
k=1

(
2
2p

)k

=
∞∑
k=1

(
21−p)k

and we know that the geometric series

∞∑
k=1

(
21−p)k =

∞∑
k=1

xk with x = 21−p

converges if and only if 21−p < 1, which means if and only if p > 1.
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The harmonic series

Example

∞∑
k=1

1
k

= +∞

∞∑
k=1

1
k1.0000001 < +∞

∞∑
k=1

1
k1/2 = +∞

∞∑
k=1

1
k3/2 < +∞

∞∑
k=1

1
k2 < +∞

...
...
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Absolute convergence

Definition
Let ak be a sequence. If

∞∑
k=0

|ak |

is convergent then the series
∑∞

k=0 ak is said to be absolutely convergent.

Theorem
If a series

∑∞
k=0 ak is absolutely convergent then it is also convergent, that

is
∞∑
k=0

|ak | < ∞ ⇒
∞∑
k=0

ak < ∞.
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Absolute convergence

Proof. Remember that
− |an| ≤ an ≤ |an| (△)

adding |an| to (△), we get
0 ≤ an + |an| ≤ 2 |an|

whence

0 ≤
n∑

k=1

(ak + |ak |) ≤ 2
n∑

k=1

|ak | < 2
∞∑
k=1

|ak | . (□)

From (□) we deduce that

sn =
n∑

k=1

(ak + |ak |)

is a monotonic increasing bounded (from avoe) sequence ⇒ it must converge.

The original series

Sn =
n∑

k=1

ak =
n∑

k=1

(ak + |ak |)−
n∑

k=1

|ak | = sn −
n∑

k=1

|ak |

is the difference of two converging sequences ⇒ it must converge.
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Absolute convergence

Exercize
Establish if the series

∞∑
k=1

(−1)k

k2

is convergent or not

Solution. Since the harmonic series
∞∑
k=1

1
k2

is convergent then the series

∞∑
k=1

(−1)k

k2

is absolutely convergent and then it converges.



210/425

Ratio test

Theorem
Let ak be a sequence. Assume that the limit

α = lim
k→∞

∣∣∣∣ak+1

ak

∣∣∣∣ .
exists and it is finite.

If α < 1 then the series
∑∞

k=0 ak converges.

If α > 1 then the series
∑∞

k=0 ak does not converge.

If α = 1 the test gives no information.
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Ratio test: case 0 < α < 1

Proof. Suppose that

lim
k→∞

∣∣∣∣ak+1

ak

∣∣∣∣ = α < 1.

Whence, for sufficiently large k (i.e. k ≥ k0), we have

0 ≤
∣∣∣∣ak+1

ak

∣∣∣∣ ≤ r < 1, (△)

for r ∈ R. From (△) we deduce

0 ≤ |ak+1| ≤ r |ak |

Iterating we get

0 ≤ |ak+1| ≤ r |ak | ≤ r2 |ak−1| ≤ r3 ≤ |ak−2| ≤ . . . ≤ r k−k0+1ak0

whence, consider a K > k0

0 ≤
K∑

k=0

|ak | =
k0−1∑
k=0

|ak |+
K∑

k=k0

|ak | ≤
k0−1∑
k=0

|ak |+ ak0 r
−k0

K∑
k=k0

r k
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Ratio test: case 0 < α < 1

0 ≤
K∑

k=0

|ak | =
k0−1∑
k=0

|ak |+
K∑

k=k0

|ak | ≤
k0−1∑
k=0

|ak |+ ak0 r
−k0

K∑
k=k0

rk

Now if K → ∞, since 0 < r < 1, we have

0 < lim
K→∞

K∑
k=k0

rk < lim
K→∞

K∑
k=0

rk =
1

1 − r
< ∞

hence

0 ≤ lim
K→∞

K∑
k=0

|ak | <
k0−1∑
k=0

|ak |+ ak0 r
−k0

1
1 − r

< ∞

which means that the series
∞∑
k=0

ak

converges absolutely and then converges.
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Series

Exercize
Show that the series

∞∑
k=0

1
k!

converges.

Proof. Apply the ratio test:

1
(k+1)!

1
k!

=
1

(k + 1)!
k! =

1
(k + 1) k!

k! =
1

k + 1
→ 0.

Whence, by the ratio test, the series converges.
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Series

Theorem

e = lim
n→∞

(
1 +

1
n

)
=

∞∑
k=0

1
k!

Proof. Newton’s binomial implies that(
1 +

1
n

)n

=
n∑

k=0

(
n

k

)
1
nk

=
n∑

k=0

n!

k! (n − k)! nk

=
n∑

k=0

n (n − 1) (n − 2) · · · (n − k + 1) (n − k)!

k! (n − k)! nk

=
n∑

k=0

n (n − 1) (n − 2) · · · (n − k + 1)
k! nk

=
n∑

k=0

1
k!

k factors︷ ︸︸ ︷
n (n − 1) (n − 2) · · · (n − k + 1)

n n · · · n︸ ︷︷ ︸
k factors

=
n∑

k=0

1
k!

1 ·
(

1 − 1
n

) (
1 − 2

n

)
· · ·
(

1 − k − 1
n

)
<

n∑
k=0

1
k!

.
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Series

In summary (
1 +

1
n

)n

<
n∑

k=0

1
k!

.

thus

lim
n→∞

(
1 +

1
n

)n

≤
∞∑
k=0

1
k!

Now take an m < n and note that(
1 +

1
n

)n

=
n∑

k=0

1
k!

1 ·
(

1 − 1
n

) (
1 − 2

n

)
· · ·
(

1 − k − 1
n

)

>
m∑

k=0

1
k!

1 ·
(

1 − 1
n

) (
1 − 2

n

)
· · ·
(

1 − k − 1
n

)
(0.10)

Take m fixed and let n → ∞, obtaining

lim
n→∞

(
1 +

1
n

)n

≥
m∑

k=0

1
k!

Now take m → ∞

lim
n→∞

(
1 +

1
n

)n

≥
∞∑
k=0

1
k!
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Series

In summary

lim
n→∞

(
1 +

1
n

)n

≤
∞∑
k=0

1
k!

and

lim
n→∞

(
1 +

1
n

)n

≥
∞∑
k=0

1
k!

,

which is possible if and only if

lim
n→∞

(
1 +

1
n

)n

=
∞∑
k=0

1
k!

.

We know have a simple way to compute (with some approximation) the

value of e:

e = lim
n→∞

(
1 +

1
n

)n

=
∞∑
k=0

1
k!

= 1 + 1 +
1
2!

+
1
3!

+
1
4!

+ . . .
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Series

Theorem

For all n ∈ N it holds that

0 < e −
n∑

k=0

1
k!

<
1

n! n

that is, we have an upper bound for the error in approximating e with the series
∑∞

k=0
1
k!

.

Proof.

e −
n∑

k=0

1
k!

=
∞∑

k=n+1

1
k!

=
1

(n + 1)!
+

1
(n + 2)!

+
1

(n + 3)!
+ . . .

=
1

(n + 1)!
+

1
(n + 2) (n + 1)!

+
1

(n + 3) (n + 2) (n + 1)!
+ . . .

<
1

(n + 1)!
+

1
(n + 1) (n + 1)!

+
1

(n + 1) (n + 1) (n + 1)!
+ . . .

=
1

(n + 1)!

[
1 +

1
(n + 1)

+
1

(n + 1)2
+ . . .

]
=

1
(n + 1)!

1
1 − 1

(n+1)

=
1

n! n
.

Therefore:

0 < e −
n∑

k=0

1
k!

<
1

n! n
.
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Series

Theorem

The number e is irrational, that is ∄p, q ∈ N such that

e =
p

q
.

Proof. Assume, by contradiction, that ∃p, q ∈ N such that e = p/q. Since e is not
integer, it must be

q > 1.

For all n, it holds that

0 < e −
n∑

k=0

1
k!

<
1

n! n

in particular ...

0 < e −
q∑

k=0

1
k!

<
1

q! q
=⇒ 0 < q!e − q!

q∑
k=0

1
k!

<
1
q
< 1.

Now
q! e = q!

p

q
= (q − 1)! p ∈ N

and ...
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Series

Theorem

The number e is irrational, that is ∄p, q ∈ N such that

e =
p

q
.

Proof. (CONTINUED)

q!

q∑
k=0

1
k!

= q!

(
1 + 1 +

1
2!

+
1
3!

+ . . .+
1
q!

)
= q! + q! +

q!

2!
+

q!

3!
+ . . .+ 1

whence also q!
∑q

k=0
1
k!

∈ N. Remember that

0 < q!e − q!

q∑
k=0

1
k!

<
1
q
< 1

nevertheless since q!e ∈ N and q!
∑q

k=0
1
k!

∈ N we are arrived at the conclusion that,
∃z ∈ Z such that

0 < z < 1

which is impossible. Whence e is irrational.
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An economic application

Discounting
Let R be the annual interest rate.

1$︸︷︷︸
Today

−→ (1 + R) $︸ ︷︷ ︸
After one Year

or ...

V0$︸︷︷︸
Today

−→ V0 (1 + R) $︸ ︷︷ ︸
After one Year

How much money I have to invest TODAY to get 1$ in one year?

PV(1) =
1

1 + R
= Present value of one dollar in one year .

Similarly ...

PV(2) =
1

(1 + R)2
= Present value of one dollar in two years .
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An economic application

Definition
Present value: the value of all future cash flows (positive and negative)

over the entire life of an investment discounted to the present.

Perpetuity
An investment that pays one dollar every year from today to the eternity.

Which is the present value of a perpetuity? I have to discount all the

cashflows....

PV =
1

1 + R︸ ︷︷ ︸
Discounting the first cashflow

+
1

(1 + R)2︸ ︷︷ ︸
Discounting the second cashflow

+ . . .

=
∞∑
n=1

1
(1 + R)n

=
∞∑
n=0

1
(1 + R)n

− 1 =
1

1 − 1
1+R

− 1 =
1
R
.
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Theorem
Limit Comparison Test. Suppose that an ≥ 0 and bn ≥ 0. If

lim
n→∞

an
bn

= 1

(an ∼ bn) then either both series (
∑∞

n=0 an and
∑∞

n=0 bn) converge or they

both diverge.

Proof. For all ε > 0 there exists a n0 > 0 such that for all n ≥ n0

−ε <
an
bn

− 1 < ε ⇐⇒ 1 − ε︸ ︷︷ ︸
c1

<
an
bn

< 1 + ε︸ ︷︷ ︸
c2

.

Take 0 < ε < 1 hence c1 > 0 and c2 > 0. So that

c1 <
an
bn

< c2 ⇐⇒ c1 bn < an < c2 bn.

If
∑∞

n=0 bn = +∞ then
∑∞

n=0 an = +∞ (first inequality) etc..etc...
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Root test

Theorem
Let ak be a sequence. Assume that the limit

α = lim
k→∞

|ak |
1
k .

exists and it is finite.

If α < 1 then the series
∑∞

k=0 ak converges.

If α > 1 then the series
∑∞

k=0 ak does not converge.

If α = 1 the test gives no information.
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Root test: case 0 < α < 1

Proof. Suppose that

lim
k→∞

|ak |
1
k = α < 1.

Whence, for sufficiently large k , we have

0 ≤ |ak |1/k ≤ r < 1, (△)

for r ∈ R. From (△) we deduce

0 ≤ |ak | < rk .

Nevertheless, since 0 < r < 1, the geometric series
∑∞

k=0 r
k converges,

whence

0 ≤
∞∑
k=0

|ak | <
∞∑
k=0

rk =
1

1 − r

and hence
∑∞

k=0 ak converges.
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Root test: case α > 1

Proof. Suppose that

lim
k→∞

|ak |
1
k = α > 1.

Whence, for sufficiently large k , we have

1 < r < |ak |1/k , (△)

for r ∈ R. From (△) we deduce

1 < rk < |ak | .

Nevertheless, since r > 1 then limk→∞ rk = +∞ and hence

lim
k→∞

|ak | = +∞

so it is not possible that limk→∞ ak = 0, whence the necessary condition

is violated.
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Series

Exercize

Determine whether the following series is convergent or not:

∞∑
n=1

n6 + n3 − n2 − ln (n)

n7 .

Solution. Note that the necessary condition is satisfied

n6 + n3 − n2 − ln (n)

n7 → 0.

Only the asymptotic behaviour of the sequence that is summed matters.

n6 + n3 − n2 − ln (n)

n7 ∼ n6

n7 =
1
n
.

But since
∞∑
n=1

1
n
= +∞

Then
∞∑
n=1

n6 + n3 − n2 − ln (n)

n7 = +∞.
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Series

Exercize
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Series

Exercize

Determine whether the following series is convergent or not:

∞∑
n=1

(
n

2 n + 1

)n

.

Solution. Note that the necessary condition is satisfied

ln

((
n

2 n + 1

)n)
= n ln

(
n

2 n + 1

)
︸ ︷︷ ︸

→ln(1/2)<0

→ −∞ ⇒
(

n

2 n + 1

)n

→ 0.

Since a power to the n is involved ....((
n

2 n + 1

)n) 1
n

=
n

2 n + 1
−→ 1

2
< 1.

For the root test the series
∞∑
n=1

(
n

2 n + 1

)n

converges.
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Series: various exercises.

Determine whether the following series are convergent or not

∑∞
n=1

1
n2+n

. Since
1

n2 + n
∼ 1

n2 ,

the series converges.∑∞
n=1

1+n√
n
. Since

1 + n√
n

→ +∞

the series cannot converge.∑∞
n=0

1
n+en

. Since
1

n + en
∼ 1

en

and since
∞∑
n=0

1
en

=
1

1 − 1
e

=
e

e − 1

the series
∑∞

n=0
1

n+en
converges.
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Series: various exercises.

Determine whether the following series is convergent or not

∞∑
n=0

k2

k!
.

Solution. The necessary condition is satisfied

lim
k→∞

k2

k!
= 0.

Use ratio test

(k+1)2

(k+1)!
k2

k!

=
(k + 1)2

(k + 1)!
k!

k2 =
(k + 1)2

(k + 1) k!
k!

k2

=
(k + 1)2

(k + 1)
1
k2 ∼ k2

k3 =
1
k
→ 0.

by the ratio test the series converges.
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Series: various exercises.

Determine whether the following series is convergent or not

∞∑
n=0

(−1)k
k2

k!
.

Solution. Since the series converges absolutely, then it converges.

Determine whether the following series is convergent or not

∞∑
k=0

(−1)k−1 k

7k
.

Solution. Ratio test applied to the absolute value:

k + 1
7k+1

7k

k
=

k + 1
7 k

→ 1
7
< 1

by the ratio test the series absolutely converges and then it converges.
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Telescoping series.

Exercize

Compute the sum of the series

∞∑
k=1

(
1
k
− 1

k + 1

)
.

Solution. Consider the sequence of the partial sum

Sn =
n∑

k=1

(
1
k
− 1

k + 1

)
.

Note that

S1 = 1 − 1
2

S2 = 1 − 1
2
+

1
2
− 1

3
= 1 − 1

3

S3 = 1 − 1
2
+

1
2
− 1

3
+

1
3
− 1

4
= 1 − 1

4
. (0.11)

So the guess is that
Sn = 1 − 1

n + 1
.
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Telescoping series.

Exercize

Compute the sum of the series

∞∑
k=1

(
1
k
− 1

k + 1

)
.

Solution. Induction hypothesis.

Sn = 1 − 1
n + 1

(△).

We already know that the guess is true for n = 1, 2, 3. Let’s assume that (△) holds.
Then

Sn+1 = Sn +
1

n + 1
− 1

n + 2

= 1 − 1
n + 1

+
1

n + 1
− 1

n + 2

= 1 − 1
n + 2

,

which is the induction hypothesis for n + 1. Hence

Sn =
n∑

k=1

(
1
k
− 1

k + 1

)
= 1 − 1

n + 1
→ 1.


