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Question 1

State and prove the result that guarantees that the binomial one period market model is
arbitrage free.

The answer to this question is left to the students

Exercise 1

Consider a binomial 2-period model with the following data: Sy = 100, By = 1, u = 1.1,
d=0.9, r=0.05.

1. Compute the price and the hedging strategy of a European Put option with strike
K = 105 and maturity 7" = 2.

2. Compute the price of an American Put option with strike K = 105 and maturity
T=2.

3. How do you justify the difference between the prices?

Short solutions:
The market is arbitrage free and complete. The risk neutral measure is characterised by
_3 _ 1
g=3and 1 —qg=7.

1. We use backward induction. At ¢t =1,

o if S; = 110, II¥(1,X) = —~ (0 . % +6- }1) = 1.428 and the hedging strategy is

1.05

(h9, hd) = (33/(1.05)2, —6/22)



o if S; = 90, IT¥(1,X) = 755 (6-%+24-}L) = 10 and the hedging strategy is

(h9, hd) = (105/(1.05)%, —1)

Att=0,T1(0, X) = = (1.428 - 2 + 10 - 1) ~ 3.4 and the hedging strategy is (h9, h}) =
(42.26, —0.4286).

2. We use backward induction. At t =1,

e if S; =110, II(1, X) = max (0, 75z (0- 3 +6- 1)) = 1.428
o if §; =90, II(1, X) = max (15, 14z (6-2+24-7)) =15

At t =0, I1(0, X) = max (5, 5= (1.428 -2 +15- 1)) =5

3. The answer to this question is left to the students

Exercise 2

In the Black and Scholes market model consider an option with underlying (S;):>0, with the
values Sy = 20, 4 = 0.16, 0 = 0.36 and » = 0.04. Compute the price of an option with
payoff ¢(Sr) = (In(S?) — K)*, with K =6 and T = 1.

Short solutions:
Recall that under the real world probability P, the stock price satisfies

dSt = St,udt + StO'th, SO =S
and under the risk neutral probability () it satisfies

dS, = Syrdt + S,odW,, Sy =s
In particular, under @) it holds that
Sp = Ste(r—%UQ)(T—t)JrU(WT—Wt)
and
In(Sr) = In(s) + (r — %OQ)T + oWr.

Note that in particular, pugging the values of the parameters we get that

In(Sy) = 2.97 + 0.36Z

where Z ~ N(0,1).
Now we are ready to compute the the price of the option using Feynman-Kac formula:



11(0, X) = e " TE2 [(S7)| Sy = 20] = ¢ "TIEQ [(21n Sy — K)*[ Sy = 20]
— e_TTEQ [(2 In ST - K)]-lnST>K/2|St - 20]
= e "M EC[(5.94 4 0.72Z — 6)1 550,083
+oo  —22/2

0.083 V2T
— ¢ 004 .72 ¢~ (O033%/2 _ ,=004 () o5 N(—0.083)

dz —e %% 0.06 Q(Z > 0.083)

where N(-) is the cumulative distribution of the standard normal.



