Class V

Multiple Linear Regressions

December 4, 2024



Variance of OLS estimators

Theorem

Assume that the data generating process of (x;j,y;) is
yi=Bo+bBix+e, Elg]=0 Elg|X]=E[g]=0.

and that €; are independent. Assume further that

Therefore
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Variance of OLS estimators

Since E [31 ‘ x] = [J; we get

7[5 ] e[ - B [5] [) - 7

Remarks. Note that

[) As o. — 0 we have V [Bl ’ x] — 0: the estimator gets more and more
precise.
1) As n — oo we (typically) have
n

S, (x)? = 2 (x; — Xn)? — o0 (in some sense, e.g. almost surely),
j=1

and so, again,
V3] x| -0

the estimator gets more and more precise.



Variance of OLS estimators
Concerning the variance of 5y recall that

BO = _81Yn: + + _BlynzﬁO"'(ﬂl_B\l) Xn +En

B 24 +2420 (B1-B) %+
+2 (Jl - ‘?1) X Ey =
E[Bg‘x] = B2+ +E[E | X]+0+
12%,E [(a’l - 31) ) x] .
Recall that (define w/ = (x; — X,)/S2 (x))
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Variance of OLS estimators

In summary, recalling that E [Bo ‘ X] = By, we have
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In (partial) summary

Recall that
S2 (x)

When this

v|3|x]

n

n
Dl —%n)? =) (37 + X2 — 2x;%,)
j=1

j=1

n n n

2 2 < _ 2 <2 <2
ij +nX;, —2X, ij = ij +nX, —2nX;
j=1 j=1 Jj=1

is plugged into the the denominator we get
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Variance of OLS estimators

Remarks. Note that

[) As o. — 0 we have V [30 ’ X] — 0: the estimator gets more and more

precise.

1) As n — oo we (typically) have

and so, again,
V[Bl ‘X] -0

the estimator gets more and more precise.



Variance of OLS estimators

Problem

Suppose we have collected data (x1,¥1),- -+, (Xn,¥n) and we want to estimate

the regression

Yj = Bo + BrX; + ;.

How can we compute
v[5 [
v[3| x|

The variance o. is not observed!




Estimator of error variance

Theorem

Assume that the data generating process of (x;j,y;) is
Yj =ﬂ0+ﬁ1Xj+€j, E[ej] =0, ]E[Sj | X1,

and that €; are independent. Assume further that

Ve | x1, .oy Xn] = E[af | xl,...7x,,] = ]E[ 2

Therefore the random variable

—~ 1 & SSR
2 = 2 _ ==
e n—2j§151 n—2’

is an unbiased estimator of os, in the sense that

E [(;E] = O'g.




Variance of OLS estimators

Difference between errors and residuals
Recall the definition of residuals

~

& = ¥=Y
= yj — (“80 +‘31 XJ)
= «))0+"7)1>(J‘+5J‘—‘§0—31Xj

= ,30—‘30-1- (.31 —/§1> Xj+¢j.

In summary
& = g -— (/30 - 50) - (/31 - 51) Xj.
~—— ~——
Residuals Errors
So that

E[5] = E[EE| X =E[E[s— (B ) - (B -5) x| X]]
~ E[E[5| X]] - E[5]] 0.




Unbiased estimator of error variance: proof.

Recall that the first of the FOC's is
0 = z”: § <
j=1
0 = Z<.ﬁo—§o+ (ﬁl—Bl) x; + )@

=1
= — (30 - 30) - (31 - /31) Xp.
Whence
g = ¢&~— (30*50> - (Bl*ﬂl) Xj
5-0 = &- (30_50) _ (Al_ﬁl Xj — [ - (30_,30) - (31—/31) ?n]
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Unbiased estimator of error variance: proof.

From

=g —&n— (51—51) (xj — Xn)

D

we have

B+ (Bi-p) G320 (B~ 5) 65— %)

& = Dg-a)
Jj=1 j=1
A
D (B-5) -
j=1
B
-2 (Blfﬁﬁ) Z(é‘j— ) (xi —Xn) =A+B—-2C
=1

C
We have thus to compute E [A], E [B] and E [C].



Unbiased estimator of error variance: proof.

E[A]=E LZ (5J5n)21 =E LZ (2+22 -2 en)]

=1 =1

Recall that 2, = %Zgzl €p is the sample mean of the errors = it contains

E[A] = ELZ(@?-FE%—Q 51+52+"‘; +'~-+en>]

n . Elsjei] 4+ +E[7]+- -+ E[:€n]
_ 2 21 _
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j=1 n 14 L#m n
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- ( 1 :g>= +02—202 = (n—1) 0%



Unbiased estimator of error variance: proof.

E[B] = E |J§nl (31 - 51)2 (xj —Xn)zl

= ;E_(§1_51)2(X1_X)2]

= ;E_E[(B\l_ﬁl)2(xj Xn)® X”
- jélEi(xj—xfE[(Bl—ﬁlf X”
- E_iujx ) E[(%fl)z X]
- 2fs.v[5 1]

_ E:52<:x)52”é)]=02




Unbiased estimator of error variance: proof.

E[C]—El(ﬁl—ﬁl)

Recall that
~ Zle(&*y)%fo:l(& Xn) (€j —En +En)
fr—p1 = 5 (%) = 5 (%)
_ Zj:l (xj —Xn) (j —n) tz ZJ—1 (% —Xn)
S, (x) S, (x)
- S, (x)
Thus

E[C] =E [(51 —51)2 S, (x)] =E [E [(31 —61)2 Sz (x)

xH _ o2



Unbiased estimator of error variance: proof.

So, finally, recalling that

we have
n

ELZ@}]= +E[B] -2E[C] = +02 =202 =(n—2)02,
j=1

which is what we wanted to prove




Y: = Bo + B1 Xt + £¢. = Too simple!

The multiple regression model: two regressors

Y =Bo+ B1 Xe1+ BaXeo +€r. (%)

[) Y: = the t-th observation of the dependent variable (e.g. the daily return of

a stock).
II) X¢1 and X, the t-th observation of the two regressors (e.g. explaining

factors of the stock return).

) ; unknown factors.

Assume that in () only X; 1 varies of AX; ...

AY,
AY: =01 AXe1 = b1 = £ (and similarly for £,).
’ AXiq

B; = effect of a unit variation of the j-th regressor on Y keeping everything else

constant.




Multiple regression model: dummy variables.

Y =Bo+ B1 Xe1 + BaXeo + €r. (%)

we will always assume that

[) E[e:] =0, any other value will be compensated by Sy.
) Efes | X1, X2] = E[e:] = 0.
Dummy variables

Assume that X;1 € {0,1}. Then

E[Yt | Xi1 = 07Xt,2] = Bo+ P10+ P Xe2,
E[Y:| Xex =1, Xe2] = Bo+ P11+ B Xepo.

Now subtract the first from the second ...

]E[Yt | Xt,l = 7Xt,2] _]E[Yt ‘ Xt,l = O,Xt,2] = 617

B1 measures the difference between the expected value of Y; when X;; =1 and

the expected value of Y; when X; 1 = 0, keeping the other regressors constant.

.



Multiple regression model: the matrix notation.

Collect the observations {Y1, ..., Y7}, {X11,...,X7.1} and {X12, ..., X7 2} into
vectors

Yi Xi1 X1,2
Y, X1 X2,2
YT XT,1 XT,2

’

The model Y; = Bo + f1 Xe1 + Bo Xe2 + 61, t =1,..., T, becomes written as

Y1 1 X1 Xi2 €1
Y, 1 Xo1  Xop B €2
=6 |+ . . +1 .
: : : : B2 :
—_——
YT 1 XT71 XT,Q 2x1 ET
~—— N~ Y ~——

Tx1 Tx1 Tx2 Tx1



Multiple regression model: the matrix notation.

Collect the observations {Y1,..., Y7}, {X11,...,X7.1} and {Xi2, ..., X7 2} into
vectors

Y1 Xi1 X1,2
Y, X1 X2,2
YT X711 X1

)

The model Yy = 8o + 1 Xe1 + B2 Xep + €, t =1,..., T, becomes written as

Y1 1 X171 X172 &1
Y 1 Xo1 Xop fo €2
=1 ) pr |+
) ' B2
Yt 1 X1 Xv2) ~—— eT
N—— 3x1 ——

Tx1 Tx3 Tx1



Multiple regression model: the matrix notation.

Collect the observations {Yi, ..., Y7}, {X1,1,..., X7,1} and {X1 2,

vectors

Y1 X11 X1,
Y, X2,1 X2,2
YT XT1 X1,2

’ ’

Y=XpB+c¢

ey XT,2} into



Multiple regression model: the matrix notation.

Collect the observations {Yi, ..., Y7}, {X1,1,..., X7,1} and {X1 2,

vectors

Y1 Xi1 X1,2
Y, X2,1 X2,2
YT XT,1 X712
Y1
| B

YT

ey XT,2} into



Multiple regression model: the matrix notation.

Collect the observations {Yi, ..., Y7}, {X1,1,..., X7,1} and {X1 2,

vectors
Yl Xl 1 Xl 2

’ 9

Y, X2 Xa,2

’ )

YT XT1 X1,2

’

9

ey XT’2} into



Multiple regression model: the matrix notation.

Collect the observations {Yi, ..., Y7}, {X1,1,..., X71} and {Xi2,..., X7 2} into

vectors

Yl Xl 1

’

Y, X2,1

X12

9



Multiple regression model: the matrix notation.

Collect the observations {Yi, ..., Y7}, {X1,1,..., X71} and {Xi2,..., X7 2} into

vectors

Y1 X11 X1,
Yo X2,1 X2,2
YT XT1 X1,2

€1
€2

ET




Review a matrix algebra.

Let A be symmetric n x n
AT=A<:>Akj= \jk 5 k,j=1,...,n.

Let 8 be a vector n x 1. Consider the quadratic form for the case n=2

F(8) = BTAB=) B = > B« = > Ak B
X K K
= AuBi+2AnB B+ AnB = f:RP >R
f
aﬁ(ﬁ) = 2A1 61+ 2A1 P, w=2/\2151+2/\2252-
081 02
In summary

ié(ﬁg; _y Aun A fei1
% Anr Az P2
In matrix notation (for any n, not only n = 2)

:
0(5{9;\5) =2AB oralso Vg (BTAB) =2A8.



The OLS estimator

The objective function is

€1
;
O (Bo, 1, 52) = ZE%:€§+~-~+52T:(51’... o)

ET

= —Y'XB=p" X"y +5T X X3 =
- —(BIXTY) =g XY + BT XT X B =
—

It's a scalar!
- —28T Xy + 8T XT X 8.
Considering that X7 X is always symmetric the FOC's are
0=V50 (Bo,f1,5) = 2X' vV +2XI Xg=0= X Xp=x!
Whence, , the OLS estimator ﬁ is

B=(XTXx)" xTy



Summary

[) The model Y; = o + 01 Xeq1 + B2 Xeo + e, with t =1,..., T, can be

written as
Yi 1 Xi1 X2 €1
Y> 1 Xo01 Xoo fo €2
N : By |+ .
: : : 5, :
YT 1 Xra Xr2) ~—— \er1
—— B=3x1 ——
Y=Tx1 X=Tx3 e=Tx1
1)) , the OLS estimator is 3 = (xt X)_:l Xty
—1
. . 1 X1 X . ) Y1
A . 1 X1 X .. Y,
B = Xi1 X711 : Xi1 X711
X1,2 X1 ' X1,2 X120
r 1 X1 Xtpo T
X ~




Summary

[) The model Y; = o+ 81 Xeq1 + B2 Xeo + ¢, with t =1,..., T, can be

written as
Yl 1 X171 X271 €1
Y, 1 Xio Xop Po €2
S=1. . B |+
' ' Bo
Yr 1 Xep Xep) ~—— eT
—— —_—— —————— [B=3x1 ~——
Y=Tx1 X=Tx3 e=Tx1
) , the OLS estimator is 3 = (X X) ™' XTY
—1 Yl
T ZtXt71 ZtXt72 1 1 Y2
B= |2 Xen Y X2 Do Xe1 Xeo Xi1 XT1
D Xeo Do Xea Xeo Y X X1i,2 X120

YT



The OLS estimator. Toy example.

Fund Excess Return | Market Excess Return | SMB factor

t

1 -0.05 0.3 11
2 0.03 0.023 0.2
3 0.02 -0.2 0.1
4 -0.2 -0.01 0.04

[) Y; = Excess return of the fund.
II) X¢1 = Excess return of the market.

) X¢2 = SmallMinusBig Excess return = historic excess returns of small caps

over big caps in the fund.



>> X=[1, 0.3,1.1;1,0.023,0.2;1,-0.2,0.1;1,-0.01,0.04]

0.300 1.10
0.023 0.20
—0.200 0.10
—0.010 0.04

X =

>> det(X'*X)

ans =

0 3.8935 -1.9173
0-0796 3.8935 37.3509 -13.7462
1 ~13.7462  6.4046

>> beta = inv(X'xX)*xX'xY
beta =
-0.1241

-0.6318
0.2554



>> X=[1, 0.3,1.1;1,0.023,0.2;1,-0.2,0.1;1,-0.01,0.04]

X =

1.0000
1.0000
1.0000
1.0000

The estimated model is thus

Y, = —0.1241 — 0.6316 Xy ; + 0.2554 X,

>> Y=[-0.05;0.03;0.02;-0.2] >> peta = inv(X'*xX)*xX'xY

Y =

beta =

-0.1241
-0.6318
0.2554




The OLS estimator. Toy example: dummy variables

t | Fund Excess Return | Market Excess Return | Recession?
1 -0.1 0.3 1
2 0.3 0.023 0
3 0.2 -0.2 0
4 -0.18 -0.01 1
5 0.5 0.2 0
6 -0.3 0.01 1

[) Y: = Excess return of the fund.
II) X:1 = Excess return of the market.

) X¢2 = A dummy variable for recessions.

Classroom exercise: Which is the discrepancy, in expected Fund Excess Return,

between recessions and normal periods?



>> X=[1, 0.3,1;1,0.023,0;1,-0.2,0;1,-0.01,1;1,0.2,0;1,0.01,1]

X =

0.3000
0.0230
-0.2000
-0.0100
0.2000
0.0100

6.0000 0.3230
0.3230 0.1707
3.0000 0.3000

-0.0100
0.3000
0.2000

-0.1800
0.5000

-0.3000

>> inv(X'*X)

ans =

0.3338
-0.0545
-0.3283

-0.0545 -0.3283
7.1148 -0.6569
-0.6569 0.7273

inv(X'%kX)*X"'xY




Estimated model:

Y, = 0.3277 + 0.7402 X; ; — 0.5650 Xy ;

= 0.3277+0.7402%X(:,2)-0.5650%X(:,3)




Estimated model:

Y, = 0.3277 + 0.7402 X; ; — 0.5650 Xy ;

AN

Yo

S

Y3

AN

Y,

Fa

Ys

Mean

Xor =1

Xor =0




Estimated model:

Y, = 0.3277 + 0.7402 X; ; — 0.5650 Xy ;

Yl Y2 Y3 Y4 Y5 Y6 Mean

>> Yhat_dummyl = 0.3277+0.7402%X(:,2)-0.5650

Yhat_dummyl =

-0.0152
-0.2203
-0.3853
-0.2447
-0.0893
-0.2299




Estimated model:

Y, = 0.3277 + 0.7402 X; ; — 0.5650 Xy ;

A AN AN AN AN s
Y1 Yy Y3 Y, Y5 Yg Mean
X2,t =1 .0.0152 | -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975

Xor =0




Estimated model:

Y, = 0.3277 + 0.7402 X; ; — 0.5650 Xy ;

Y1 Yo Y3 Y, Y5 Yg Mean

X2t =1-00152 -02203 -0.38 -0.24 -0.09 -0.22 | -0.1975

)

X2t =0 05498 0.3347 0.1797 | 0.3203 | 0.4757  0.3351

>> Yhat_dummy@® = 0.3277+0.7402%X(:,2)

Yhat_dummy@ =

.5498
.3447
.1797
.3203
.4757
.3351




Estimated model:

Y, = 0.3277 + 0.7402 X; ; — 0.5650 Xy ;

A AN AN AN AN s
Mean
Y1 Y Y3 Y, Y5 Y
X2,t =1 -0.0152 ' -0.2203 -0.38 -0.24 -0.09 -0.22 -0.1975
X2,t =0 05498 | 0.3347 | 0.1797 | 0.3203 | 0.4757 | 0.3351 | 0.3675




Estimated model:

Y, = 0.3277 + 0.7402 X; ; — 0.5650 Xy ;

AN AN AN A

Vi Yo Y3 YV, Vs Y Mean

-0.22 | -0.1975

X2t =1-00152 -02203 -0.38 -0.24 -0.09

0.3351 | 0.3675

X2t =0 05498  0.3347  0.1797 | 0.3203 = 0.4757

X = 0| =

E [f/t Xt = 1] —E [?t




Estimated model:

Y, = 0.3277 + 0.7402 Xy , — 0.5650 X ;
Y1 Yo Y3 Yy Y5 Yg Mean

-0.22 | -0.1975

X2t =1-00152 -02203 -0.38 -0.24 -0.09

0.3351 | 0.3675

0.1797 : 0.3203 | 0.4757

X2+ =0 05498 0.3347

Xo,e = o] — —0.1975 — 0.3675 =

E [?t Xt = 1] —E [?t




Estimated model:

Y, = 0.3277 + 0.7402 Xy , — 0.5650 X ;
Y1 Yo Y3 Yy Y5 Yg Mean

-0.22 | -0.1975

X2t =1-00152 -02203 -0.38 -0.24 -0.09

0.3351 | 0.3675

0.1797 : 0.3203 | 0.4757

X2+ =0 05498 0.3347

Xo,e = o] — —0.1975 — 0.3675 =

E [?t Xt = 1] —E [?t




Estimated model:

Y, = 0.3277 + 0.7402 Xy , — 0.5650 X ;
Y1 Yo Y3 Yy Y5 Yg Mean

-0.22 | -0.1975

X2t =1-00152 -02203 -0.38 -0.24 -0.09

0.3351 | 0.3675

0.1797 : 0.3203 | 0.4757

X2+ =0 05498 0.3347

Xo,e = o] — —0.1975 — 0.3675 = —0.5650

E [f/t Xt = 1] —E [?t




Estimated model:

Y, = 0.3277 + 0.7402 Xy , — 0.5650 X ;
Y1 Yo Y3 Yy Y5 Yg Mean

-0.22 | -0.1975

X2t =1-00152 -02203 -0.38 -0.24 -0.09

0.3351 | 0.3675

0.1797 : 0.3203 | 0.4757

X2+ =0 05498 0.3347

Xo,¢ = o] — 0.1975 — 0.3675 = —0.5650 = /3,

E [?t Xt = 1] —E [?t




Multiple linear regressions: the generic case.

|) The model Y; = By + ﬂl Xt71 + ﬁz Xt,g + -+ ﬂK Xt,K + e¢, with

t=1,..., T, can be written as

Y1 1 X1 -+ Xk Bo €1
Y, 1 X1 -+ Xok B1 €2
A ) . ) ) +1 .
YT I Xrn o Xtk Bk €T
—— S —— ——
Y=Tx1 X=Tx(K+1) B=(K+1)x1 e=Tx1
1)) , the OLS estimator is 3 = (xt X)_:l Xty
1
1 ... 1 1 X1 - Xk 1 ... 1 Y,
3 Xig o Xt 1 X1 -+ Xok Xiqg o X7t Y
Xik - X7k 1 Xr1 -+ Xtk Xik - Xtk YT

Xt X



Multiple linear regressions: the generic case.

|) The model Y; = Bo + 51 Xt,l + B Xt$2 + -+ Bk Xt,K + e¢, with

t=1,..., T, can be written as

Y1 1 X1 -+ Xik Bo €1
Y, 1 X1 - Xok B1 €2
=1 . ) . +
YT 1 Xra - X7k Bk eT
—— —_—— N —
Y=Tx1 X=Tx(K+1) B=(K+1)x1 e=Txl1
1)) , the OLS estimator is B = (XJr X)_:l X7y
T > Xen 3 Xe2 e S Xek AT 1 Yy

D Xe1 2 X2y D Xe1 Xep o 2 XeaXek X1 0 Xt Y2

DXtk 2 Xek Xep o D Xek Xep - Y X2k X,k o Xtk) \YT



Ye =080+ B Xex+ -+ B Xex + €t
Bias of the estimator (not the relative bias!): R
Bo Bo E [50 - Bo]
E [3 - ﬁ] -F T - : .
B\K Bk E [3}( - ﬁK]
The X-conditional variance-covariance matrix of the estimator:

2[5 0 1o e )i
B — B
o[- ¢[(5-) (-
% - E[(Bl —51)2]
¢[(5-) (3-3) o[-




Multiple linear regressions: unbiasedness of OLS estimators.

Theorem

Given the regression model

Y =Bo+ B1Xe1+ BoXeo+ - 4 Br Xeyx + €4,

assume that
) X1 X is invertible.

1) Eler | X] =0 (which implies E [¢] = 0).

Therefore

E[B] -




Multiple linear regressions: unbiasedness of OLS estimators. Proof.

B o= (xtx)'xty
—1

X)
= (X'X) X' (XB+e)
— (XTX) T XTX B+ (XTX) T XTe

- B+ (XTX)T XTe.

Whence

E[B] 6+E[(XTX)‘1 XTe]
— B+E[E[(x"X) " xTe| X]]
- B+E|(X'X) 7 X'E[=| X]| = 5
Remark. As a by-product we have proved that:
B—p=(XtX)" Xte,

take note of this expression! It will be useful later ...



Multiple linear regressions: conditional variance of OLS estimators.

Theorem

Given the regression model

Yi =80+ B1 Xe1+ BoXeo+ -+ Br Xek + €,
assume that
1) X1 X is invertible.
1) Ele: | X] =0.
) Ele?| X] =02 Eleces | X] =Elee | X] Eles | X] =0 for all t # s.

Therefore the X-conditional variance covariance matrix of the estimator 3 is

Zi—E[(B—ﬁ) (B—ﬁ)T ‘X] = o2 (XTX)7.




Multiple linear regressions: conditional variance of OLS estimators. Proof.

First of all note that

€1
]E[EET] = E : (€1, ,eT)
ET
E [€3]
E (<]
E[7]
o? 1
Jg ) 1 .- )
= = 0¢ L. . :Us]lT

SR
(S
[



Multiple linear regressions: conditional variance of OLS estimators. Proof.

E|(x1x) " x1e (x"x)™ TE)T ‘ x] _

E|(XTX)™ xTe-t ((x*x)l)T‘x]

E

f(xT X) 7" xtectx (X)X
(XTX) T XTR[ecT | X] X (xTx)
(XTX) 7" XTE [e!] X (xTx)
(XTX) 7" XT g (xTx)
(xtx)"

2
O¢

2
O¢

X (XTX) = (XTX) T



