Exercise

Let (Xi,...,X,) be independent identically distributed random
variables with p.d.f.

f(x)=6(1- X)G_ll(()’l)(x) 0>1

@ Find a sufficient statistics for 6

@ Find Oy g maximum likelihood estimator (MLE) for 6 and
discuss properties of this estimator.

© Compute the score function and the Fisher information.

@ Specify asymptotic distribution of OmiLE.
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Exercise

Let (Xi,...,Xy,) be independent identically distributed random
variables with p.d.f.

f(x)=01—x)"on(x) 0>1

@ Suppose from a random sample of 200 random variables you
obtain 2% jog (1 — x;) = —110. Complete ALL of the
following questions:

@ Find the Likelihood Ratio test statistic for testing Hy : 6 = 2
versus Hy : 6 = 2, specify the asymptotic distribution and
verify the null hypothesis.

@ Find the Wald test statistic for testing Hy : 6 = 2 versus
Hy : 0 # 2, specify the distribution and verify the null
hypothesis.

@ Find the Score test statistic for testing Hy : € = 2 versus
Hi : 0 # 2, specify the distribution and verify the null
hypothesis.
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Sufficient statistics
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L(O|x1, .-y Xn)

logL(0]x1, ..., Xn)

OlogL(0|x1, ..., xn)
06

0?logL(0|x1, - - ., Xn)
026

nlog(0) + (6 — 1) (Zlog 1x,)
g + <Z log(1 — Xi))

n
—?<0 Vo
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Solution 2

Maximum Likelihood Estimator

g = ——
MEE = 75 log(1 — X))

A

N\
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Maximum Likelihood Estimator

Onie = TS og(1— X;) /og(l—X)

Maximum Likelihood Estimate

1.82

V,
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Solution 3

n
u@) = i (Z log(1 — x,-))

A
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n
ug) = 7 + (Z log(1 — x,-))

Fisher Information

.
n

n(0) = 2

v
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n
ug) = 7 + (Z log(1 — x,-))

Fisher Information

.
n

n(0) = 2

v

Specify asymptotic distribution of HAMLE
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Wald Test
~ 1
o (9°’ n/(%))

(9“ - 90)2 % nl(6) ~ x1

Wald test Statistics

| .

(9“ . 90)2 x nl(6)
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Wald Test
~ 1
o (9°’ n/(%))

(9“ - 90)2 % nl(6) ~ x1

Wald test Statistics

(9“ . 90)2 x nl(6)

v
~

(é - 90) x v/ nl(0)

Wald test Statistics
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Wald Test

Wald test Statistics
(é . 90) x v/ nl(0)

A
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Wald Test

Wald test Statistics

Wald test Statistics

~ ST Tegli=x) — %0

- n
27:1 log(1—x;)

n

A
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Wald Test

Wald test Statistics

Wald test Statistics

~ ST Teg(1=%) /og(l 5 %

- Zi:l Iog(lfx,-)
n

Distribution of test statistics

N(0,1)
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Wald Test

Wald test Statistics

~ YT Tegli=x) — 0

- n
27:1 log(1—x;)

n

A
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Wald Test

Wald test Statistics

~ YT Tegli=x) — 0

RN S
o1 4 log(1—x;)

n

Distribution of test statistics

N(0,1)
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Wald Test

Wald test Statistics

~ YT Tegli=x) — 0

RN S
o1 4 log(1—x;)

n

Distribution of test statistics

Observed value of test statistics

1.82 -2
——==-14 p—value=0.16
0.0166

)
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Wald Test

Wald test Statistics

~ YT Tegli=x) — 0

RN S
o1 4 log(1—x;)

n

Distribution of test statistics

Observed value of test statistics

1.82 -2
——==-14 p—value=0.16
0.0166

Decision: Fail to Reject
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( dlogL(6o) > &

do
n/(@o)
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( dlogL(6o) > 2

deo
nl(6o)

Score Test Statistics

(& + 20y log (1 — )

i
2
b

A
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deo
nl(6o)

( dlogL(6o) > 2

Score Test Statistics
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Score Test

7 T 2i—1 log(1— xi)

o
%
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7 T 2i—1 log(1— xi)
n
\V %
4
Distribution of the Score Test Statistics

N(0,1) )
Observed value of test statistics

dlogL(6p) 200
—= = = — —110=-1

do 2 2 s

/ —

logl{%o) _ =10 _ 141 »_ vale=0.16

nl(6o) /50
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7 T 2i—1 log(1— xi)
n
\V %
4
Distribution of the Score Test Statistics

N(0,1) )
Observed value of test statistics

dlogL(6p) 200
—= = = — —110=-1

do 2 2 s

/ —

logl{%o) _ =10 _ 141 »_ vale=0.16

nl(6o) /50
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Score Test

% + D00 log(1 — x;)

n
%

A
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Score Test
Score Test Statistics

% + 27:1 /Og(l - Xi)
n
\V %
Distribution of the Score Test Statistics

N(0,1)
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Score Test
Score Test Statistics

% + 27:1 /Og(l - Xi)
n
\V %
v
Distribution of the Score Test Statistics

N(0,1)

Observed value of test statistics

score=-1.41, p-value=0.16
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Score Test
Score Test Statistics

% + 27:1 /Og(l - Xi)

n
%

Distribution of the Score Test Statistics

N(0,1)

Observed value of test statistics

score=-1.41, p-value=0.16

Decision: Fail to Reject
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Likelihood ratio Test

Log Likelihood

n
logl(6) = nlogh+ (0 —1) Z log(1 — x;)
i=1

A

A
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Likelihood ratio Test

n
logl(6) = nlogh+ (0 —1) Z log(1 — x;)
i=1

V.
Likelihood ratio Test

2 x (logL(f) — logL(60)) ~ X3
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Likelihood ratio Test

logl(0) = nlogh+ (6 — 1) z”: log(1 — x;)

Likelihood ratio Test

x (logL(d) — logL(fo)) ~ X3

V.
Likelihood ratio Test Statistics

2 x (logL() — logL(bp))

0
2 % <nlog0 +(0- HO)Z/ogl—x,)>




Likelihood ratio Test

Likelihood ratio Test Statistics

2 % <n/og: + (0 — 6o) Z log(1 — x,-))
0

i=1
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Likelihood ratio Test

Likelihood ratio Test Statistics

2 X (nlogé + (0 — 6o) z”: log(1 — Xi))

0o =
Distribution of the Test Statistics
2
X1

v

.
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Likelihood ratio Test

Likelihood ratio Test Statistics

2 % (n/og: + (0 — 6o) Z log(1 — x,-))
0

i=1

Distribution of the Test Statistics

Observed Test Statistics

2 x (logL(f) — logL(6p)) = 1.88 p — value = 0.171

)
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Likelihood ratio Test

Likelihood ratio Test Statistics

2 % <n/og: + (0 — 6o) Z log(1 — x,-))
0

i=1

Distribution of the Test Statistics

Observed Test Statistics

2 x (logL(f) — logL(6p)) = 1.88 p — value = 0.171

Decision: Fail to Reject
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