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Variance of OLS estimators

Theorem

Assume that the data generating process of pxj , yjq is

yj “ β0 ` β1 xj ` εj , E rεj s “ 0, E rεj | X s “ E rεj s “ 0.

and that εj are independent. Assume further that

V rεj | xs “ E
“
ε2j

ˇ̌
x

‰ “ E
“
ε2j

‰ “ σ2
ε.

Therefore

V
”

pβ1

ˇ̌
ˇ x

ı
“ σ2

εřn
j“1 pxj ´ xnq2 “ σ2

ε

S2 pxq

V
”

pβ0

ˇ̌
ˇ x

ı
“ σ2

ε

n

řn
j“1 x

2
jřn

j“1 pxj ´ xnq2 “ σ2
ε

n

řn
j“1 x

2
j

S2 pxq .
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pβ1 “ β1 `
řn

j“1

wjhkkkikkkj
pxj ´ xnq εj

S2 pxq “ β1 `
řn

j“1 wj εj

S2 pxq ñ

pβ2
1 “ β2

1 `
´řn

j“1 wj εj

¯2

S2 pxq2 ` 2β1

řn
j“1 wj εj

S2 pxq

“ β2
1 `

řn
j“1 w

2
j ε

2
j ` ř

ℓ‰j wj wℓ εj εℓ

S2 pxq2 ` 2β1

řn
j“1 wj εj

S2 pxq ñ

E
”

pβ2
1

ˇ̌
ˇ x

ı
“ β2

1 `
řn

j“1 w
2
j E

“
ε2j

ˇ̌
x

‰ ` ř
ℓ‰j wj wℓ

“0 by indep.hkkkkkikkkkkj
E rεj εℓ | xs

S2 pxq2 `

`2β1

řn
j“1 wj

“0hkkkikkkj
E rεj | xs

S2 pxq “ β2
1 ` σ2

ε

řn
j“1 w

2
j

S2 pxq2

“ β2
1 ` σ2

ε

řn
j“1 pxj ´ xnq2
S2 pxq2 “ β2

1 ` σ2
ε

S2 pxq
S2 pxq2 “ β2

1 ` σ2
ε

S2 pxq .



4/39

Variance of OLS estimators

E
”

pβ2
1

ˇ̌
ˇ x

ı
“ β2

1 ` σ2
ε

S2 pxq .

Since E
”

pβ1

ˇ̌
ˇ x

ı
“ β1 we get

V
”

pβ1

ˇ̌
ˇ x

ı
“ E

”
pβ2
1

ˇ̌
ˇ x

ı
´

´
E

”
pβ1

ı ˇ̌
ˇ x

¯2 “ σ2
ε

S2 pxq .
Remarks. Note that

I) As σε Ñ 0 we have V
”

pβ1

ˇ̌
ˇ x

ı
Ñ 0: the estimator gets more and more

precise.

II) As n Ñ 8 we (typically) have

S2 pxq2 “
nÿ

j“1

pxj ´ xnq2 Ñ 8 (in some sense, e.g. almost surely),

and so, again,

V
”

pβ1

ˇ̌
ˇ x

ı
Ñ 0

the estimator gets more and more precise.
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Variance of OLS estimators

Concerning the variance of pβ0 recall that

pβ0 “ yn ´ pβ1 xn “ β0 ` β1 xn ` εn ´ pβ1 xn “ β0 `
´
β1 ´ pβ1

¯
xn ` εn

pβ2
0 “ β2

0 `
´
β1 ´ pβ1

¯2

x2n ` ε2n ` 2β0

´
β1 ´ pβ1

¯
xn ` 2β0 εn

`2
´
β1 ´ pβ1

¯
xn εn ñ

E
”

pβ2
0

ˇ̌
ˇ X

ı
“ β2

0 ` V
”

pβ1

ˇ̌
ˇ X

ı
x2n ` E

“
ε2n

ˇ̌
X

‰ ` 0 ` 0

`2 xn E
”´

β1 ´ pβ1

¯
εn

ˇ̌
ˇ x

ı
.

Recall that (define w 1
j “ pxj ´ xnq{S2 pxq)

pβ1 “ β1 `
řn

j“1 pxj ´ xnq εj

S2 pxq ñ pβ1 ´ β1 “
řn

j“1 pxj ´ xnq εj

S2 pxq “
nÿ

j“1

w 1
j εj .

E
”´

β1 ´ pβ1

¯
εn

ˇ̌
ˇ x

ı
“ ´E

«
nÿ

j“1

w 1
j εj

1

n

nÿ

ℓ“1

εℓ

ˇ̌
ˇ̌
ˇ x

ff
“ ´1

n

nÿ

j“1

nÿ

ℓ“1

w 1
j E rεjεℓs

“ ´σ2
ε

n

nÿ

j“1

w 1
j “ 0.
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Variance of OLS estimators

In summary, recalling that E
”

pβ0

ˇ̌
ˇ X

ı
“ β0, we have

E
”

pβ2
0

ˇ̌
ˇ X

ı
“ β2

0 ` V
”

pβ1

ˇ̌
ˇ X

ı
x2n ` E

“
ε2n

‰

“
´
E

”
pβ0

ˇ̌
ˇ X

ı¯2 ` V
”

pβ1

ˇ̌
ˇ X

ı
x2n ` E

»
–

˜
1

n

nÿ

j“1

εj

¸2
fi
fl

“
´
E

”
pβ0

ˇ̌
ˇ X

ı¯2 ` σ2
ε

S2 pxq x
2
n ` 1

n2

˜
nÿ

j“1

E
“
ε2j

‰ `
nÿ

j‰ℓ

E rεj εℓs
¸

“
´
E

”
pβ0

ˇ̌
ˇ X

ı¯2 ` σ2
ε

S2 pxq x
2
n ` 1

n2

nÿ

j“1

σ2
ε

“
´
E

”
pβ0

ˇ̌
ˇ X

ı¯2 ` σ2
ε

S2 pxq x
2
n ` 1

n
σ2
ε ñ

V
”

pβ2
0

ˇ̌
ˇ X

ı
“ σ2

ε

S2 pxq x
2
n ` 1

n
σ2
ε “ σ2

ε

ˆ
x2n

S2 pxq ` 1

n

˙
.
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In (partial) summary

V
”

pβ2
0

ˇ̌
ˇ X

ı
“ σ2

ε

ˆ
x2n

S2 pxq ` 1

n

˙
.

Recall that

S2 pxq “
nÿ

j“1

pxj ´ xnq2 “
nÿ

j“1

`
x2j ` x2n ´ 2 xj xn

˘

“
nÿ

j“1

x2j ` n x2n ´ 2 xn

nÿ

j“1

xj “
nÿ

j“1

x2j ` n x2n ´ 2 n x2n

“
nÿ

j“1

x2j ´ n x2n.

When this expression is plugged into the the denominator we get

V
”

pβ2
0

ˇ̌
ˇ X

ı
“ σ2

ε

˜
x2nřn

j“1 x
2
j ´ n x2n

` 1

n

¸
“ σ2

ε

n x2n ` řn
j“1 x

2
j ´ n x2n

n
´řn

j“1 x
2
j ´ n x2n

¯

“ σ2
ε

n

řn
j“1 x

2
j

S2 pxq .
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Variance of OLS estimators

V
”

pβ2
0

ˇ̌
ˇ X

ı
“ σ2

ε

n

řn
j“1 x

2
j

S2 pxq
Remarks. Note that

I) As σε Ñ 0 we have V
”

pβ0

ˇ̌
ˇ X

ı
Ñ 0: the estimator gets more and more

precise.

II) As n Ñ 8 we (typically) have

S2 pxq2 “
nÿ

j“1

pxj ´ xnq2 Ñ 8
nÿ

j“1

x2j Ñ 8,

and so, again,

V
”

pβ1

ˇ̌
ˇ X

ı
Ñ 0

the estimator gets more and more precise.
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Variance of OLS estimators

Problem

Suppose we have collected data px1, y1q , ¨ ¨ ¨ , pxn, ynq and we want to estimate

the regression

yj “ β0 ` β1 xj ` εj .

How can we compute

V
”

pβ1

ˇ̌
ˇ X

ı
“ σ2

ε

S2 pxq

V
”

pβ2
0

ˇ̌
ˇ X

ı
“ σ2

ε

n

řn
j“1 x

2
j

S2 pxq ?

The variance σε is not observed!
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Estimator of error variance

Theorem

Assume that the data generating process of pxj , yjq is

yj “ β0 ` β1 xj ` εj , E rεj s “ 0, E rεj | x1, ¨ ¨ ¨ , xns “ E rεj s “ 0.

and that εj are independent. Assume further that

V rεj | x1, ..., xns “ E
“
ε2j

ˇ̌
x1, ..., xn

‰ “ E
“
ε2j

‰ “ σ2
ε.

Therefore the random variable

xσ2
ε
.“ 1

n ´ 2

nÿ

j“1

pε2j “ SSR

n ´ 2
,

is an unbiased estimator of σ2
ε, in the sense that

E
”
xσ2
ε

ı
“ σ2

ε.

skip proof
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Variance of OLS estimators

Difference between errors and residuals

Recall the definition of residuals

pεj “ yj ´ pYj

“ yj ´
´

pβ0 ` pβ1 xj

¯

“ β0 ` β1 xj ` εj ´ pβ0 ´ pβ1 xj

“ β0 ´ pβ0 `
´
β1 ´ pβ1

¯
xj ` εj .

In summary

pεjloomoon
Residuals

“ εjloomoon
Errors

´
´

pβ0 ´ β0

¯
´

´
pβ1 ´ β1

¯
xj .

So that

E rpεj s “ E rE rpεj | X ss “ E
”
E

”
εj ´

´
pβ0 ´ β0

¯
´

´
pβ1 ´ β1

¯
xj

ˇ̌
ˇ X

ıı

“ E rE rεj | X ss “ E rεj s “ 0.
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Unbiased estimator of error variance: proof.

Recall that the first of the FOC’s is

0 “
nÿ

j“1

pεj ô

0 “
nÿ

j“1

´
β0 ´ pβ0 `

´
β1 ´ pβ1

¯
xj ` εj

¯
ô

0 “ εn ´
´

pβ0 ´ β0

¯
´

´
pβ1 ´ β1

¯
xn.

Whence

pεj “ εj ´
´

pβ0 ´ β0

¯
´

´
pβ1 ´ β1

¯
xj

pεj ´ 0 “ εj ´
´

pβ0 ´ β0

¯
´

´
pβ1 ´ β1

¯
xj ´

”
εn ´

´
pβ0 ´ β0

¯
´

´
pβ1 ´ β1

¯
xn

ı

pεj “ εj ´ εn ´
´

pβ1 ´ β1

¯
pxj ´ xnq .
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Unbiased estimator of error variance: proof.

From

pεj “ εj ´ εn ´
´

pβ1 ´ β1

¯
pxj ´ xnq

we have

pε2j “ pεj ´ εnq2 `
´

pβ1 ´ β1

¯2 pxj ´ xnq2 ´ 2 pεj ´ εnq
´

pβ1 ´ β1

¯
pxj ´ xnq

So that ...
nÿ

j“1

pε2j “
nÿ

j“1

pεj ´ εnq2
loooooomoooooon

A

`
nÿ

j“1

´
pβ1 ´ β1

¯2 pxj ´ xnq2
looooooooooooooomooooooooooooooon

B

´2
´

pβ1 ´ β1

¯ nÿ

j“1

pεj ´ εnq pxj ´ xnq
loooooooooooooooooooomoooooooooooooooooooon

C

“ A ` B ´ 2C

We have thus to compute E rAs, E rBs and E rCs.
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Unbiased estimator of error variance: proof.

E rAs “ E

«
nÿ

j“1

pεj ´ εnq2
ff

“ E

«
nÿ

j“1

`
ε2j ` ε2n ´ 2 εj εn

˘
ff

Recall that εn “ 1
n

řn
ℓ“1 εℓ is the sample mean of the errors ñ it contains εj

E rAs “ E

«
nÿ

j“1

ˆ
ε2j ` ε2n ´ 2 εj

ε1 ` ε2 ` ¨ ¨ ¨ ` εj ` ¨ ¨ ¨ ` εn
n

˙ff

“ E

«
nÿ

j“1

˜
ε2j ` ε2n ´ 2

εj ε1 ` εj ε2 ` ¨ ¨ ¨ ` ε2j ` ¨ ¨ ¨ ` εj εn

n

¸ff

“
nÿ

j“1

˜
E

“
ε2j

‰ ` E
“
ε2n

‰ ´ 2
E rεj ε1s ` ¨ ¨ ¨ ` E

“
ε2j

‰ ` ¨ ¨ ¨ ` E rεj εns
n

¸

“
nÿ

j“1

˜
σ2
ε ` 1

n2
E

«ÿ

ℓ

ε2n `
ÿ

ℓ‰m

εℓ εm

ff
´ 2σ2

ε

n

¸
“

“
nÿ

j“1

ˆ
σ2
ε ` n

n2
σ2
ε ´ 2σ2

ε

n

˙
“ n σ2

ε ` σ2
ε ´ 2σ2

ε “ pn ´ 1q σ2
ε.
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Unbiased estimator of error variance: proof.

E rBs “ E

«
nÿ

j“1

´
pβ1 ´ β1

¯2 pxj ´ xnq2
ff

“
nÿ

j“1

E
„´

pβ1 ´ β1

¯2 pxj ´ xnq2
ȷ

“
nÿ

j“1

E
„
E

„´
pβ1 ´ β1

¯2 pxj ´ xnq2
ˇ̌
ˇ̌ X

ȷȷ

“
nÿ

j“1

E
„

pxj ´ xnq2 E
„´

pβ1 ´ β1

¯2
ˇ̌
ˇ̌ X

ȷȷ

“ E

«
nÿ

j“1

pxj ´ xnq2 E
„´

pβ1 ´ β1

¯2
ˇ̌
ˇ̌ X

ȷff

“ E
”
S2 pxqV

”
pβ1

ˇ̌
ˇ X

ıı

“ E
„
S2 pxq σ2

ε

S2 pxq
ȷ

“ σ2
ε.
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Unbiased estimator of error variance: proof.

E rCs “ E

«´
pβ1 ´ β1

¯ nÿ

j“1

pεj ´ εnq pxj ´ xnq
ff
.

Recall that

pβ1 ´ β1 “
řn

j“1 pxj ´ xnq εj

S2 pxq “
řn

j“1 pxj ´ xnq pεj ´ εn ` εnq
S2 pxq

“
řn

j“1 pxj ´ xnq pεj ´ εnq
S2 pxq ` εn

řn
j“1 pxj ´ xnq
S2 pxq

“
řn

j“1 pxj ´ xnq pεj ´ εnq
S2 pxq .

Thus

E rCs “ E
„´

pβ1 ´ β1

¯2

S2 pxq
ȷ

“ E
„
E

„´
pβ1 ´ β1

¯2

S2 pxq
ˇ̌
ˇ̌ X

ȷȷ
“ σ2

ε.
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Unbiased estimator of error variance: proof.

So, finally, recalling that
nÿ

j“1

pε2j “ A ` B ´ 2C

we have

E

«
nÿ

j“1

pε2j

ff
“ E rAs ` E rBs ´ 2E rCs “ pn ´ 1q σ2

ε ` σ2
ε ´ 2σ2

ε “ pn ´ 2qσ2
ε,

which is what we wanted to prove

E

«
1

n ´ 2

nÿ

j“1

pε2j

ff
“ σ2

ε.
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Yt “ β0 ` β1 Xt ` εt . ñ Too simple!

The multiple regression model: two regressors

Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` εt . p‹q

I) Yt “ the t-th observation of the dependent variable (e.g. the daily return of

a stock).

II) Xt,1 and Xt,2 the t-th observation of the two regressors (e.g. explaining

factors of the stock return).

III) εt unknown factors.

Assume that in p‹q only Xt,1 varies of ∆Xt,1 ...

∆Yt “ β1 ∆Xt,1 ñ β1 “ ∆Yt

∆Xt,1
(and similarly for β2).

βj “ effect of a unit variation of the j-th regressor on Y keeping everything else

constant.
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Multiple regression model: dummy variables.

Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` εt . p‹q
we will always assume that

I) E rεts “ 0, any other value will be compensated by β0.

II) E rεt | X1,X2s “ E rεts “ 0.

Dummy variables

Assume that Xt,1 P t0, 1u. Then
E rYt | Xt,1 “ 0,Xt,2s “ β0 ` β1 ¨ 0 ` β1 Xt,2,

E rYt | Xt,1 “ 1,Xt,2s “ β0 ` β1 ¨ 1 ` β1 Xt,2.

Now subtract the first from the second ...

E rYt | Xt,1 “ 1,Xt,2s ´ E rYt | Xt,1 “ 0,Xt,2s “ β1,

β1 measures the difference between the expected value of Yt when Xt,1 “ 1 and

the expected value of Yt when Xt,1 “ 0, keeping the other regressors constant.
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Multiple regression model: the matrix notation.

Collect the observations tY1, ...,YT u, tX1,1, ...,XT ,1u and tX1,2, ...,XT ,2u into

vectors ¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚
,

¨
˚̊
˚̊
˝

X1,1

X2,1

...

XT ,1

˛
‹‹‹‹‚
,

¨
˚̊
˚̊
˝

X1,2

X2,2

...

XT ,2

˛
‹‹‹‹‚

The model Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` εt , t “ 1, ...,T , becomes written as

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

loomoon
Tˆ1

“ β0

¨
˚̊
˚̊
˝

1

1
...

1

˛
‹‹‹‹‚

loomoon
Tˆ1

`

¨
˚̊
˚̊
˝

X1,1 X1,2

X2,1 X2,2

...
...

XT ,1 XT ,2

˛
‹‹‹‹‚

loooooooomoooooooon
Tˆ2

˜
β1

β2

¸

looomooon
2ˆ1

`

¨
˚̊
˚̊
˝

ε1

ε2
...

εT

˛
‹‹‹‹‚

loomoon
Tˆ1
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Multiple regression model: the matrix notation.

Collect the observations tY1, ...,YT u, tX1,1, ...,XT ,1u and tX1,2, ...,XT ,2u into

vectors ¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚
,

¨
˚̊
˚̊
˝

X1,1

X2,1

...

XT ,1

˛
‹‹‹‹‚
,

¨
˚̊
˚̊
˝

X1,2

X2,2

...

XT ,2

˛
‹‹‹‹‚

The model Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` εt , t “ 1, ...,T , becomes written as

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

loomoon
Tˆ1

“

¨
˚̊
˚̊
˝

1 X1,1 X1,2

1 X2,1 X2,2

...
...

...

1 XT ,1 XT ,2

˛
‹‹‹‹‚

loooooooooomoooooooooon
Tˆ3

¨
˚̋

β0

β1

β2

˛
‹‚

looomooon
3ˆ1

`

¨
˚̊
˚̊
˝

ε1

ε2
...

εT

˛
‹‹‹‹‚

loomoon
Tˆ1
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Multiple regression model: the matrix notation.

Collect the observations tY1, ..., YT u, tX1,1, ..., X1,T u and tX2,1, ..., X2,T u into

vectors ¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

,

¨
˚̊
˚̊
˝

X1,1

X1,2

...

X1,T

˛
‹‹‹‹‚

,

¨
˚̊
˚̊
˝

X2,1

X2,2

...

X2,T

˛
‹‹‹‹‚

The model Yt “ �0 ` �1 X1,t ` �1 X2,t ` "t , t “ 1, ..., T , becomes written as

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

loomoon
Tˆ1

“

¨
˚̊
˚̊
˝

1 X1,1 X2,1

1 X1,2 X2,2

...
...

1 X1,T X2,T

˛
‹‹‹‹‚

loooooooooomoooooooooon
Tˆ3

¨
˚̋

�0

�1

�2

˛
‹‚

looomooon
3ˆ1

`

¨
˚̊
˚̊
˝

"1

"2

...

"T

˛
‹‹‹‹‚

loomoon
Tˆ1

Y = X � + "

<latexit sha1_base64="ONigHkLXyWf7aMuoM9NwI2tepwc=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRBKUkUtCLUPTisYL9kCaUzXbSLt1swu6mUErx4l/x4kERr/4Kb/4bt20O2vpg4PHeDDPzgoQzpR3n28otLa+sruXXCxubW9s79u5eXcWppFCjMY9lMyAKOBNQ00xzaCYSSBRwaAT9m4nfGIBULBb3epiAH5GuYCGjRBupbR884Cvc9M68ADQ59QZEQqIYjwVu20Wn5EyBF4mbkSLKUG3bX14npmkEQlNOlGq5TqL9EZGaUQ7jgpcqSAjtky60DBUkAuWPpi+M8bFROjiMpSmh8VT9PTEikVLDKDCdEdE9Ne9NxP+8VqrDS3/ERJJqEHS2KEw51jGe5IE7TALVfGgIoZKZWzHtEUmoNqkVTAju/MuLpH5ecsul8l25WLnO4sijQ3SETpCLLlAF3aIqqiGKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sD5/AIkilkQ=</latexit>
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Multiple regression model: the matrix notation.

Collect the observations tY1, ..., YT u, tX1,1, ..., X1,T u and tX2,1, ..., X2,T u into

vectors ¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

,

¨
˚̊
˚̊
˝

X1,1

X1,2

...

X1,T

˛
‹‹‹‹‚

,

¨
˚̊
˚̊
˝

X2,1

X2,2

...

X2,T

˛
‹‹‹‹‚

The model Yt “ �0 ` �1 X1,t ` �1 X2,t ` "t , t “ 1, ..., T , becomes written as

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

loomoon
Tˆ1

“

¨
˚̊
˚̊
˝

1 X1,1 X2,1

1 X1,2 X2,2

...
...

1 X1,T X2,T

˛
‹‹‹‹‚

loooooooooomoooooooooon
Tˆ3

¨
˚̋

�0

�1

�2

˛
‹‚

looomooon
3ˆ1

`

¨
˚̊
˚̊
˝

"1

"2

...

"T

˛
‹‹‹‹‚

loomoon
Tˆ1

Y = X � + "
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Review a matrix algebra.

Let A be symmetric n ˆ n

A: “ A ô Akj “ Ajk , k , j “ 1, ..., n.

Let β be a vector n ˆ 1. Consider the quadratic form for the case n=2

f pβq “ β:Aβ “
ÿ

k

βk pAβqk “
ÿ

k

βk

ÿ

j

Akj βj “
ÿ

kj

Akjβk βj

“ A11 β
2
1 ` 2A12β1 β2 ` A22β

2
2 ñ f : R2 Ñ R

Bf pβq
Bβ1

“ 2A11 β1 ` 2A12 β2,
Bf pβq

Bβ2
“ 2A21 β1 ` 2A22 β2.

In summary ˜ Bf pβq
Bβ1Bf pβq
Bβ2

¸
“ 2

˜
A11 A12

A21 A22

¸ ˜
β1

β2

¸

In matrix notation (for any n, not only n “ 2)

B `
β:Aβ

˘

Bβ “ 2Aβ or also ∇β

`
β:Aβ

˘ “ 2Aβ.
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The OLS estimator

The objective function is

O pβ0, β1, β2q .“
Tÿ

t“1

ε2t “ ε21 ` ¨ ¨ ¨ ` ε2T “ pε1, ¨ ¨ ¨ , εT q

¨
˚̊
˝

ε1
...

εT

˛
‹‹‚

“ pY ´ X βq: pY ´ X βq “
´
Y : ´ pX βq:¯

pY ´ X βq
“ `

Y : ´ β: X :˘ pY ´ X βq “
“ Y : Y ´ Y : X β ´ β: X : Y ` β: X : X β “
“ Y : Y ´ `

β:X : Y
˘:

looooomooooon
It’s a scalar!

´β: X : Y ` β: X : X β “

“ Y : Y ´ 2β: X : Y ` β: X : X β.

Considering that X : X is always symmetric the FOC’s are

0 “ ∇βO pβ0, β1, β2q “ ´2X : Y ` 2X : X β “ 0 ñ X : X β “ X : Y

Whence, assuming that X : X is invertible, the OLS estimator pβ is

pβ “ `
X : X

˘´1
X : Y
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Summary

I) The model Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` εt , with t “ 1, ...,T , can be

written as
¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

loomoon
Y“Tˆ1

“

¨
˚̊
˚̊
˝

1 X1,1 X1,2

1 X2,1 X2,2

...
...

1 XT ,1 XT ,2

˛
‹‹‹‹‚

loooooooooomoooooooooon
X“Tˆ3

¨
˚̋

β0

β1

β2

˛
‹‚

looomooon
β“3ˆ1

`

¨
˚̊
˚̊
˝

ε1

ε2
...

εT

˛
‹‹‹‹‚

loomoon
ε“Tˆ1

.

II) Assuming that X : X is invertible, the OLS estimator is pβ “ `
X : X

˘´1
X : Y

pβ “

¨
˚̊
˚̊
˚̊
˚̊
˚̋

¨
˚̋

1 ¨ ¨ ¨ 1

X1,1 ¨ ¨ ¨ XT ,1

X1,2 ¨ ¨ ¨ XT ,2

˛
‹‚

looooooooooomooooooooooon
X :

¨
˚̊
˚̊
˝

1 X1,1 X1,2

1 X2,1 X2,2

...
...

...

1 XT ,1 XT ,2

˛
‹‹‹‹‚

loooooooooomoooooooooon
X

˛
‹‹‹‹‹‹‹‹‹‚

´1

¨
˚̋

1 ¨ ¨ ¨ 1

X1,1 ¨ ¨ ¨ XT ,1

X1,2 ¨ ¨ ¨ XT ,2

˛
‹‚

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚
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Summary

I) The model Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` εt , with t “ 1, ...,T , can be
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˚̊
˚̊
˝
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˛
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loomoon
Y“Tˆ1

“

¨
˚̊
˚̊
˝

1 X1,1 X2,1

1 X1,2 X2,2

...
...

1 Xt,1 Xt,2

˛
‹‹‹‹‚

looooooooomooooooooon
X“Tˆ3

¨
˚̋

β0

β1

β2

˛
‹‚

looomooon
β“3ˆ1

`

¨
˚̊
˚̊
˝

ε1

ε2
...

εT

˛
‹‹‹‹‚

loomoon
ε“Tˆ1

.

II) Assuming that X : X is invertible, the OLS estimator is pβ “ `
X : X

˘´1
X : Y

pβ “

¨
˚̋

T
ř

t Xt,1

ř
t Xt,2ř

t Xt,1

ř
t X

2
t,1

ř
t Xt,1 Xt,2ř

t Xt,2

ř
t Xt,1 Xt,2

ř
t X

2
t,2

˛
‹‚

´1 ¨
˚̋

1 ¨ ¨ ¨ 1

X1,1 ¨ ¨ ¨ XT ,1

X1,2 ¨ ¨ ¨ XT ,2

˛
‹‚

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚
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The OLS estimator. Toy example.

t Fund Excess Return Market Excess Return SMB factor

1 -0.05 0.3 1.1

2 0.03 0.023 0.2

3 0.02 -0.2 0.1

4 -0.2 -0.01 0.04

I) Yt “ Excess return of the fund.

II) Xt,1 “ Excess return of the market.

III) Xt,2 “ SmallMinusBig Excess return = historic excess returns of small caps

over big caps in the fund.
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The OLS estimator. Toy example: dummy variables

t Fund Excess Return Market Excess Return Recession?

1 -0.1 0.3 1

2 0.3 0.023 0

3 0.2 -0.2 0

4 -0.18 -0.01 1

5 0.5 0.2 0

6 -0.3 0.01 1

I) Yt “ Excess return of the fund.

II) Xt,1 “ Excess return of the market.

III) Xt,2 “ A dummy variable for recessions.

Classroom exercise: Which is the discrepancy, in expected Fund Excess Return,

between recessions and normal periods?
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Estimated model:
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Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975

0.5498 0.3347 0.1797 0.3203 0.4757 0.3351
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975

0.5498 0.3347 0.1797 0.3203 0.4757 0.3351 0.3675
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975

0.5498 0.3347 0.1797 0.3203 0.4757 0.3351 0.3675

27/39



Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975

0.5498 0.3347 0.1797 0.3203 0.4757 0.3351 0.3675
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975

0.5498 0.3347 0.1797 0.3203 0.4757 0.3351 0.3675
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>

X2,t = 1

<latexit sha1_base64="kcS12Ful2jeZxSP8odxp8Ihbe+Y=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrv1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Y9o/K</latexit>

X2,t = 0

<latexit sha1_base64="mzBT7+lEenybu9q4y3cqFXJQ3pQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcJuCOhFCHrxGME8JFnC7GSSDJmZXWZ6hbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u8JYcIOe9+3k1tY3Nrfy24Wd3b39g+LhUdNEiaasQSMR6XZIDBNcsQZyFKwda0ZkKFgrHN/O/NYT04ZH6gEnMQskGSo+4JSglR7bvbRygdNrr1cseWVvDneV+BkpQYZ6r/jV7Uc0kUwhFcSYju/FGKREI6eCTQvdxLCY0DEZso6likhmgnR+8NQ9s0rfHUTalkJ3rv6eSIk0ZiJD2ykJjsyyNxP/8zoJDq6ClKs4QaboYtEgES5G7ux7t881oygmlhCqub3VpSOiCUWbUcGG4C+/vEqalbJfLVfvq6XaTRZHHk7gFM7Bh0uowR3UoQEUJDzDK7w52nlx3p2PRWvOyWaO4Q+czx/Xco/J</latexit>

-0.0152 -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975

0.5498 0.3347 0.1797 0.3203 0.4757 0.3351 0.3675
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Estimated model:

bY1

<latexit sha1_base64="7B3rl9k8GDrWql/ODJVF6l0lHX4=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiBT0WvXisYD+kDWGzmbZLN5uwu1FqyC/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUUmjTmMeyFxAFnAloa6Y59BIJJAo4dIPJ9czvPoBULBZ3epqAF5GRYENGiTaSb1cHjyyEMdHZfe5nbu7bNafuzIFXiVuQGirQ8u2vQRjTNAKhKSdK9V0n0V5GpGaUQ14ZpAoSQidkBH1DBYlAedn88ByfGiXEw1iaEhrP1d8TGYmUmkaB6YyIHqtlbyb+5/VTPbz0MiaSVIOgi0XDlGMd41kKOGQSqOZTQwiVzNyK6ZhIQrXJqmJCcJdfXiWd87rbqDduG7XmVRFHGR2jE3SGXHSBmugGtVAbUZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gAcEpNj</latexit>

bY2

<latexit sha1_base64="zIwu4s//huShLv2CFLa75B/37IA=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKQY9FLx4r2A9pQ9hsJu3SzSbsbpQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8IOVMacf5ttbWNza3tks75d29/YOKfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4euZ3H0Aqlog7PUnBi8lQsIhRoo3k25XBIwthRHR+P/Xz+tS3q07NmQOvErcgVVSg5dtfgzChWQxCU06U6rtOqr2cSM0oh2l5kClICR2TIfQNFSQG5eXzw6f4zCghjhJpSmg8V39P5CRWahIHpjMmeqSWvZn4n9fPdHTp5UykmQZBF4uijGOd4FkKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcJdfXiWdes1t1Bq3jWrzqoijhE7QKTpHLrpATXSDWqiNKMrQM3pFb9aT9WK9Wx+L1jWrmDlGf2B9/gAdl5Nk</latexit>

bY3

<latexit sha1_base64="d60UTaphJhjN7RTWZ5ivccQhaXM=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0m0oMeiF48V7Ie0IWw223bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX0/9zgOVisXiTk8S6kV4KNiAEayN5NuV/iML6Qjr7D73s/Pct6tOzZkBLRO3IFUo0PTtr34YkzSiQhOOleq5TqK9DEvNCKd5uZ8qmmAyxkPaM1TgiCovmx2eoxOjhGgQS1NCo5n6eyLDkVKTKDCdEdYjtehNxf+8XqoHl17GRJJqKsh80SDlSMdomgIKmaRE84khmEhmbkVkhCUm2mRVNiG4iy8vk/ZZza3X6rf1auOqiKMER3AMp+DCBTTgBprQAgIpPMMrvFlP1ov1bn3MW1esYuYQ/sD6/AEfHJNl</latexit>

bY4

<latexit sha1_base64="52swGI5VNewOzFd/lLTFoXBRiqQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQJdFNy4r2Ie0IUwmN+3QyYOZiVJDvsSNC0Xc+inu/BunbRbaeuDC4Zx7ufceP+VMKsv6Nipr6xubW9Xt2s7u3n7dPDjsyiQTFDo04Yno+0QCZzF0FFMc+qkAEvkcev7keub3HkBIlsR3apqCG5FRzEJGidKSZ9aHjyyAMVH5feHlTuGZDatpzYFXiV2SBirR9syvYZDQLIJYUU6kHNhWqtycCMUoh6I2zCSkhE7ICAaaxiQC6ebzwwt8qpUAh4nQFSs8V39P5CSSchr5ujMiaiyXvZn4nzfIVHjp5ixOMwUxXSwKM45Vgmcp4IAJoIpPNSFUMH0rpmMiCFU6q5oOwV5+eZV0z5u203RunUbrqoyjio7RCTpDNrpALXSD2qiDKMrQM3pFb8aT8WK8Gx+L1opRzhyhPzA+fwAgoZNm</latexit>

bY5

<latexit sha1_base64="Q40m2C3eSdjGT76V0AamTFzqjJ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkoseiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEiJpNn</latexit>

bY6

<latexit sha1_base64="Gn8shKmdsiJFddyPSpQa3Q+5/l8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mkqMeiF48V7Ie0IWw203bpZhN2N0oN+SVePCji1Z/izX/jts1BWx8MPN6bYWZekHCmtON8Wyura+sbm6Wt8vbO7l7F3j9oqziVFFo05rHsBkQBZwJammkO3UQCiQIOnWB8PfU7DyAVi8WdniTgRWQo2IBRoo3k25X+IwthRHR2n/vZee7bVafmzICXiVuQKirQ9O2vfhjTNAKhKSdK9Vwn0V5GpGaUQ17upwoSQsdkCD1DBYlAedns8ByfGCXEg1iaEhrP1N8TGYmUmkSB6YyIHqlFbyr+5/VSPbj0MiaSVIOg80WDlGMd42kKOGQSqOYTQwiVzNyK6YhIQrXJqmxCcBdfXibts5pbr9Vv69XGVRFHCR2hY3SKXHSBGugGNVELUZSiZ/SK3qwn68V6tz7mrStWMXOI/sD6/AEjq5No</latexit>

Mean

<latexit sha1_base64="HRRMMb5nmJNRVNJZqBYRwfohPM8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FL16ECvYD2lA220m7dLMJuxuhlP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcpv5nSdUmsfy0UwT9CM6kjzkjJpMukcqB+WKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/BlVhjOB81I/1ZhQNqEj7FkqaYTany1unZMLqwxJGCtb0pCF+ntiRiOtp1FgOyNqxnrVy8T/vF5qwmt/xmWSGpRsuShMBTExyR4nQ66QGTG1hDLF7a2EjamizNh4SjYEb/XlddKuVb16tf5QqzRu8jiKcAbncAkeXEED7qAJLWAwhmd4hTcncl6cd+dj2Vpw8plT+APn8wfqZY4o</latexit>
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Multiple linear regressions: the generic case.

I) The model Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` ¨ ¨ ¨ ` βK Xt,K ` εt , with

t “ 1, ...,T , can be written as
¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

loomoon
Y“Tˆ1

“

¨
˚̊
˚̊
˝

1 X1,1 ¨ ¨ ¨ X1,K

1 X2,1 ¨ ¨ ¨ X2,K

...
...

. . .
...

1 XT ,1 ¨ ¨ ¨ XT ,K

˛
‹‹‹‹‚

loooooooooooooomoooooooooooooon
X“TˆpK`1q

¨
˚̊
˚̊
˝

β0

β1

...

βK

˛
‹‹‹‹‚

looomooon
β“pK`1qˆ1

`

¨
˚̊
˚̊
˝

ε1

ε2
...

εT

˛
‹‹‹‹‚

loomoon
ε“Tˆ1

.

II) Assuming that X : X is invertible, the OLS estimator is pβ “ `
X : X

˘´1
X : Y

pβ “

¨
˚̊
˚̊
˚̊
˚̊
˚̋

¨
˚̊
˚̊
˝

1 ¨ ¨ ¨ 1

X1,1 ¨ ¨ ¨ XT ,1

...
. . .

...

X1,K ¨ ¨ ¨ XT ,K

˛
‹‹‹‹‚

loooooooooooomoooooooooooon
X :

¨
˚̊
˚̊
˝

1 X1,1 ¨ ¨ ¨ X1,K

1 X2,1 ¨ ¨ ¨ X2,K

...
...

. . .
...

1 XT ,1 ¨ ¨ ¨ XT ,K

˛
‹‹‹‹‚

loooooooooooooomoooooooooooooon
X

˛
‹‹‹‹‹‹‹‹‹‚

´1

¨
˚̊
˚̊
˝

1 ¨ ¨ ¨ 1

X1,1 ¨ ¨ ¨ XT ,1

...
. . .

...

X1,K ¨ ¨ ¨ XT ,K

˛
‹‹‹‹‚

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚
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Multiple linear regressions: the generic case.

I) The model Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` ¨ ¨ ¨ ` βK Xt,K ` εt , with

t “ 1, ...,T , can be written as

¨
˚̊
˚̊
˝

Y1

Y2

...

YT

˛
‹‹‹‹‚

loomoon
Y“Tˆ1

“

¨
˚̊
˚̊
˝

1 X1,1 ¨ ¨ ¨ X1,K

1 X2,1 ¨ ¨ ¨ X2,K

...
...

. . .
...

1 XT ,1 ¨ ¨ ¨ XT ,K

˛
‹‹‹‹‚

loooooooooooooomoooooooooooooon
X“TˆpK`1q

¨
˚̊
˚̊
˝

β0

β1

...

βK

˛
‹‹‹‹‚

looomooon
β“pK`1qˆ1

`

¨
˚̊
˚̊
˝

ε1

ε2
...

εT

˛
‹‹‹‹‚

loomoon
ε“Tˆ1

.

II) Assuming that X : X is invertible, the OLS estimator is pβ “ `
X : X

˘´1
X : Y

pβ “

¨
˚̊
˚̊
˚̋

T
ř

t Xt,1
ř

t Xt,2 ¨ ¨ ¨
ř

t Xt,Kř
t Xt,1

ř
t X

2
t,1

ř
t Xt,1 Xt,2 ¨ ¨ ¨

ř
t Xt,1Xt,K

...
...

...
. . .

...ř
t Xt,K

ř
t Xt,K Xt,1

ř
t Xt,K Xt,2 ¨ ¨ ¨

ř
t X

2
t,K

˛
‹‹‹‹‹‚

´1 ¨
˚̊
˚̊
˚̋

1 ¨ ¨ ¨ 1

X1,1 ¨ ¨ ¨ XT ,1

...
. . .

...

X1,K ¨ ¨ ¨ XT ,K

˛
‹‹‹‹‹‚

¨
˚̊
˚̊
˚̋

Y1

Y2

...

YT

˛
‹‹‹‹‹‚
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Yt “ β0 ` β1 Xt,1 ` ¨ ¨ ¨ ` βK Xt,K ` εt

Bias of the estimator (not the relative bias!):

E
”

pβ ´ β
ı

“ E

»
——–

¨
˚̊
˝

pβ0

...

pβK

˛
‹‹‚´

¨
˚̊
˝

β0

...

βK

˛
‹‹‚

fi
ffiffifl “

¨
˚̊
˚̋

E
”

pβ0 ´ β0

ı

...

E
”

pβK ´ βK

ı

˛
‹‹‹‚.

The X -conditional variance-covariance matrix of the estimator:

Σ2
X

.
“ E

„´
pβ ´ β

¯ ´
pβ ´ β

¯:
ˇ̌
ˇ̌ X

ȷ
“ E

»
——–

¨
˚̊
˝

pβ0 ´ β0

...

pβK ´ βK

˛
‹‹‚

´
pβ0 ´ β0, ¨ ¨ ¨ , pβK ´ βK

¯
ˇ̌
ˇ̌
ˇ̌
ˇ̌
X

fi
ffiffifl

To clarify, consider the case K “ 2.

Σ2
X “

¨
˚̊
˚̊
˚̊
˚̋

E
„´

pβ0 ´ β0

¯2
ȷ

E
”´

pβ0 ´ β0

¯ ´
pβ1 ´ β1

¯ı
E

”´
pβ0 ´ β0

¯ ´
pβ2 ´ β2

¯ı

E
”´

pβ0 ´ β0

¯ ´
pβ1 ´ β1

¯ı
E

„´
pβ1 ´ β1

¯2
ȷ

E
”´

pβ1 ´ β1

¯ ´
pβ2 ´ β2

¯ı

E
”´

pβ0 ´ β0

¯ ´
pβ2 ´ β2

¯ı
E

”´
pβ1 ´ β1

¯ ´
pβ2 ´ β2

¯ı
E

„´
pβ2 ´ β2

¯2
ȷ

˛
‹‹‹‹‹‹‹‚
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Multiple linear regressions: unbiasedness of OLS estimators.

Theorem

Given the regression model

Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` ¨ ¨ ¨ ` βK Xt,K ` εt ,

assume that

I) X : X is invertible.

II) E rεt | X s “ 0 (which implies E rεs “ 0).

Therefore

E
”

pβ
ı

“ β.



32/39

Multiple linear regressions: unbiasedness of OLS estimators. Proof.

pβ “ `
X : X

˘´1
X : Y

“ `
X : X

˘´1
X : pX β ` εq

“ `
X : X

˘´1
X : X β ` `

X : X
˘´1

X : ε

“ β ` `
X : X

˘´1
X : ε.

Whence

E
”

pβ
ı

“ β ` E
”`
X : X

˘´1
X : ε

ı

“ β ` E
”
E

”`
X : X

˘´1
X : ε

ˇ̌
ˇ X

ıı

“ β ` E
”`
X : X

˘´1
X : E rε | X s

ı
“ β.

Remark. As a by-product we have proved that:

pβ ´ β “ `
X : X

˘´1
X : ε,

take note of this expression! It will be useful later ...
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Multiple linear regressions: conditional variance of OLS estimators.

Theorem

Given the regression model

Yt “ β0 ` β1 Xt,1 ` β2 Xt,2 ` ¨ ¨ ¨ ` βK Xt,K ` εt ,

assume that

I) X : X is invertible.

II) E rεt | X s “ 0.

III) E
“
ε2t

ˇ̌
X

‰ “ σ2
ε, E rεt εs | X s “ E rεt | X s E rεs | X s “ 0 for all t ‰ s.

Therefore the X -conditional variance covariance matrix of the estimator pβ is

Σ2
X “ E

„´
pβ ´ β

¯ ´
pβ ´ β

¯: ˇ̌
ˇ̌ X

ȷ
“ σ2

ε

`
X : X

˘´1
.
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Multiple linear regressions: conditional variance of OLS estimators. Proof.

First of all note that

E
“
ε ε:‰ “ E

»
——–

¨
˚̊
˝

ε1
...

εT

˛
‹‹‚ pε1, ¨ ¨ ¨ , εT q

fi
ffiffifl

“

¨
˚̊
˚̊
˝

E
“
ε21

‰
E rε1 ε2s ¨ ¨ ¨ E rε1 εT s

E rε1 ε2s E
“
ε22

‰ ¨ ¨ ¨ E rε2 εT s
...

...
. . .

...

E rε1 εT s E rε2 εT s ¨ ¨ ¨ E
“
ε2T

‰

˛
‹‹‹‹‚

“

¨
˚̊
˚̊
˝

σ2
ε 0 ¨ ¨ ¨ 0

0 σ2
ε ¨ ¨ ¨ 0

...
...

. . .
...

0 0 ¨ ¨ ¨ σ2
ε

˛
‹‹‹‹‚

“ σ2
ε

¨
˚̊
˚̊
˝

1 0 ¨ ¨ ¨ 0

0 1 ¨ ¨ ¨ 0
...

...
. . .

...

0 0 ¨ ¨ ¨ 1

˛
‹‹‹‹‚

“ σ2
ε 1T .
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Multiple linear regressions: conditional variance of OLS estimators. Proof.

Σ2
X “ E

„´
pβ ´ β

¯ ´
pβ ´ β

¯: ˇ̌
ˇ̌ X

ȷ
“

“ E
„`

X : X
˘´1

X : ε
´`

X : X
˘´1

X : ε
¯: ˇ̌

ˇ̌ X
ȷ

“

ppABq: “ B: A:q “ E
„`

X : X
˘´1

X : ε ε: X
´`

X : X
˘´1

¯: ˇ̌
ˇ̌ X

ȷ

pA: “ A ñ `
A´1

˘: “ A´1q “ E
”`
X : X

˘´1
X : ε ε: X

`
X : X

˘´1
ˇ̌
ˇ X

ı

“ `
X : X

˘´1
X : E

“
ε ε: ˇ̌

X
‰
X

`
X : X

˘´1

“ `
X : X

˘´1
X : E

“
ε ε:‰

X
`
X : X

˘´1

“ σ2
ε

`
X : X

˘´1
X : 1T X

`
X : X

˘´1

“ σ2
ε

`
X : X

˘´1
X : X

`
X : X

˘´1 “ σ2
ε

`
X : X

˘´1
.


