Giulia Pavan, based on Chiara Perricone’s notes

Calculus

Problem Set 2
Solutions

— Topics
Limits, polar coordinates, continuity, gradient, first and second partial deri-
vatives, Schwartz’s theorem, Hessian matrix, directional derivatives, tangent
plane.

Exercise 1
Compute the following limits:

o
xy?

lim ———
(@.9)—(0,0) 22 + y?
In polar coordinates:

x = pcosb, y = psin,

we have
. zy? . pcos p? sin? 0
im —— =
(@y)—=00) 22 +y2  p50+ p2(cos® f + sin? 0)
—_———
=1
= lim pcosfsin?f = 0.
pr0t | ——
bounded
Indeed,
|pcos€sin2 9| < p.
[ ]

. Ty
lim
(zy)—(0,0) T + Y

The function is defined for x +y # 0
In polar coordinates:

) xy _ pcos B sinf
lim = lim : =
(@y)=00) T +Yy  p=0t p(cosB + sinb)
Indeed,
cosf sin < 1
cosf +sinf| — 2




lim 5 it
(z,9)—(0,0) T= + Y2

substitute polar coordinates as in the previous example and notice that
the function you get depends on . Therefore, the limits does not exist.

. — 2xy + y2
lim —————.
(@m)—00) 22 + 3>

In polar coordinates

. 3 — 22y + 1 b p° cos® § — 2p? cos Osin§ + p? sin 0
(zy)—(00) 2+ y? p—0+ 02
= lim pcos®f — 2cosfsin g + sin? 6,
p—0t

which is clearly not indenpendent of . This suggests that the limit
does not exist. Indeed, let y = max and compute the limit on the line
passing through (0, 0):

5 3= 2xy+y? .. 2% —2x(mx) + (mx)?

im — % =

(@y)—(00) 22+ y? 20 22 + (mx)?
y=mzx

a2 = 2ma® 4+ m22?
= lim
z—0 xz(l + m2)

T —2m +m?

= lim

z—0 1—|—m2
_m?—2m
o l+m?

The limit changes depending on m.

Exercise 2
Verify if the following function is continuous in the point (0, 0)

(e £ (0.0)
f(wi_{ 1 ! if (x,y) = (0,0)



In polar coordinates:

, . (p*sin? 0 — p? cos? 0)?
lim r,y) = lim
(2,)—(0,0) f@:9) p—0t  p2sin? 0 + p2 cos? )
’ p*(sin® § — cos? 0)?
= lim
p—0F p2

= lim p?(sin?#@ — cos? #)? = 0 (uniformly, w.r.t. 6)
p—0F

# 1(0,0).

The function is not continuous in (0, 0).
Verify if the following function is continuous in the point (1,0)

z—1)2 :
fla,y) = (iq% if (z,y) # (1,0)
’ 0 if (z,y) = (1,0)
In polar coordinates
x =1+ pcosb, y = psinf

we have

. . (x—1)%
lim r,y) = lim
(z,y)—(1,0) f(xy) () —(1,0) (v — 1)? + 32

p?cos? Opsin @

= lim
p—0+ p2? cos? O + p2sin? 0

= lim pcos?@sin@ = 0 (uniformly, w.r.t. 6)
p—0t

= f(1,0).

Exercise 3

Compute the gradient of the following functions:

o f(x,y) =a*+2xy —y?

o fla,y) = yle
Je= _ic - _y2€—:c

Thus, Vf(l', y) = (_yQB—x’ zye—m).



o f(z,y) = |z +y|sin(z? + y) in (0,0)

FOO=5,00 =M% = a0
14(0,0) = dy (0,0) = Algl/rgo Ay B Algllrgo Ay =0

Thus, V£(0,0) = (0,0).

Exercise 4 Verify that the first order partial derivative exists in (o, ¥o),
compute it and verify it is continuous in (xg, yo)

. f(x,y):{ St it () £ (0.0)

0 if (z,y) = (0,0)
in (0,0)
(Az)30—(Ax)0
_Of o f(AT0) = £(0,0) o Tagr TO0
0(Ay)—0(Ay)
_Of o F0,Ay) = £(0,0) Tormgr TO
/4(0,0) = 3_y(07 0) = Algl/rgo Ay B Alzl/rgo Ay =0

Therefore, the derivative exists in (0,0) Compute the first order deri-
vatives. The results are:

ox (2 + y?)?
of  —wyt —daty? —ab
oy (22 +y?)?

To verify the continuity in (0,0), follow the solutions of exercise 1,
substituting x and y with the polar coordinates

xr = pcosé, y = psind,

Exercise 5 Compute the first and second partial derivatives, write the
Hessian matrix and check the validity of Schwartz’s theorem for the following
functions:

_ 1
o f(z.9) = Fmm=



(z,y) = —5(Tz + 4y —2) 72
O z,y)=—2(Tw+4y —2)7%
2927];(:1:, y) = YTz + 4y — 2)‘53
5 (@,y) =12(Tz + 4y — 2)72

2 s ,
OT (1,y) = 21(Tz + 4y — 2) 2 gm_gy(x’y)
H(f) = G (@) () | { M7 (7y 4 gy~ 2) 20(Te Ay — 2)
— z : _ B )
8(15; (:B7 y) gyg (xa y) 21(7513‘ + 4y — 2) 2 12(755 + 4y — 2)

I

o [a,y) =log(l = a? = ) Gh(r,y) = —r=F
Hlx,y) = =2
04 (x,y) = — 2Lt
ey (029) =~ = 55T Y)

Exercise 6
Compute the directional derivatives of the following function:

e f(z,y) =%+ xy — 2 in P(1,0) along the vector @ = (2, 1)
Note that f € C°°(R?%*R), since a polynomial is everywhere infinite
continuously differentiable, in particular f is differentiable in (1,0).
Hence, we can compute the directional derivatives as the scalar product
between the gradient in (1,0) and the direction ¢ = % = (\/lg, \/Lg)
Now,

Vi(z,y)=2x+y,z) = Vf(1,0)=(21).

Therefore, the directional derivative is given by:

of 2

5, L0 =V(1,0)-7=(21) (= )= V5

ot
Sl
ot

More generally, you can use the definition

fo(x0, 90) = 11_{% flao + tUt) — f(20)

o f(z,y) =e"cosy in P(0,0) along the vector @ = (1,2)
Note that f € C*(R?* R), since exponential and trigonometric func-
tions belong to C*(R?* R) and C*(R?%* R) is an algebra. In particular

Njor o



f is differentiable in (0,0). Thus, we can compute the directional de-

rivatives as the scalar product between the gradient in (0,0) and the
i ion v =% — (L 2

direction ¥ = & = (\/5, \/5) Now,

Vf(z,y) = (" cosy, —e"siny) = Vf(0,0) = (1,0).
Therefore, the directional derivative is given by:

2L (0,0) = V5(0,0) 7= (1,0)- (2, =) =



