Chapter 3

Static Games of Incomplete
Information

This chapter begins our study of games of incomplete information,
also called Bayesian games. Recall that in a game of complete infor-
mation the players’ payoff functions are common knowledge. In
a game of incomplete information, in contrast, at least one player
is uncertain about another player’s payoff function. One common
example of a static game of incomplete information is a sealed-bid
auction: each bidder knows his or her own valuation for the good
being sold but does not know any other bidder’s valuation; bids
are submitted in sealed envelopes, so the players’ moves can be
thought of as simultaneous. Most economically interesting Bayes-
ian games, however, are dynamic. As we will see in Chapter 4,
the existence of private information leads naturally to attempts by
informed parties to communicate (or mislead) and to attempts by
uninformed parties to learn and respond. These are inherently
dynamic issues. )

In Section 3.1 we define the normal-form representation of a
static Bayesian game and a Bayesian Nash equilibrium in such
a game. Since these definitions are abstract and a bit complex,
we introduce the main ideas with a simple example—Cournot
competition under asymmetric information.

In Section 3.2 we consider three applications. First, we provide
a formal discussion of the interpretation of a mixed strategy given
in Chapter 1: player j’s mixed strategy represents player i's uncer-
tainty about j's choice of a pure strategy, and j’s choice depends on.



144 STATIC GAMES OF INCOMPLETE INFORMATION

the realization of a small amount of private :._Eau..mmwb. me.u:nr
we analyze a sealed-bid auction in which the Emmﬂ_m <m5m:ou.m
are private information but the seller’s valuation is known. FH.
nally, we consider the case in EE@_ a wsxmq and a seller wmnd.
have private information about their valuations (as when a irm
knows a worker’s marginal product and the worker knows his
or her outside opportunity). We analyze a QmQ.Em game called a
double auction: the seller names an asking price and the buyer
simultaneously names an offer price; trade occurs at the average
of the two prices if the latter exceeds the former. il

In Section 3.3 we state and prove the Revelation Principle, and
briefly suggest how it can be mw_.u:mm in designing games when
the players have private information.

3.1 Theory: Static Bayesian Games and Bayesian
Nash Equilibrium

3.1.A An Example: Cournot Competition under
Asymmetric Information

Consider a Cournot duopoly model with inverse demand given
by P(Q) = a — Q, where Q = g1 + 42 is the aggregate &cm:zQ
on the market. Firm 1’s cost function is Ci(g1) = cqs. .?E: 2's
cost function, however, is Co(q2) = cugz with probability # and
Cy(g2) = c1q2 with probability 1 — 6, where cL < ¢H. mczﬁmaﬂoﬂw
information is asymmetric: firm 2 knows its cost ?52:.5 an
firm 1’s, but firm 1 knows its cost function and only Em.ﬁ .?.3 2's
marginal cost is cy with probability 6 and ¢; with probability 1 = 0.
(Firm 2 could be a new entrant to the industry, or could have Emw
invented a new technology) All of this is common knowledge:
firm 1 knows that firm 2 has superior information, firm 2 knows
that firm 1 knows this, and so on.

Naturally, firm 2 may want to choose a .&mwﬂm:ﬂ Ambm pre-
sumably lower) quantity if its marginal cost is high than if it 15
low. Firm 1, for its part, should anticipate that firm m may tailor
its quantity to its cost in this way. Let 9 ﬂn:u and g5 (cr) mmsmwm
firm 2’s quantity choices as a ?:Q.Ej of its cost, mw&_._m* ‘ M
note firm 1s single quantity choice. If firm 2’s cost is high, it wi
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choose g3 (cy) to solve

max [(a - 497 — 92) — culgo.

Similarly, if firm 2's cost is low, g3 (c;) will solve

max (2 — g1 — q2) — c1g.
Finally, firm 1 knows that firm 2’s cost is high with probability 6
and should anticipate that firm 2’s quantity choice will be g5 (c)

or g;(c), depending on firm 2’s cost. Thus, firm 1 chooses g7 to
solve

max 6[(a —q1 — g3 (cu)) ~ clgr + (1 - 0)[(a — g1 — g3(c1)) — clan

80 as to maximize expected profit.

The first-order conditions for these three optimization prob-
lems are

hl&.ﬂiﬁm
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Assume that these first-order conditions characterize the solutions
to the earlier optimization problems. (Recall from Problem 1.6
that in a complete-information Cournot duopoly, if the firms’ costs
are sufficiently different then in equilibrium the high-cost firm
produces nothing. As an exercise, find a sufficient condition to

rule out the analogous problems here.) The solutions to the three
first-order conditions are

4 a—2cg+c 1-6
9 (cn) = HTC 4 ¢ (en —cu),

3
= a—2c+c 6
g(cL) = ]u%! — glen —cw),

and

t;armn+mnz+§|$nn.
_ﬁ” m i
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Compare g3 (cx), 43 (c1), and g7 to the Cournot equilibrium un-
der complete information with costs ¢; and ¢,. Assuming that the
values of ¢; and ¢, are such that both firms’ equilibrium quanti-
ties are both positive, firm i produces 4; = (2 — 2¢; + ¢j)/3 in this
complete-information case. In the incomplete-information case, in
contrast g3(cy) is greater than (2 — 2cy + ¢)/3 and g5 (cr) is less
than (a — 2c; + ¢)/3. This occurs because firm 2 not only tailors
its quantity to its cost but also responds to the fact that firm 1
cannot do so. If firm 2’s cost is high, for example, it produces less
because its cost is high but also produces more because it knows
that firm 1 will produce a quantity that maximizes its expected
profit and thus is smaller than firm 1 would produce if it knew
firm 2’s cost to be high. (A potentially misleading feature of this
example is that g} exactly equals the expectation of the Cournot
quantities firm 1 would produce in the two corresponding games
of complete information. This is typically not true; consider the
case in which firm #’s total cost is ¢;q7, for example.)

3.1.B Normal-Form Representation of Static Bayesian
Games

Recall that the normal-form representation of an n-player game
of complete information is G = {S1...5x 11 .v.Uy}, where S; is
player i's strategy space and u;(s1, -..,5x) is player i’s payoff when
the players choose the strategies (si,...,Sx). As discussed in Sec-
tion 2.3.B, however, in a simultaneous-move game of complete
information a strategy for a player is simply an action, so we can
write G = {A1...An; U1 ... Uy}, where A; is player i’s action space
and u;(ay, ... ,a,) is player i's payoff when the players choose the
actions (a1,...,a,). To prepare for our description of the timing of
a static game of incomplete information, we describe the timing of
a static game of complete information as follows: (1) the players si-
multaneously choose actions (player i chooses a; from the feasible
set A;), and then (2) payoffs u;(ai,...,a,) are received.

We now want to develop the normal-form representation of a
simultaneous-move game of incomplete information, also called a
static Bayesian game. The first step is to represent the idea that
each player knows his or her own payoff function but may be
uncertain about the other players’ payoff functions. Let player i’s

- _possible payoff functions be represented by u;(a1,. . ;@ 1), where
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ti is called player i's type and belongs to a set of possible types
(or type space) T;. Each type t; corresponds to a different payoff
function that player i might have.

As an abstract example suppose player i has two possible pa y-
off functions. We would say that player i has two types, #; and
tiz, that player i’s type space is T; = {t;1t;}, and that playeri’s two
payoff functions are u;(ay,...,a,;t1) and u;(ay, ..., ay,; ti2). We can
use the idea that each of a player’s types corresponds to a different
payoff function the player might have to represent the possibility
that the player might have different sets of feasible actions, as fol-
Eém. Suppose, for example, that player i’s set of feasible actions
is {a, b} with probability g and {a, b, c} with probability 1—g. Then
we can say that 7 has two types (t;; and t;5, where the probability
of t1 is 4) and we can define #'s feasible set of actions to be {a, b c}
for both types but define the payoff from taking action c to wm J,oo
for type ;.

As a more concrete example, consider the Cournot game in
the previous section. The firms’ actions are their quantity choices,
91 and g,. Firm 2 has two possible cost functions and thus two
possible profit or payoff functions:

m2(q1,92;¢cL) = [(a — g1 — q2) — cLlg2

and
m2(q1:q2; c) = [(a — g1 — 92) — el
Firm 1 has only one possible payoff function:

m(q1,92;¢) = [(@ — g1 — 42) — clg1.

We say that firm 2’s type space is T» = {c;,cy} and that firm 1’s
type space is Ty = {c}.

Given this definition of a player’s type, saying that player i
knows his or her own payoff function is equivalent to saying that
player i knows his or her type. Likewise, saying that player i may
be uncertain about the other players’ payoff functions is equivalent
to saying that player i may be uncertain about the types of the
other players, denoted by t_; = (t1,...,ti_1,tix1,...,ts). We use
T_; to denote the set of all possible values of t_;, and we use the
probability distribution p;(t_; | £;) to denote player i’s belief about
the other players’ types, t_;, given player i’s knowledge of his
or her own type, #;. In every wmwﬁn&:..ou_._.._m_um_%_umg in Section 3.2



148 STATIC GAMES OF INCOMPLETE INFORMATION

(and in most of the literature), the players’ types are independent,
in which case p;(f_; | t;) does not depend on t;, so we can write
player #'s belief as p;(t_;). There are contexts in which the players’
types are correlated, however, so we allow for this in our definition
of a static Bayesian game by writing player is belief as p;(f_; | t;).!

Joining the new concepts of types and beliefs with the familiar
elements of the normal-form representation of a static game of
complete information yields the normal-form representation of a
static Bayesian game.

Definition The normal-form representation of an n-player static
Bayesian game specifies the players’ action spaces Ay, ..., Ay, their type
spaces Ty, ..., Ty, their beliefs py, .. . ,py, and their payoff functionsuy, . . .,
un. Player i's type, t;, is privately known by player i, determines player
i’s payoff function, uy(as, . .. ,ay; t;), and is a member of the set of possible
types, T;. Player i's belief p;(t_; | t;) describes i's uncertainty about the
n — 1 other players’ possible types, t _;, given i's own type, t;. We denote
this game by G = {A1,...,Ap; T1,. ., T P1y oo Pri Uty ooy U}

Following Harsanyi (1967), we will assume that the timing of a
static Bayesian game is as follows: (1) nature draws a type vector
t = (t1,...,ty), where {; is drawn from the set of possible types
T;; (2) nature reveals t; to player i but not to any other player;
(3) the players simultaneously choose actions, player i choosing ;
from the feasible set A;; and then (4) payoffs u;(a;,...,a,;t;) are
received. By introducing the fictional moves by nature in steps (1)
and (2), we have described a game of incomplete information as a
game of imperfect information, where by imperfect information we
mean (as in Chapter 2) that at some move in the game the player
with the move does not know the complete history of the game
thus far. Here, because nature reveals player i's type to player i
but not to player j in step (2), player j does not know the complete
history of the game when actions are chosen in step (3).

Two slightly more technical points need to be covered to com-
plete our discussion of normal-form representations of static Bayes-

'Imagine that two firms are racing to develop a new technology. Each firm's
chance of success depends in part on how difficult the technology is to develop,
which is not known. Each firm knows only whether it has succeeded and not
whether the other has. If firm 1 has succeeded, however, then it is more likely
that the technology is easy to develop and so also more likely that firm 2 has suc-

~ooweei e cceeded. Thus, firm 1°s belief about firm 2's type depends on firm 1's knowledge .

of its own type.
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ian games. First there are games in which player i has private
information not only about his or her own payoff function but
also about another player’s payoff function. In Problem 3.2, for
example, the asymmetric-information Cournot model from Sec-
tion 3.1.A is changed so that costs are symmetric and common
knowledge but one firm knows the level of demand and the other
does not. Since the level of demand affects both players’ payoff
functions, the informed firm’s type enters the uninformed firm’s
payoff function. In the n-player case we capture this possibility
by allowing player i's payoff to depend not only on the actions
(ai,...,a,) but also on all the types (t1,...,t,). We write this pay-
off a8 il o s i bl oo s Bl

The second technical point involves the beliefs, p;(t_; | #).
We will assume that it is common knowledge that in step (1) of
the timing of a static Bayesian game, nature draws a type vector
t = (t1,...,ty) according to the prior probability distribution p(t).
When nature then reveals #; to player i, he or she can compute the
belief p;(t_; | ;) using Bayes’ rule:?

gy o PUinti)  pltih)
S p(ti) > plt-int)

t_;eT_;

Furthermore, the other players can compute the various beliefs
that player i might hold, depending on i’s type, namely p;(t_; | ;)
for each ¢; in T;. As already noted, we will frequently assume that
the players’ types are independent, in which case p;(f—;) does not
depend on t; but is still derived from the prior distribution p(t).
In this case the other players know i's belief about their types.

3.1.C Definition of Bayesian Nash Equilibrium

rium concept for static Bayesian
e players’ strategy spaces

We now want to define
games. To do so, we must first define

2Bayes’ rule provides a formula for P(A | B), the (conditional) probability that
an event A will occur given that an event B has already occurred. Let P(A), P (B),
and P(A, B) be the (prior) probabilities (i.e., the probabilities before either A or B
has had a chance to take place) that A will occur, that B will occur, and that both
A and B will occur, respectively. Bayes' rule states that P(A | B) = P(A, B)/P(B).

~_ That is, the conditional probability of A given B equals the probability that both

A and B will occur, divided by the prior probability that B will occur.
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3.2 Applications

3.2.A Mixed Strategies Revisited

As we mentioned in Section 1.3.A, Harsanyi (1973) suggested that
player j's mixed strategy represents player i's uncertainty about
j's choice of a pure strategy, and that j’s choice in turn depends
on the realization of a small amount of private information. We
can now give a more precise statement of this idea: a mixed-
strategy Nash equilibrium in a game of complete information can
(almost always) be interpreted as a pure-strategy Bayesian Nash
equilibrium in a closely related game with a little bit of incom-
plete information. (We will ignore the rare cases in which such an
interpretation is not possible.) Put more evocatively, the crucial
feature of a mixed-strategy Nash equilibrium is not that player j
chooses a strategy randomly, but rather that player i is uncertain
about player j’s choice; this uncertainty can arise either because of
randomization or (more plausibly) because of a little incomplete
information, as in the following example.

Recall that in the Battle of the Sexes there are two pure-strategy
Nash equilibria (Opera, Opera) and (Fight, Fight) and a mixed-
strategy Nash equilibrium in which Chris plays Opera with prob-
ability 2/3 and Pat plays Fight with probability 2/3.

Pat
Opera Fight
Opera | 2,1 0,0
Fight | 0,0 | 1,2

The Battle of the Sexes

Now suppose that, although they have known each other for
quite some time, Chris and Pat are not quite sure of each other’s
payoffs. In particular, suppose that: Chris’s payoff if both at-
tend the Opera is 2 + t,, where f is privately known by Chris;
Pat’s payoff if both attend the Fight is 2 + t,, where t, is pri-
vately known by Pat; and #, and t, are independent draws from
a uniform distribution on [0,x]. (The choice of a uniform distri-
bution on [0,x] is not important, but we do have in mind that
the values of f. and t, only slightly perturb the payoffs in the
original game, so think of x as small.) All the other payoffs are
the same. In terms of the abstract static Bayesian game in nor-
mal form G = {A;, A,;T., T s Pes Ppi e, Up}, the action spaces are
A; = Ap = {Opera, Fight}, the type spaces are T, = T, = [0, ], the
beliefs are pc(t,) = pp(t:) = 1/x for all {, and t,, and the payoffs
are as follows. :

Pat
Opera Fight

Opera | 2 +1#,1 0,0
Fight 0,0 L2+¢,

Chris

The Battle of the Sexes with Incomplete Information

We will construct a pure-strategy Bayesian Nash equilibrium
of this incomplete-information version of the Battle of the Sexes in
which Chris plays Opera if t, exceeds a critical value, ¢, and plays
Fight otherwise and Pat plays Fight if #, exceeds a critical value,
p, and plays Opera otherwise. In such an equilibrium, Chris plays
Opera with probability (x — c)/x and Pat plays Fight with proba-
bility (x — p)/x. We will show that as the incomplete information
disappears (i.e., as x approaches zero), the players’ behavior in this
pure-strategy Bayesian Nash equilibrium approaches their behav-
ior in the mixed-strategy Nash equilibrium in the original game

-of complete information. That is, both (x — ¢)/x and (x — p)/x

approach 2/3 as x approaches zero.

Suppose Chris and Pat play the strategies just described. For
a given value of x, we will determine values of ¢ and p such
that these strategies are a Bayesian Nash equilibrium. Given Pat’s



strategy, Chris’s expected payoffs from playing Opera and from
playing Fight are

=2

m©+mYTT|ﬂ%ou (2+1)

x X

and
p

7 X X

respectively. Thus playing Opera is optimal if and only if

£57 ey (3.2.1)
P

Similarly, given Chris’s strategy, Pat’s expected payoffs from play-
ing Fight and from playing Opera are

Tum%a+wﬁ+#vnmﬁ+fv

and

c c ¢
~ s =11,
T H%H+Ho -

respectively. Thus, playing Fight is optimal if and only if

ol

i | i ields p = ¢ and p? +
Solving (3.2.1) and (3.2.2) simultaneously yie 4
wM M Hmﬂ 0. Solving the quadratic then shows that the m._,a.uﬁ.umgwdm
that Chris plays Opera, namely (x — c)/x, and the probability tha
Pat plays Fight, namely (x — p)/x, both equal

-3+ V9 +4x
i 2x ’
which approaches 2/3 as x approaches Zero. Hrﬁ.@ as mﬁ. wsnoEmH
plete information disappears, the Em%mwm. behavior in w:m _uMM :
strategy Bayesian Nash mﬁ_cmmgﬁmﬁ of z,.m. Enoﬁﬁmw?pw _E,ME -
game approaches their behavior in the E&ma-mqmw.mmw ash eq
librium in the original game of complete Emogmamd_@
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3.2.B An Auction

Consider the mo:oém:m first-price, sealed-bid auction. There are
two bidders, labeled i — 1,2. Bidder 7 has a valuation v; for the
good—that is, if bidder ; gets the good and pays the price p, then
I's payoff is v; — p. The two bidders’ valuations are Emmvngm:zw
and uniformly distributed on [0,1]. Bids are constrained to be
nonnegative. The bidders simultaneously submit their bids. The
higher bidder wins the good and pays the price she bid; the other
bidder gets and pays nothing. In case of a tie, the winner is
determined by a flip of a coin. The bidders are risk-neutral. All
of this is common knowledge.

In order to formulate this problem as a static Bayesian game,
we must identify the action spaces, the type spaces, the beliefs, and
the payoff functions. Player s action is to submit a (nonnegative)
bid, b;, and her type is her valuation, v;. (In terms of the abstract
game G = {A;, Ay; Ty, To; p1, po; Uy, iz}, the action space is A; =
[0,00) and the type space is T; = [p, 1].) Because the valuations
are independent, player i believes that v; is uniformly distributed

on [0,1], no matter what the value of v;. Finally, player i’s payoff
function is

v;— b if b; > b;,
ui(br, by; vy, vy) = (vi—b;)/2 ifb; = b,
0 if F < .w_‘_.

To derive a Bayesian Nash equilibrium of this game, we be-
gin by constructing the players’ strategy spaces. Recall that in a
static Bayesian game, a strategy is a function from types to actions.
Thus, a strategy for player i is a function bi(v;) specifying the bid
that each of i’s types (i.e., valuations) would choose. In a Bayesian
Nash equilibrium, player 1's strategy b;(v1) is a best response to
player 2’s strategy by(v;), and vice versa, Formally, the pair of
strategies (b(v;),b(v,)) is a Bayesian Nash equilibrium if for each
v in [0,1], b;(v;) solves

HﬁxEryﬁazpvg§:+mﬁ|s¥azyns§¥

We simplify the exposition by looking for a linear equilibrium:

bi(v1) = ay + c1v1 and by(vy) = g, + c202. 'Note well that we are
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not restricting the players’ strategy spaces to include only linear
strategies. Rather, we allow the players to choose arbitrary strate-
gies but ask whether there is an equilibrium that is linear. It turns
out that because the players’ valuations are uniformly distributed,
a linear equilibrium not only exists but is unique (in a sense to be
made precise). We will find that b;(v;) = v;/2. That is, each player
submits a bid equal to half her valuation. Such a bid reflects the
fundamental trade-off a bidder faces in an auction: the higher the
bid, the more likely the bidder is to win; the lower the bid, the
larger the gain if the bidder does win. :

Suppose that player j adopts the strategy bj(v;) = aj + cjv;. For
a given value of v;, player i's best response solves
”D.wmx (v; — Fﬁuﬁowﬁw—‘ > 8 + &_Q‘“_w.
where we have used the fact that Prob{b; = b{v;)} = 0 (because
bj(v;) = aj + ¢jv; and v; is uniformly distributed, so b; is uniformly
distributed). Since it is pointless for player i to bid below player j’s
minimum bid and foolish for i to bid above s maximum bid, we
have g;=b;=4;+ ¢, so

bi —a; b; — a;
HuHOTAF. o= a; +®.GL = Prob 9 < m[nL__. — i‘|_u|‘_1 .
] ]
Player i's best response is therefore

bi(v;) = (vi +4a;)/2 .an vi 2 aj,
_3_ if U < @.

If 0 < a; < 1 then there are some values of v such that v; < aj, in
which case b;(v;) is not linear; rather, it is flat at first and positively
sloped later. Since we are looking for a linear equilibrium, we
therefore rule out 0 < a; < 1, focusing instead on a; > 1and a; <0.
But the former cannot occur in equilibrium: since it is optimal for
a higher type to bid at least as much as a lower type’s optimal
bid, we have ¢j 2 0, but then a; > 1 would imply that bi(v;) > vj,
which cannot be optimal. Thus, if b;(v;) is to be linear, then we
must have 4; < 0, in which case b;(v;) = (v; + 4j)/2, so a; = a;/2
and ¢; = 1/2.

We can repeat the same analysis for player j under the assump-

- . ton that player i adopts the strategy b;(v;) = a; + ¢iv;.~ This 'yields:.
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a; < 0, 8; = a;/2, and ¢; = 1/2. Combining these two sets of resuls
then yields 2; = 4; = 0 and ¢; = ¢ = 1/2. That is, bj(v;) = v;/2, as
claimed earlier.

One might wonder whether there are other Bayesian Nash
equilibria of this game, and also how equilibrium bidding changes
as the distribution of the bidders’ valuations changes. Neither of
these questions can be answered using the technique just applied
(of positing linear strategies and then deriving the coefficients that
make the strategies an equilibrium): it is fruitless to try to guess all
the functional forms other equilibria of this game might have, and
a linear equilibrium does not exist for any other distribution of val-
uations. In the Appendix, we derive a symmetric Bayesian Nash
equilibrium,® again for the case of uniformly distributed valua-
tions. Under the assumption that the players’ strategies are strictly
increasing and differentiable, we show that the unique symmetric
Bayesian Nash equilibrium is the linear equilibrium already de-
rived. The technique we use can easily be extended to a broad
class of valuation distributions, as well as the case of # bidders.*

Appendix 3.2.B

Suppase player j adopts the strategy b(-), and assume that b(-) is
strictly increasing and differentiable. Then for a given value of v;,
player i’s optimal bid solves

ax (v; — b;)Prob{b; > b(v;)}.

Let b~'(b;) denote the q?ﬁ: that bidder j must have in order to
bid by. That is, b~ (b)) = v; if b= b(w)). Since v is uniformly dis-
tributed on [0, 1], Prob{b; > b(v;) < Prob{b=1(b;) > vj} = b=1(b).
The first-order condition for player™¥s optimization problem is
therefore

d
“b7Hb) + (0 = b) b7 (B 0.

\
*A Bayesian Nash equilibrium is called symmetric if the VE%E% strategies
are identical. That is, in a symmetric Bayesian Nash equilibrium, there is a single
function b(v;) such that player 1's strategy b; (v;) is b(v;) and player'2’s strategy
ba(v2) is b(v2), and this single strategy is a best response to itself. course,
since the players’ valuations typically will be different, their bids typically will

be different, even if both use the same strategy. s E :
“Skipping this appendix will not hamper one’s understanding of what follows.



