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Examples of linear models

Least square estimates



Regression models are used to describe how one or perhaps a
few response variables depend on other explanatory variables.

The idea of regression is at the core of much statistical
modelling, because the question what happens to y when x
varies? is central to many investigations.

It is often required to predict or control future responses by
changing the other variables, or to gain an understanding of
the relation between them.

There is usually a single response, treated as random. Often
there are many explanatory variables, which are treated as
non-stochastic.



If we denote the response by y and the explanatory variables by x,
our concern is how changes in x affect y. Given (y;,x;) for
j=1,...,n, in the previous lecture we fitted the straight-line
regression model y; = 31 + fox; +¢; for j=1,...,n

An immediate generalization is to increase the covariates,
t .
yi=DBixjp+ Baxp .. Bpxjpt € =x;B+¢ j=1,....n

where x{ = (xj1,...,Xjp) is a 1 X p vector of covariates associated
with the jth response, 8 is a p x 1 vector of unknown parameters
and ¢; is an unobserved error accounting for the discrepancy
between the observed response y; and xfﬁ.

Warning: In these slides we simplify notation by using y to
represent both the response variable and the value it takes



Matrix notation

Set }
Xj1 Bl
Xj = Xijr Jj=1....n B = Br
XJ.'P i ﬂ.P
n Xlt 1 X111 .- X1r ... Xip €1
y=1y X = xf = X1 . Xp ... Xp e=| ¢
Yn x,s | Xol oo Xpr oo Xnp €n

the linear regression model with design matrix X can be written as

y=XB+e



In extended form:

y1 =1 x11+
yj = B1-xj1+
Yn = 51 * Xp1+

Br - X1t
Br - Xjrt+

5r * Xpr+

With xf = [1,...,1], so that:

y1 = B1+
yj = B1+
Yn = /81+

/Br * X1+
Br - Xjr+

ﬁr - Xnr+

+Bp - Xjp + €

+Bp * an + 6”

+Bp * Xip + €1
+Bp - Xjp + €

+Bp * Xpp + €n



Straight-line regression in matrix notation

For the straight line regression model y; = 31 + B2x; + ¢; for

j=1,...,n, the matrix form of the model is
n 1 x €1
y2 1 x €2
=1 . < o ) +
: B2
Yn 1 Xn €n

so X is an n x 2 matrix and 3 a 2 x 1 vector of parameters.



Polynomial regression

Suppose that the response is a polynomial function of a single
covariate,
i = Br+ Baxj+ -+ Bpxf + ¢

For example, we might wish to fit a quadratic or cubic trend in the
Olympic 100 meters data, in which case we would have p =2 or
p = 3 respectively. Then

2
i 1 x X12 s xp b1 €1
p
y2 2 X2 X5 X B2 €2
1 2 P 6
Yn Xn Xp Xn P €n

Note that the model y = X3 + € is linear in the parameters 3.
Polynomial regression can be written as a linear model because of
its linearity, not in x, but in 5.



Two groups comparison

Suppose that the response variable y has been observed on two
groups of observations of size n; and ny. Let yjj for j=1,...m
be the observations of the first group and let y»; for j =1...n; be
the observation of the second group.

Let 81 and 1 + B2 be the means of the variable y in the two
groups. Hence

yvij = Pitey j=1,...,m
ywj = Bi+Po+e j=1...m



We can write the model for the two groups comparison in matrix
notation y = X3 + ¢ where

yi1 10 €11
_ | »im x| 10 _ < A1 ) c— | em
Y y21 11 p B2 €2m

Y2n, 11 €2n,




Life cycle savings data

LifeCycleSavings is data set 5 with variables observed on 50 different
countries. The variables are:

@ sr aggregate personal savings,

popl5 % of population under 15,

pop75 % of population over 75,

dpi real per-capita disposable income,

(]

ddpi % growth rate of dpi



sr  poplb  pop75 dpi ddpi
Australia 11.43 29.35 2.87 2329.68 2.87
Austria 12.07  23.32 4.41  1507.99 3.93
Belgium 13.17  23.80 4.43  2108.47 3.82
Bolivia 5.75 41.89 1.67 189.13 0.22
Brazil 12.88 42.19 0.83 728.47 4.56
Canada 8.79 31.72 2.85 2982.88 2.43
Chile 0.60 39.74 1.34 662.86 2.67
China 11.90  44.75 0.67 289.52 6.51
Colombia 4.98 46.64 1.06 276.65 3.08
Turkey 5.13 43.42 1.08 389.66 2.96
Tunisia 2.81 46.12 1.21 249.87 1.13
United Kingdom 7.81 23.27 4.46 1813.93 2.01
United States 7.56  29.81 3.43  4001.89 2.45
Venezuela 9.22 46.40 0.90 813.39 0.53
Zambia 18.56  45.25 0.56 138.33 5.14
Jamaica 7.72 41.12 1.73 380.47 10.23
Uruguay 9.24 28.13 2.72 766.54 1.88
Libya 8.89  43.69 2.07 123.58 16.71
Malaysia 4.71 47.20 0.66 242.69 5.08




The data set is avaialble in R

> summary(LifeCycleSavings)

ST

Min. : 0.
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Under the life-cycle savings hypothesis as developed by Franco
Modigliani, the savings ratio (aggregate personal saving divided by
disposable income) is explained by per-capita disposable income,
the percentage rate of change in per-capita disposable income, and
two demographic variables: the percentage of population less than
15 years old and the percentage of the population over 75 years old.

The data are averaged over the decade 1960-1970 to remove the
business cycle or other short-term fluctuations.
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In this case we might fit the model

yj = B1 + Baxoj + B3x3j + Baxaj + PBsxsj + €;

where y is the saving ratio and x», x3, x4 and x5 are the variables
poplb, pop75,dpi and ddpi. Looking the data we may expect a
negative value for 8> and a positive value for 85 while the
relationship between the saving ratio and the variables pop75 and
dpi is not clear. The X matrix has dimension 50 x 5 and is

1 29.35 287 2329.68 2.87
1 2332 4.41 1507.99 3.93
1 23.80 4.43 2108.47 3.82
1 41.89 1.67 189.13 0.22
1 4219 0.83 728.47 4.56
1 28.13 272 76654 1.88
1 43.69 2.07 12358 16.71

1 4720 0.66 242.69 5.08



Least square estimates

The least square estimate of 3 is obtained by the value that
minimizes the sum of squares

S5(8) =Y (v —xfB)* = (y = XB)'(y — XB)
j=1
We obtain the least square estimate of 5 by solving the equations

9SS(8)

B ‘22 Phg =0
dSS(B) n

o5, ~ 2Tk o
0SS(8)  _ _22 By = 0

0Bp



In matrix form these amount to the equations

(y — XB)tX = (0,...0)

that is
X'y —XB)=0

which imply that the estimate satisfies
Xty = XtX3
Provided the p x p XX is of full rank
B =(XX)"' Xty

is the system solution.



Moreover, the (r,s) element of the matrix of second derivatives of
S5(B) is

2 55
aﬁraﬁs 2.ZX”XJS’

the matrix of second derivatives of SS(3) is 2X*X, is a
semi-positive matrix.

Thus 3 = (X'X)"1X*y is the value that minimizes S5(5)



Step back: basic operation with matrices

Product of matrices

where:

e y11=(-1)-(-1)+2-2=5
71 =0-(-1)+(-3)-2=-6
° ...
©732=2-0+(-3)-4=-12
0 33 =2-244-4=20



Step back: basic operation with matrices
Inverse of a matrix
A_[ -1 0
-7 5]

we define the inverse of the A matrix as

L[ -1 0
A= [ ~0.667 —0.333 }

To calculate A1 we have to:

o calculate the determinant of A; if det(A) = 0 the matrix is
singular and not invertible. det(A) =(—-1)-(-1)—2-0=3

@ calculate the co-factor matrix:

co [ 3 @ (=D ]
a [ (0)- (=1 (=1)-(-1)**2 ] B

oAl



Step back: basic operation with matrices

@ transpose the matrix C

@ calculate the inverse of the matrix A as:

1
-1 _ ct
~ det(A) ¢

A*l—l. -3 0 ] -1
3 | =2 -1 || —0.667

0

—0.333

|



Step back: basic operation with matrices

@ transpose the matrix C

@ calculate the inverse of the matrix A as:

1
-1 _ ct
~ det(A) ¢

A*l—l. -3 0 ] -1
3 | =2 -1 || —0.667

@ otherwise...solve(A) in R.

0

—0.333

|



In simple cases it is possible to have analytical expressions for the
least square estimates. For example in the straight-line regression
model

)/j:ﬁl—i-ﬁng'—i-ej j=1...n

The X matrix of the representation y = X5 + € is

1 X1

1 X2
X = ,

1 x,

Then we have that (product matrix)

xox= (ol T ey (S )
Zj:lxj Zj:lxj Zj:lxjyj



Moreover (inverse matrix)

n 2 n )
(th)fl _ _ 5 1 . . ( ZJ:anj - Zj:lXJ )
Nyl Xt — (0 )P\ X n

so that

B o= (XX)' X'y

a 1 ( S Y g X i X i XY )
x)?

n J'-7=1 XJ-2 — (Z;:l n }7:1 Xjyj — Zf:l X Zj":l Yj

Now let s, = Ef:l(xj =x)yj—¥) sy = Ef:1()’1' —¥)? and
S« = 2=y (xj — X)?. After some algebra we have

B:<}7_>_<5xy/5><>

Sxy/Sx



For the two groups comparison

yij = Bitey j=1,....m
y2j = ﬁl—i—ﬁQ—i—ﬁzj j=1...m
we have

Y11 1 0

y1n1 X — 1 0
y21 11

Yon, 1 1



To obtain the least square estimates observe that

XtX — ni+ny m
no no

_ 1 n —n nyt —nt
(Xtx)t=—( ™ o)=L
ninp \ —nm ni+nm ng- N+
Xty = ( Z}ll Y1J+Zfi1 Y2j > _ ( myi + my» )
Zfil Y2j ny»
hence

A ty\—1lyt  __ %1
=X Xy_<)72—)71>



The two groups comparison can be extended to more than two groups

yvij = Bite; j=1,....m
Yo = Bi+fatey j=1...m
Vg = Bi+Bktey j=1...n

Let y; = (Vj1,-- -5 Yjn,) for j=1,... k.

1”1 0n1 0!11
n 1n, 1p Op,
y= : X = .
Yk 1, Op, 1n,
n



fitted values and residuals

The sum of squares SS(3) plays a central role. Its minimum value

n
SS(B) =D (v — 5B = (y = XBY(y - B)
j=1
is called residual sum of squares. It is the squared discrgpancy
between the observations y and the fitted values y = X3.

The vector y = XB is the linear combination of the columns of X
that minimizes the squared distance with the data y.

Note that
§=XB=X(XX)"1X'y = Hy

The matrix H = X(XtX)~1X" is called hat matrix or projection
matrix



The unobservable error ¢; = y; — xfﬁ is estimated by the jth
residual

In vector terms,

e=y—xB=y—Hy=(I-H)y
where [ is the n x n identity matrix.
Assuming that E(¢;) = 0 and Var(¢;) = 02 = E(ef) for

j=1,...,n we can estimate 2 with

~

1o ee  (y=9)y—9)
) 2
0% = — Elej =

j=

n n



Let us consider the LifeCycleSaving data set. In R we can find the
fitted values and the residual in the following way.

> m=1m(sr "popl5+pop75+dpi+ddpi,data=LifeCycleSavings)

> fitted(m)

Australia Austria Belgium
10.566420 11.453614 10.951042
Canada Chile China
9.106892 8.842231 9.363964
Denmark Ecuador Finland
11.449761 5.995631 12.921086
Greece Guatamala Honduras
13.786168 6.365284 6.989976
Ireland Italy Japan
7.948869 12.353245 15.818514
Malta Norway Netherlands
12.505090 11.121785 14.224454
Panama Paraguay Peru
7.734166 8.145759 6.160559
South Africa South Rhodesia Spain
10.656834 12.008566 12.441156
Turkey Tunisia United Kingdom
7.795682 5.627920 10.502413
Zambia Jamaica Uruguay
8.809086 10.738531 11.503827

Bolivia
6.448319
Colombia
6.431707

France
10.164528

Iceland

7.480582

Korea
10.086981
New Zealand
8.384445
Philippines
6.104992
Sweden
11.120283
United States
8.671590
Libya
11.719526

Brazil
9.327191
Costa Rica
5.654922
Germany
12.730699
India
8.491326
Luxembourg
12.020807
Nicaragua
6.653603
Portugal
13.258445
Switzerland
11.643174
Venezuela
5.587482
Malaysia
7.680869



> residuals(m)

Australia Austria Belgium
0.8635798 0.6163860 2.2189579
Canada Chile China
-0.3168924 -8.2422307 2.5360361
Denmark Ecuador Finland
5.4002388 -2.4056313 -1.6810857
Greece Guatamala Honduras
-3.1161685 -3.3552838 0.7100245
Ireland Italy Japan
3.3911306 1.9267549 5.2814855
Malta Norway Netherlands
2.9749098 -0.8717854 0.4255455
Panama Paraguay Peru
-3.2941656 -6.1257589 6.5394410
South Africa South Rhodesia Spain
0.4831656 1.2914342 -0.6711565
Turkey Tunisia United Kingdom
-2.6656824 -2.8179200 -2.6924128
Zambia Jamaica Uruguay
9.7509138 -3.0185314 -2.2638273

Bolivia
-0.6983191
Colombia
-1.4517071
France
2.4754718
Iceland
-6.2105820
Korea
-6.1069814
New Zealand
2.2855548
Philippines
6.6750084
Sweden
-4.2602834
United States
-1.1115901
Libya
-2.8295257

Brazil
3.5528094
Costa Rica
5.1250782
Germany
-0.1806993
India
0.5086740
Luxembourg
-1.6708066
Nicaragua
0.6463966
Portugal
-0.7684447
Switzerland
2.4868259
Venezuela
3.6325177
Malaysia
-2.9708690



> m=1m(sr popl5+pop75+dpi+ddpi,data=LifeCycleSavings)
> summary (m)

Residuals:
Min 1Q Median 3Q Max
-8.2422 -2.6857 -0.2488 2.4280 9.7509

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) 28.5660865 7.3545161 3.884 0.000334 **x*

poplbs -0.4611931 0.1446422 -3.189 0.002603 *x*
pop75 -1.6914977 1.0835989 -1.561 0.125530

dpi -0.0003369 0.0009311 -0.362 0.719173
ddpi 0.4096949 0.1961971 2.088 0.042471 *

Residual standard error: 3.803 on 45 degrees of freedom
Multiple R-squared: 0.3385, Adjusted R-squared: 0.2797



Summary

@ model specification and assumptions:

y=XB+e€ €~ N(O,UzﬂT)

tldentity matrix: a square matrix with ones on the main diagonal and zeros
elsewhere.



Summary

@ model specification and assumptions:

y=XB+e€ €~ N(O,UzﬂT)

@ check for multicollinearity! new entry

tldentity matrix: a square matrix with ones on the main diagonal and zeros
elsewhere.



Summary

@ model specification and assumptions:

y=XB+e€ €~ N(O,UzﬂT)

@ check for multicollinearity! new entry

© estimate the model parameters

tldentity matrix: a square matrix with ones on the main diagonal and zeros
elsewhere.



Summary

@ model specification and assumptions:

y=XB+e€ €~ N(O,UzﬂT)

@ check for multicollinearity! new entry
© estimate the model parameters
@ diagnostics:

o R? or Adjusted R?

o t-test
o test for homoskedasticity

tldentity matrix: a square matrix with ones on the main diagonal and zeros
elsewhere.



Summary

@ model specification and assumptions:

y=XB+e€ €~ N(O,UzﬂT)

@ check for multicollinearity! new entry
© estimate the model parameters
@ diagnostics:

o R? or Adjusted R?
o t-test
o test for homoskedasticity

© interpretation

tldentity matrix: a square matrix with ones on the main diagonal and zeros
elsewhere.



Multicollinearity problem

o Multicollinearity (collinearity) is a phenomenon in which one
predictor variable in a multiple regression model can be
linearly predicted from the others with a substantial degree of
accuracy. In this situation, the coefficient estimates of the
multiple regression may change erratically in response to small
changes in the model or the data.

o Let consider a (n x p) design matrix X; if |cor(x;, x;)| =1 for
i # jandi,j € {1, p}, then there is perfect collinearity and the
product matrix XX is not invertible.



> cor(X)

popl5
popl5 1.00000000
pop75 -0.90847871
dpi  -0.75618810
ddp -0.04782569

pop75 dpi
-0.90847871 -0.7561881
1.00000000 0.7869995
0.78699951 1.0000000
0.02532138 -0.1294855

ddp

-0.04782569

0.02532138

-0.12948552

1.00000000



> cor(X)

popl5 pop75 dpi ddp
popl5 1.00000000 -0.90847871 -0.7561881 -0.04782569
pop75 -0.90847871 1.00000000 0.7869995 0.02532138
dpi  -0.75618810 0.78699951 1.0000000 -0.12948552
ddp -0.04782569 0.02532138 -0.1294855 1.00000000

> m=1m(sr popl5+ddpi,data=LifeCycleSavings)
> summary (m)

Residuals:
Min 1Q Median 3Q Max
-7.5831 -2.8632 0.0453 2.2273 10.4753

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) 15.59958 2.33439 6.682 2.48e-08 **x
poplb -0.21638 0.06033 -3.586 0.000796 x**x*
ddpi 0.44283 0.19240 2.302 0.025837 *
Residual standard error: 3.861 on 47 degrees of freedom
Multiple R-squared: 0.2878, Adjusted R-squared: 0.2575



Residuals vs Fitted

Residuals
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Im(sr ~ pop15 + ddpi)
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