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Natural numbers

We indicate with N the set of natural numbers:

N={1,23,...}
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Natural numbers

We indicate with N the set of natural numbers:

N={1,23,...}

We indicate with Ny the set of natural numbers with zero:
Ny ={0,1,2,3,...}
Of course, N C Ng.

On this sets the operation of sum is defined but subtraction cannot always be
performed.
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Integer numbers

We indicate with Z the set of integer numbers:

Z={...,-3-2,-1,01,23,...}
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Integer numbers

We indicate with Z the set of integer numbers:

Z={...,-3-2,-1,01,23,...}

Thus, Z is the union of Ny and the set of negative numbers.
Note that N C Ny C Z.

In this set we can sum and subtract numbers. We can also multiply numbers
but division between number cannot always be performed
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Rational numbers

We indicate with Q the set of rational numbers. Rational numbers are obtained
by dividing an integer number by another integer number different from zero. In
symbols:

Q= {% such that me Z,n € Z\{O}}
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Rational numbers

We indicate with Q the set of rational numbers. Rational numbers are obtained

by dividing an integer number by another integer number different from zero. In
symbols:

Q= {% such that me Z,n € Z\{O}}

1 -1 25 2

Examples: 20 3 10 30 etc.
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Rational numbers

We indicate with Q the set of rational numbers. Rational numbers are obtained
by dividing an integer number by another integer number different from zero. In
symbols:

Q= {% such that me Z,n € Z\{O}}

-1 25 2

.1 =1 25 2
Examples: 5 5 53 =3 etc

Note that, if we set n = 1, we obtain the set Z. Thus, NC Ny C Z C Q.
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Rational numbers

We indicate with Q the set of rational numbers. Rational numbers are obtained
by dividing an integer number by another integer number different from zero. In
symbols:

Q= {% such that me Z,n € Z\{O}}

.1 -1 25 2
Examples: 5 5 53 =3 etc

Note that, if we set n = 1, we obtain the set Z. Thus, NC Ny C Z C Q.

The set Q is large enough to make sum, substraction, multiplication and
division.
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Operations on Q

We list here some basic operations on Q. These are a very elementary rules that should
already be known to you from your school studies.
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Operations on Q

We list here some basic operations on Q. These are a very elementary rules that should
already be known to you from your school studies.

® Sum:

Jrk nq + km E 1+7 1-4+7-3 25
-_= — X: — _—— = —
q mq 3 4 3-4 12

n
m
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Operations on Q

We list here some basic operations on Q. These are a very elementary rules that should
already be known to you from your school studies.

® Sum:
no k_ngtkm 1, 7T _1-447-3_ 25
m q mq 3 4 3-4 12
® Product:
n k n-k E 1 -7 7
AR , X =
m q m-q 3 4 12
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Operations on Q

We list here some basic operations on Q. These are a very elementary rules that should

already be known to you from your school studies.

1-4+7-3 25

® Sum:
no k_ngtkm 1, 7T _1-447-3_ 25
m q mq 3 4 3-4 12
® Product: P P 1 . .
B L V-l A
m q m-q 3 4 12
® Inverse: 1 1 3
=2, Bx 5 =-3
= n = 2
m -3

Note that 4 is also denoted by (%)71, and therefore (%)71 =1

m
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Operations on Q

We list here some basic operations on Q. These are a very elementary rules that should

already be known to you from your school studies.

* Sum: k k 1 7 1-4+7-3 25
£+,:nq+7m’ Ex: — + — = At - ==
m q mq 3 4 3-4 12
® Product:
n k n-k 1 -7 7
— == , Ext = — =——
m q m-q 3 4 12
® |nverse:
1 m 1 3
T=, Bz =3
m " =3
Note that 4 is also denoted by (%)71, and therefore (%)71 =4+ = o
® k-th power (k € N):
k k 1 10 1
(Myf=mom.m_ Mk (,) -1
n n n n nk 2 210
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Operations on Q

We list here some basic operations on Q. These are a very elementary rules that should
already be known to you from your school studies.

® Sum:
£+5:nq+km’ Ex: 1+z:1.4+7.3:22
m q mq 3 4 3-4 12
® Product: P P 1 . .
nok_n . Ex Z L=
m q m-q 3 4 12
® Inverse: 1 1 3
7=ﬂ, Ex: — =——
£ n = 2
m -3

Note that 4 is also denoted by (

)71, and therefore (%)71 =4+ = o
® k-th power (k € N):

n
m

and
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Operations on @, cont'd

Given g € Q, it is possible to show that:

m n m-+n

9" q"=q

for n.m e Z.
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Operations on @, cont'd

Given g € Q, it is possible to show that:

qm . qn — qm+n
for nnm e Z.

Examples

c (@ =®"=®"=%
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Operations on @, cont'd

Given g € Q, it is possible to show that:

=4q
for n,m € Z.
Examples
c (@ =®"=®"=%
DR T=@"T=®) =1
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Operations on @, cont'd

Given g € Q, it is possible to show that:

=q

for n,m € Z.

Examples
c )@ =@T=(®"=%
B BT=®T=3) =t
@@= =3 =3
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Operations on @, cont'd

Given g € Q, it is possible to show that:

q"-q" = g™
for n,m € Z.
Examples
JOMORICREICOS
B BT=®T=3) =t
@@= =3 =3
I e
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Operations on @, cont'd

Given g € Q, it is possible to show that:

q"-q" = g™

for n,m € Z.

Examples
JOMORICREICOS
FOMORSIOWEIONE
@@= =3 =3
I e

Given g € Q, g # 0, we have g° = 1. Indeed, for an arbitrary k € N, we can
write:
0 k—k Kk —k P 1
. . =
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Decimal representation of QQ

So far we have expressed the elements of QQ as fractions. They can also be
expressed in decimal notation.
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Decimal representation of QQ

So far we have expressed the elements of QQ as fractions. They can also be
expressed in decimal notation.

Examples
e 32=03
e —3=-25
e 1=0.33333...
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Decimal representation of QQ

So far we have expressed the elements of QQ as fractions. They can also be
expressed in decimal notation.

Examples
e 2=03
e —3=-25
e 1=0.33333...
° 5 =0454545. ..

2
e 1 =0.5833333...

The decimal representation of a rational number is either finite, as in 13—0, —%,
- . . - - . 1 1 7
or infinite with a period, as in 31 35 13-
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Decimal representation of @@, cont'd

Let g = - be a rational number. Then there are two mutually exclusive
possibilities:
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Decimal representation of @@, cont'd

Let g = - be a rational number. Then there are two mutually exclusive
possibilities:

@ The decimal representation of q is made by a finite number of digits
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Decimal representation of @@, cont'd

Let g = - be a rational number. Then there are two mutually exclusive
possibilities:

@ The decimal representation of q is made by a finite number of digits

@ The decimal representation of q is made by an infinite number of digits
but it is periodic. In this case the period contains at most m — 1 digits
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Decimal representation of QQ, cont'd

Fraction Decimal representation Length of period

2 0.818181...=0.81 2

[
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Decimal representation of QQ, cont'd

Fraction Decimal representation Length of period

2 0.818181...=0.81 2

[

0.142857142857 ... = 0.142857 6

N
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Decimal representation of QQ, cont'd

Fraction Decimal representation Length of period
2 0.818181...=0.81 2
: 0.142857142857 ... = 0.142857 6

0.012345679012345679 = 0.012345679 9

2l
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Decimal representation of QQ, cont'd

Fraction Decimal representation Length of period
2 0.818181...=0.81 2
: 0.142857142857 ... = 0.142857 6
8% 0.012345679012345679 = 0.012345679 9
% 0.0344827586206896551724137931 28
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Incompleteness of

The set Q is insufficient for many purposes. For instance, assume we want to
solve the following equation:
x? =2

We know that the solutions are x = ++/2.
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x> =2
We know that the solutions are x = £+/2. What about the decimal
representation of V2?7
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11/46



Incompleteness of

The set Q is insufficient for many purposes. For instance, assume we want to
solve the following equation:
x? =2

We know that the solutions are x = £+/2. What about the decimal
representation of V2?7

V2 =1.41421356237309504880168872420
9698078569671875376948073176679
7379907324784621070388503875343
276415727350138462309122970249248360...

There is no period!

11/46



Incompleteness of

The set Q is insufficient for many purposes. For instance, assume we want to
solve the following equation:
x? =2

We know that the solutions are x = £+/2. What about the decimal
representation of V2?7

V2 =1.41421356237309504880168872420
9698078569671875376948073176679
7379907324784621070388503875343
276415727350138462309122970249248360...

There is no period!

This means that there exist numbers, such as v/2, which are not rational,
meaning that they are NOT contained in Q.

11/46



Incompleteness of

The set Q is insufficient for many purposes. For instance, assume we want to
solve the following equation:
x? =2

We know that the solutions are x = £+/2. What about the decimal
representation of V2?7

V2 =1.41421356237309504880168872420
9698078569671875376948073176679
7379907324784621070388503875343
276415727350138462309122970249248360...

There is no period!

This means that there exist numbers, such as v/2, which are not rational,
meaning that they are NOT contained in Q.

These numbers are called irrational numbers.
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Irrational numbers

To summarize, numerical sets are:

N=1{1,23,...}C
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Irrational numbers

To summarize, numerical sets are:
N={1,23,.. czZ=1{..,-1,01,..} cQ= {%‘meZ,neZ\{O}} CR

Which are the numbers of R that are not in Q?
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Irrational numbers

To summarize, numerical sets are:
N={1,23,.. czZ=1{..,-1,01,..} cQ= {%‘meZ,neZ\{O}} CR

Which are the numbers of R that are not in Q? These numbers are called
“irrational numbers” and are those whose decimal representation is not finite,
nor periodic.

Examples of irrational numbers:

® /2, but even v/3, v/5 and more generally all the square roots of numbers
which are not perfect square (a perfect square is number g such that
g=n? withneN, eg 4=229=3216=4225=5236=62...)

® The Euler's number e = 2.718281828459045235360287471352662497 . . .
® The Pi number m = 3.141592653589793238462643383279502884 . . .
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Real Numbers: Axioms

Operations: The operations of sum (+) and multiplication (-) between pairs
of real numbers are defined and have the following properties
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® Associative property: (a+b)+c=a+(b+¢c), (a-b)-c=a-(b-c), for
all a,b,c € R

® Commutative property: a+b=b+a,a-b=b-a, forall a,beR
® Distributive property: a-(b+c)=a-b+a-cforall a,b,c € R

® Existence of the neutral element: for any a € R there are two distinct
numbers, namely 0 and 1 such that a+0=aand a-1 = a. These
numbers are called the neutral number of sum and multiplication,
respectively.

® Existence of the opposite: for any a € R there is a real number —a such
that a+ (—a) = 0. —a is called the opposite of a

® Existence of the inverse: for any a € R there is a real number % such that
a- % =1 % is called the inverse of a
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Real Numbers: Axioms

Order Relation There is a relation minor or equal to, <, between pairs of real
numbers with the properties
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numbers with the properties

® For any pair of real numbers a, b either a < b or b < a.
e |f a<band b < athen necessarily a = b.

o If a < b, then also a+ ¢ < b+ ¢, for any real number c.
o f0<aand0O<bthe0<a+band0<a-b.

Completeness: Let A, B two non-empty subsets of real numbers such that any
number in A is smaller than or equal to any other number in B. Then there is a
real number ¢ such that a < c < b, for any a€ Aand any b € B.

The number c is called the separating point of A and B.
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[llustrative example

Considersets A={x e R:x<1l}and B={xeR:2<x <3}

1/ 2 3

c

In this example the separating point is not unique.
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[llustrative example

Considersets A={x e R: x<1l}and B={xeR:2<x <3}

For instance this is another possible value for c.
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[llustrative example

Considersets A={x e R: x<0}and B={xecR:0<x<1}

In this case the separating point is unique.
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It is clear that the set Q satisfies all axioms of operations and
ordering. Does it satisfy the axiom of completeness?
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It is clear that the set Q satisfies all axioms of operations and
ordering. Does it satisfy the axiom of completeness?

The answer is no, and the following example shows that there are
two non-empty subsets of rational numbers, A, B, such that any
number in A is smaller than or equal to any other number in B,
whose separating point ¢ is not rational!

Consider the sets:

A={x€Q:x<0or x>0and x* <2}
B={xc€Q:x>0and x*>2}

These sets are disjoint, i.e. AN B = () and the separation point is

¢ = /2. Hence the axiom of completeness is not satisfied since the
separation point is not rational.

The axiom of completeness is not valid for natural numbers N,

integer numbers 7Z, rational numbers Q.
18/46



summary

Rational Q
7 3

_i;_ ’_E'__ -5

Integers 7Z
..—3,-2,-1,0,1,2,34, ...

Natural including zero (Whole)

No
0,1,2,3,4, ...

Natural N
1,2,34, ...
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Extensional and intensional definitions

A set may contain infinite objects, so it may be complicated listing all of them.
For this reason, sometimes we use intensional definitions instead of extensional

definitions
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Extensional and intensional definitions

A set may contain infinite objects, so it may be complicated listing all of them.
For this reason, sometimes we use intensional definitions instead of extensional
definitions

Extensional definition
All objects are explicitly listed:

e A={A,0,0;
o B=1{1,7,99,1.23, 2}
e C = {New York, London, Sydney}

Intensional definition
We state the property which unambiguously defines the objects in the set:

e A= {All cities in Europe}
e B = {All natural numbers larger than 100}

e C = {All people in this class whose surname has 'A’ as a first letter}
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The €, ¢ quantifiers

To say that the object a is contained in the set A, we write a € A
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To say that the object a is contained in the set A, we write a € A
To say that the object a is not contained in the set A, we write a ¢ A
Examples

e fA={A, 0,0}, then AcA OeceATDcAbutO¢A

° If A=1{1,7,99,1.23, -2}, then1 € A, 7€ A but5¢ A

e |f A= {All cities in Europe}, then Paris € A, but New York ¢ A

e If A= {All natural numbers larger than 100}, then 101 € A, but 100 ¢ A

Remark: The € symbol is often used in intensional definitions:
A = {All cities in Europe}, B ={x€ A | x is a capital}

The set B includes the European cities that are capitals, so that Milan € A, but
Milan ¢ B.
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The V quantifier

To say that a certain property holds for ALL objects in A we write Va € A
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The V quantifier

To say that a certain property holds for ALL objects in A we write Va € A
Examples

e If A={0,0.5,44.5,2}, then we can write Vac€ A, a >0

e If A={1,77,31,5}, then we can write Va € A, a is odd

e If A={0.2,0.5,0.7}, then we can write Vae A,0 < a< 1
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The 3, 3 quantifiers

To say that a certain property holds for AT LEAST ONE object in A we write
Jac A
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Examples

® If A=1{0,0.5,44.5,2}, then we can write 3a € A such that a < % Indeed
0<Z%and05<}

* If A={0,0.5,44.5,2}, then we can write 3a € A such that 0 < a < 1.
Indeed 0 < 0.5 < %
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The 3, 3 quantifiers

To say that a certain property holds for AT LEAST ONE object in A we write
Jac A

To say that a certain property holds for NO objects in A we write $a € A
Examples

® If A=1{0,0.5,44.5,2}, then we can write 3a € A such that a < % Indeed
0<Z%and05<}

e If A={0,0.5,44.5,2}, then we can write Ja € A such that 0 < a <
Indeed 0 < 0.5 < %

® If A={0,0.5,44.5,2}, then we can write la € A such that a < 0. Indeed
all objects in A are larger or equal to zero

1
5
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The 3, 3 quantifiers

To say that a certain property holds for AT LEAST ONE object in A we write
Jac A

To say that a certain property holds for NO objects in A we write $a € A
Examples

® If A=1{0,0.5,44.5,2}, then we can write 3a € A such that a < % Indeed
0<Z%and05<}

e If A={0,0.5,44.5,2}, then we can write Ja € A such that 0 < a <
Indeed 0 < 0.5 < %

® If A={0,0.5,44.5,2}, then we can write la € A such that a < 0. Indeed
all objects in A are larger or equal to zero

1
5

Remark: In the second example, there exists ONLY ONE element in A such
that 0 < a < % In this case we can write 3la € A. Writing Jda € A is correct as
well, however Jla € A is more informative
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Summary of quantifiers

® a € A means “the element a belongs to the set A”
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Summary of quantifiers

® a € A means “the element a belongs to the set A”
® Va € A means “for all elements a in the set A”

® Ja € A means “there exists at least one element a in the set A”

#a € A means “there exists no element in the set A"

Jla € A means “there exists a unique element a in the set A"
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Union of sets: the U operator

Let A and B be two sets. We denote by AU B the set containing all the
elements of A and all the elements of B. In symbols:

AUB={x:x€A or xe B}
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Union of sets: the U operator

Definition
Let A and B be two sets. We denote by AU B the set containing all the
elements of A and all the elements of B. In symbols:

AUB={x:x€A or xe B}

Examples
e A={A,0,0}, B={A,$,0} = AuB={A,0,<¢,0}
* A= {Milan,Rome}, B = {Sydney} = AU B = {Milan, Rome, Sydney}
o A={1,100,4.4}, B = {4.4} = AU B = {1,100,4.4}
o A={1,3,-5}, B={1,2}, C={1,55} = AUBUC = {1,3,-5,2,55}
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Intersection of sets: the M operator

Let A and B be two sets. We denote by AN B the set containing the elements
in common between A and B. In symbols:

ANB={x:x€A and x € B}
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Intersection of sets: the M operator

Definition
Let A and B be two sets. We denote by AN B the set containing the elements
in common between A and B. In symbols:

ANB={x:x€A and x € B}

Examples
e A={A,0.0), B={A, 0.0} = AnB = {A,0}
e A= {Milan,Rome}, B = {Sydney} = ANB =10
o A—{1,100,4.4}, B = {4.4} = AN B — {4.4)
o A={1,3,-5)}, B={1,2}, C={1,55} = ANBNC = {1}
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The empty set

An empty set is a set with no elements, and is denoted by ()
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The empty set

Definition

An empty set is a set with no elements, and is denoted by ()

Remark
For any set A, AUD=A, AnD =1
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Let A and B be two sets. We write A C B if all the elements of A are also
elements of B.
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Let A and B be two sets. We write A C B if all the elements of A are also
elements of B.

Examples

e A={1,100}, B ={1,100,44} = ACB

e A = {All cities in Europe}, B = {Paris,Milan} == BC A

e A={A,O,04, B={A,0O,0, =ACBand BCA
Let A and B be two sets. We write A C B if all the elements of A are also
elements of B and we known that some elements of B are not in A
Examples

e A={1,100}, B={1,100,44} = ACB

e A = {All cities in Europe}, B = {Paris, Milan} = B C A

e A={A,0,0}, B={A,0,0}. This time we CANNOT write A C B
because B has no elements which are not in A. For the same reason, we
CANNOT write BC A
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Subsets, cont’'d

Remark
e A={1,100}, B = {1,100,4.4}
e A = {All cities in Europe}, B = {Paris, Milan}
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In the first example, it is correct writing either A C B or A C B. However,

A C B is more informative, because it says us not only that all elements of A
are in B, but also that B has some elements which are not in A. Similarly, in
the second example, it is correct writing either B C A or B C A, but the second
is more informative.
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Remark
e A={1,100}, B = {1,100,4.4}
e A = {All cities in Europe}, B = {Paris, Milan}

In the first example, it is correct writing either A C B or A C B. However,

A C B is more informative, because it says us not only that all elements of A
are in B, but also that B has some elements which are not in A. Similarly, in
the second example, it is correct writing either B C A or B C A, but the second

is more informative.

The two relations A C B, A C B, can also be read from right to left:
e Wewrite BOAIfACRB
°* Wewrite BODAIfACB
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Subtraction between sets

Let A and B be two sets. The “A minus B” set, denoted by A\B, is the set
containing the elements in A which are not in B. In symbols:

AB={xecA:x¢B}
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Subtraction between sets

Definition
Let A and B be two sets. The “A minus B” set, denoted by A\B, is the set
containing the elements in A which are not in B. In symbols:

AB={xecA:x¢B}

Examples
e A=1{1,100,4}, B={1} = A\B = {100,4}
e A={1,100,4}, B={2,3} = A\B ={1,100,4}
* A={A, 0,04 B={A,0} = AAB={¢0}

e A = {All natural numbers}, B = {All natural numbers larger than 10}

A\B = {All natural numbers lower or equal to 10} = {1,...,10}
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The complement set

Definition
Let S be the universal set and B a subset of S. The complement set of B is the
“S minus B"” set, namely the set of elements of S that are not contained in B.

In symbols:
B°=S\B={xeS:x¢ B}
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The complement set

Definition

Let S be the universal set and B a subset of S. The complement set of B is the
“S minus B"” set, namely the set of elements of S that are not contained in B.
In symbols:

B°=S\B={xeS:x¢ B}

Example
o S=1{1,100,4}, B = {1} = B = {100,4}
e S = {All cities in Europe}, B = {x € S|x is a capital city}

B = {x € S|x is not a capital city}
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Some subsets in R: The intervals

Definition
A real interval with extremes a, b € R such that a < b, is the set of all real

numbers between a and b.
We say that a real interval is

® open if extremes a and b are not included and we denote it by (a, b)
® closed if extremes a and b are included and we denote it by [a, b]

® not open nor closed one of the extreme is included and the other is not,
that is [a, b) or (a, b]

® bounded if both a and b are finite numbers

® unbounded if either a, or b or both are infinite, e.g. (—o0,1], (—3, +00),
(—OO, +OO)
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Some subsets in R: The intervals

Definition
A real interval with extremes a, b € R such that a < b, is the set of all real

numbers between a and b.
We say that a real interval is

® open if extremes a and b are not included and we denote it by (a, b)
® closed if extremes a and b are included and we denote it by [a, b]

® not open nor closed one of the extreme is included and the other is not,
that is [a, b) or (a, b]
® bounded if both a and b are finite numbers

® unbounded if either a, or b or both are infinite, e.g. (—o0,1], (—3, +00),
(—OO, +OO)

Important: Numeric sets with just one element are denoted with
the curly parentheses, for instance {2} is the set that contains only

the number 2.
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Statements

An assertion that can be either true or false is a statement.
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Statements

An assertion that can be either true or false is a statement.
Consider two statements, say statements P and statement Q.

We say
P=Q

to mean If P holds true than also @ holds true or P implies Q.

Example:
® |f it rains, then we open the umbrella
e |fx=0,then x-y=0
The arrow in = gives the direction of the implication.
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Statements

If
P=Q and Q=P

then assertion P and assertion Q are equivalent.
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then assertion P and assertion Q are equivalent. In this case we write

P& Q
to mean P if and only if Q, or P is equivalent to Q.
Example:
e lfx=0and y =0, then x2+y2 =0
e Ifx2+y?>=0,thenx=0andy =0

In this case assertion P (x = 0 and y = 0) and assertion Q
(x? + y? = 0) are equivalent.

34/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for Q.

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

We also say that @ is a necessary condition for P.

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

We also say that () is a necessary condition for P. Indeed, if P is
true then necessarily Q is true.

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

We also say that () is a necessary condition for P. Indeed, if P is
true then necessarily Q is true.

In summary the following are equivalent:
* P=Q

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

We also say that () is a necessary condition for P. Indeed, if P is
true then necessarily Q is true.

In summary the following are equivalent:
* P=Q
® P implies Q

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

We also say that () is a necessary condition for P. Indeed, if P is
true then necessarily Q is true.

In summary the following are equivalent:
* P=Q
® P implies Q
e |f P then Q

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

We also say that () is a necessary condition for P. Indeed, if P is
true then necessarily Q is true.
In summary the following are equivalent:
* P=Q
P implies Q
If P then Q
P is a sufficient condition for @

35/46



Sufficient and necessary conditions

Suppose that
P=Q

We say that P is a sufficient condition for @. Indeed it is
sufficient that P is true to get that also Q is true.

We also say that () is a necessary condition for P. Indeed, if P is
true then necessarily Q is true.
In summary the following are equivalent:
* P=Q
P implies Q
If P then Q

P is a sufficient condition for @

® P is a necessary condition for P

35/46



Sufficient and necessary conditions

Suppose that
P&eQ

3646



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

3646



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

In this case P is a sufficient condition for Q (from the first
implication)

3646



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

In this case P is a sufficient condition for Q (from the first

implication) and P is also a necessary condition for Q (from the
second implication).

3646



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

In this case P is a sufficient condition for Q (from the first
implication) and P is also a necessary condition for Q (from the
second implication). Hence we say that P is a sufficient and
necessary condition for Q.

3646



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

In this case P is a sufficient condition for Q (from the first
implication) and P is also a necessary condition for Q (from the
second implication). Hence we say that P is a sufficient and
necessary condition for Q.

In summary the following are equivalent:
* PsQ

3646



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

In this case P is a sufficient condition for Q (from the first
implication) and P is also a necessary condition for Q (from the
second implication). Hence we say that P is a sufficient and
necessary condition for Q.
In summary the following are equivalent:

* PsQ

® P is equivalent to Q

3646



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

In this case P is a sufficient condition for Q (from the first
implication) and P is also a necessary condition for Q (from the
second implication). Hence we say that P is a sufficient and
necessary condition for Q.
In summary the following are equivalent:

* PsQ

® P is equivalent to Q

e P ifand only if Q

36/46



Sufficient and necessary conditions

Suppose that
P&eQ

We know that this expression means that both the implications
P = Q and Q = P hold at the same time.

In this case P is a sufficient condition for Q (from the first
implication) and P is also a necessary condition for Q (from the
second implication). Hence we say that P is a sufficient and
necessary condition for Q.
In summary the following are equivalent:

* PsQ
P is equivalent to Q
P if and only if Q

P is a sufficient and necessary condition for @

3646



The structure of a theorem

A theorem is made of

® Hypotheses: these are the premises under which the
conclusion holds

37/46



The structure of a theorem

A theorem is made of

® Hypotheses: these are the premises under which the
conclusion holds

37/46



The structure of a theorem

A theorem is made of

® Hypotheses: these are the premises under which the
conclusion holds

® Thesis: this is the conclusion which follows from the premises

37/46



The structure of a theorem

A theorem is made of

® Hypotheses: these are the premises under which the
conclusion holds

® Thesis: this is the conclusion which follows from the premises

When stating a theorem it must be clear what the hypotheses are
and what the thesis is!

37/46



The structure of a theorem

A theorem is made of

® Hypotheses: these are the premises under which the
conclusion holds

® Thesis: this is the conclusion which follows from the premises

When stating a theorem it must be clear what the hypotheses are
and what the thesis is!
Example: The Pythagorean Theorem

37/46



The structure of a theorem

A theorem is made of

® Hypotheses: these are the premises under which the
conclusion holds
® Thesis: this is the conclusion which follows from the premises

When stating a theorem it must be clear what the hypotheses are
and what the thesis is!

Example: The Pythagorean Theorem

Hypothesis: If a triangle is right-angled

37/46



The structure of a theorem

A theorem is made of

® Hypotheses: these are the premises under which the
conclusion holds

® Thesis: this is the conclusion which follows from the premises

When stating a theorem it must be clear what the hypotheses are
and what the thesis is!

Example: The Pythagorean Theorem

Hypothesis: If a triangle is right-angled

Thesis: the square of the hypothenuse is equal to the sum of the
squares of the other two sides
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Distance between a point in R and the origin

Definition
Let a € R. The distance between a and the origin is the length of the segment
line between the origin and point a, hence it corresponds to a if a > 0 and —a if

a < 0. Put in other words
d(a,0) = |a|
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line between the origin and point a, hence it corresponds to a if a > 0 and —a if

a < 0. Put in other words
d(a,0) = |a|

Notice that the length must be positive (or equal to zero).

d(a,0)=-a d(b,0)=h

Q =
o
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Distance between two points in R: example

/ A
d(—1.1) =2
A A
( N \
d(—1.0) =1 d(0.1) =1 R
® ® °
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Functions

Definition (General definition)

Let A and B be two sets. A function f defined on A and with values in B is a
law that associates to any element x € A one and only one element y € B
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Functions

This is a function
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Functions

This is NOT a function
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Functions

Definition (Real function of a Real variable)
Let D C R (eventually D = R).
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Definition (Domain and Range)

The set D of all real values for which the law f makes sense is called the
domain of the function f:

D= {xeR: f(x)is well defined }
The set of all images f(x), for all x € D is called the range of the function

R={yeR: y=1f(x), ¥x € D}

Definition (Graph)
Let f : D — R be a real function of a real variable. The graph of f is the set

G ={(x,f(x)): xe D}

The plot of the function f is the representation of the graph on a
Cartesian plane. 16 /46
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