Exercise 4

Let (Xi,...,X,) be independent identically distributed random
variables with p.d.f.

0<x<c

where the boundary c is known and 6 is a positive parameter
(unknown). Assume E(log(X)) = In(c) — 6.

@ Find a sufficient statistics for 6

@ Find Oy g maximum likelihood estimator (MLE) for 6 and
discuss properties of this estimator.

© Compute the score function and the Fisher information.

@ Specify asymptotic distribution of Oy £.



Exercise 4

f(x1,x2,...
L(O]x1, %2, ...

logL(8]x1, x2, . ..



Exercise 4: Sufficiency?

1 10
f(x) = mx lo.q(%)
1 1-6
f(Xl,Xz . ,Xn) = W HX,- o /[O,C](X)
1 _
L(9|X1>X2)"'7Xn) = WHXI% 0<x;<c
ncn
n 1-46
logL(0]x1, %2, ..., xn) = —nlog(0) — Flog(c) + —,— > log(x)



Exercise 4

1 10
flx) = FYSY o, (x)
logl(0) = —nlog(0) — élog + — Z log (i)
OloglL () n.
50 = —5+ /og(c 7 Z log(x;)
0?logL(0) n  2n
T = sl g Lles(s)



Exercise 4:MLE

OlogL(0) ' n

o0 = + log 2 Z log(x;)
0?logL(0) n 2n

»20 2 5 Zlog i)



Exercise 4:MLE

OloglL(6) .

2 = _9 /og e Z log(x;)
0?logL(0) n 2n
2~ g gl Z log ()
OlogL(0) 0
00 B
= o
7 = og(c 2 Z log(x;)

é — log(c)—ZiIOg(X’)
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Exercise 4:Score Function and Fisher Information

OlogL(9) n
20 = 0 /og 92 E log(x;)
82IogL( )
nl(0) = —E( 520 >

nl(d) = —E (;2 Iog 93 Zlog X )
nl(0) = < /og + 3 Z E (/og(x,-)))
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nl(6) =
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Exercise 4:Asympotic distribution of the MLE



Exercise 4

f(x)=—7x7 0<x<c

@ Suppose that from a random sample of 100 random variables
you obtain that the realization of the ML estimator is equal to
2. Furthermore assume log(c) = 4.

Complete ONE of the following questions:

© Find the Wald test statistic for testing Hp : 6 = 1.5 versus
H, : 0 # 1.5, specify the distribution and verify the null
hypothesis.

@ Find the Score test statistic for testing Hy : 6 = 1.5 versus
H; : 6 # 1.5, specify the distribution and verify the null
hypothesis.

© Find the Likelihood Ratio test statistic for testing Hy : = 1.5
versus Hy : 0 # 1.5, specify the distribution and verify the null
hypothesis.



Exercise 4: Wald

f(x)=—7x7 0<x<c

@ Suppose that from a random sample of 100 random variables
you obtain that the realization of the ML estimator is equal to
2. Furthermore assume log(c) = 4.



Exercise 4: Wald

~ N(0,1)

~ N(0,1)

= 25

p—value = 2x P(Z>25)=0.0124 < 0.05



Exercise 4: Score

f(x)=—7x7 0<x<c

@ Suppose that from a random sample of 100 random variables
you obtain that the realization of the ML estimator is equal to
2. Furthermore assume log(c) = 4.



Exercise 4: Score

”(02) ~ N(0,1)
0
o) = g+ o <log(C) SPL:LI "jf“”)
u(fo) = —9';+0”8x2
u(bo) = —%Jr%gxz
of) = —10 + T X2

u(fp) = 22



Exercise 4: Score

22.22
~ N(0,1)
/ 100
1.52
— 333

p—value = 2x P(Z>3.33)<0.01



Exercise 4: Likelihood Ratio test

logl(0) = —nlog(8) — alog —|— — Z log(x;)

logl(0) = —nlog(h) —g </og( ) — Z /og Xi > Z/og ;)

<,og(c)_w> e

n

Z log(x x (log(c) - 2)

Z/og x;) = 100 x (4 — 2) = 200



Exercise 4: Likelihood Ratio test

logl(0) = —nlog(0) — glog —i— — Z log(x;)

oat(9) = ~niog(®) 7 (1og(c) - b e ) - 3 st

ost(i) = —nig(d) - 7 (1eg(e) - = ECY ) S st

logl(l) = —100 x log(2) — 20 2 — 200

logL(f) = —369.3147



Exercise 4: Likelihood Ratio test

logl(0) = —nlog(@)—glog(c)—i-l;eZlog(x,-)
ost(9) = —nig(9) 7 (1eg(e) - =20V ) S gt

logl(60) = —n/og(eo)—9’;</og(c) DL L ) > log(x)

100
logL(fo) = —100 x Jog(L.5) — T x 2~ 200

logl(fy) = —373.8798



Exercise 4: Likelihood Ratio test

n 1-6
logl(0) = —nlog(6) — glog(c) + =g Z log (x;)
n 3 Iog X
logl(0) = —nlog(0) — 7 (/og( ) — ) Zlog (xi)
logl(f) = —369.3147
logL(6y) = —373.8798

2 x (logL(0) — logL(6p)) = 9.13
p— value = P(x9.13) =0.0025



Large Sample Test




Large Sample Test




Large Sample Test

—2x (/ogL(eo) - /ogL(é)) ~ 2
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Large Sample Test Statistics

Wald Test Statistcs
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Large Sample Test Statistics

Wald Test Statistcs
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Large Sample Test Statistics

Likelihood Ratio Test Statistics

logl(9) = —nlog(6)— " (Io () — =i '°g al ) Zlog i)

_nlog<:;> n(%—e—) (l g(c) — M)

2 log(xi)

—2 (logL(@o) — IogL(é))

6 = log(c)—




