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handwriting. Unclear or ambiguous sentences may result in a negative impact on the final grade of the exam.

By signing below you fully accept the exam regulations.

MATRICOLA . . . . . . . . . . . . . . . . . Lastname . . . . . . . . . . . . . . . . . . . . . . . Name . . . . . . . . . . . . . . . . . . . . . . .

The exam is divided in 2 parts. Part 1 (6 exercises) refers to questions from 1 to 6. This part amounts to 20 points. You must get
at least 16 points in this part. Part 2 (2 exercises) refers to questions 7 and 8. This part amounts to 12 points. Examiners will
mark Part 2 only if you get 16 points or more in Part 1. If you get less than 16 points in Part 1, you have not passed the
exam. To pass the exam you must get at least 16 points in Part 1 AND 18 points or more in total.

If you intend to withdraw please tick the box below and sign next.

□ Withdrawn Signature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1. Compute the sum of the series
∑∞

n=0

(
1−a
a

)n
. For which positive values of a does the sum converge?

Indicate in short all steps to answer the question and the final answer in the space below.

This is a geometric series, so it converges for
∣∣ 1−a

a

∣∣ < 1.∣∣ 1−a
a

∣∣ < 1 ⇔ −a < 1− a < a ⇔ 0 < 1 < 2a ⇔ a >
1

2
.

2. Establish in which intervals of the real line the function f (x) = 1 − ax3 is increasing/decreasing/constant. Provide the
answer in terms of a < 0, a = 0, a > 0.

Indicate in short all steps to answer the question and the final answer in the space below.

f ′(x) = −3ax2, so considering different values of a:

• If a > 0, f ′(x) < 0 ∀a ̸= 0, so always decreasing

• If a = 0, f ′(x) = 0 so always constant

• If a < 0, f ′(x) > 0 ∀a ̸= 0, so always increasing



3. Compute the limit limx→2+
1

x−2 and limx→2−
1

x−2 . Does the limit limx→2
1

x−2 exist?

Indicate in short all steps to answer the question and the final answer in the space below.

1
x−2 > 0 for x > 2 and 1

x−2 < 0 for x < 2, so

lim
x→2+

1

x− 2
= +∞ , lim

x→2−

1

x− 2
= −∞ and combining these two we see that lim

x→2

1

x− 2
does not exist .

4. Compute all eigenvalues of the following matrix 2 1 −2
0 −1 1
0 0 0


Indicate in short all steps to answer the question and the final answer in the space below.

This is an upper triangular matrix;

det

2− λ 1 −2
0 −1− λ 1
0 0 −λ

 = (2− λ)(−1− λ)(−λ) = 0 gives λ = 2, 0,−1

5. Compute the following indefinite integral ∫
log(x)

2x
dx

Indicate in short all steps to answer the question and the final answer in the space below.

Substituting y = log x, we have dy = dx
x and so∫

log(x)

2x
dx =

1

2

∫
y dy =

1

2

y2

2
+ C =

1

4
(log(x))2 + C

6. Indicate the number of solutions of the following linear system as the parameter k changes:
x+ y + kz = 2

x = 1

x− y + z = 0

Indicate in short all steps to answer the question and the final answer in the space below.

Using x = 1 to simplify the other equations gives{
x+ kz = 1

−y + z = −1,

and since det

(
1 k
−1 1

)
= 1 + k the system has one solution for k ̸= −1 . When k = 1, the two equations are the

same except for a − sign, so for k = −1 infinitely many solutions ,



7. Study the graph of the function

f (x) =
6 (x+ 3)

2

x− 6

In particular: examine the domain, asymptotes, x− and y− intercepts, monotonicity, and maxima/minima, and sketch
the graph of the function. Important HINT: omit 2nd order derivatives. Provide below all necessary steps to solve the
exercise.

Answer:
domain: x ̸= 6

intersection with x-axis: f(x) = 0 ⇒ (x+ 3)2 ⇒ x = −3, so (−3, 0)

intersection with y-axis: f(0) = 69̇
−6 = −9, so (0,−9)

vertical asymptote at x = 6
horizontal asymptotes: none, limx→±∞ f(x) = ±∞
oblique asymptotes: (x+32)

x−6 = x2+6x+9
x−6 = x + x2+6x+9−x2+6x

x−6 = x + 12x+9
x−6 = x + 12 − 63

x−6 , so f(x) = 6x + 72 − 378
x−6 and

finally y = 6x+ 72

monotonicity:

f ′(x) = 6
2(x+ 3)(x− 6)− (x+ 3)2

(x− 6)2
= 6(x+ 3)

1x− 12− x− 3

(x− 6)2
= 6(x+ 3)

x− 15

(x− 6)2
,

which is positive for x < −3 and x > 15, negative for−3 < x < 6 and 6 < x < 15, zero for x = −3, 15, and undefined for x = 6.

Putting this together, f is increasing on (−∞,−3) and (15,∞ and decreasing on (−3, 6) and (6, 15). maxima/minima:

f goes to −∞ and +∞, so it has no global (only local) extrema. Examining the intervals of monotonicity, we see that f has

a local maximum at x = −3 and a local minimum at x = 15 .



8. Consider the function
f(x, y) = x2y + 2y2 + 16y

Answer the following questions:

(a) Compute the gradient and the Hessian matrix of the function.

(b) Determine the equation of the tangent plane at the point (1, 1)

(c) Find all stationary points, if any.

(d) Determine when possible if they are local maxima/minima or saddle points.

Provide below all necessary steps to solve the exercise.

Answer:

(a) The partial derivatives are
∂f

∂x
(x, y) = 2xy,

∂f

∂y
(x, y) = x2 + 4y + 16

and
∂2f

∂x2
(x, y) = 2y,

∂2f

∂x∂y
(x, y) = 2x,

∂2f

∂y2
(x, y) = 4;

assembling this

∇f(x, y) =

(
2xy

x2 + 4y + 16

)
, Hf (x, y) =

(
2y 2x
2x 4

)
(b) Evaluating the function and the gradient,

f(1, 1) = 1 + 2 + 16 = 19,
∂f

∂x
(1, 1) = 2,

∂f

∂y
(1, 1) = 1 + 4 + 16 = 21;

then the equation of the tangent plane is z = 19 + 21(x− 1) + 21(y − 1) or, simplifying,

z = 2x+ 21y − 4 .

(c) Solving ∂f
∂x = 0 gives x = 0 and/or y = 0. When y = 0, ∂f

∂y (x, 0) = x2 + 16, which cannot be zero. On the other hand

setting x = 0, ∂f
∂y (0, y) = 4y + 16 = 0 gives y = −4. Thus, the only stationary point is (0,−4) .

(d) At (x, y) = (0,−4), the Hessian is

(
−8 0
0 4

)
, and since this is a diagonal matrix we see immediately that its eigenvalues

are 4,−8. Therefore the Hessian is indeterminate, and (0,−4) is a saddle point .


