Macroeconometrics

Lecture 3

Filtering Part 2

Convenor: Stefano Grassi



Approaches to economic time series analysis Cox (1981)

Observation driven models Dynamic stochastic difference equations (the
behaviour is explained in terms of the past values of the
process and of the innovations) e.g. ARIMA approach and
vector autoregressions

Parameter driven models The series is generated by a combination of
unobserved components. Structural time series models.
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@ State space models are a class of dynamic models such that the series
under investigation are related to quantities called states, which are
characterised by simple temporal dependence structure.

@ The states have sometimes substantial interpretation. Key estimation
problems in macroeconomics concern latent variables, such as the
output gap, potential output, the non-accelerating-inflation rate of
unemployment, or NAIRU, core inflation, and so forth. These will be
typically our states.



State space models and methods

@ A linear state space model consists of a measurement equation and a
transition equation.

@ The measurement equation relates the N x 1 vector time series y; to
an m x 1 vector of unobservable components called states, a;:

yt:ZtO[t+5ty t:1,27...,n, (1)

where Z; is an N x m matrix, and &; ~ N(0, H;).

@ The transition equation is a dynamic linear model for the states ay,
taking the form of a first order vector autoregression:

arr1 = Troe + Remy, (2)

where Ty is mx m, Ry is m x g and ny ~ N(0, Q;).



State space methods are tools for inference in SSM: estimate any
unknown parameters, estimate the states and assess the uncertainty
of the estimates, perform diagnostic checking and assess goodness of
fit, forecast future states and observations, and so forth.

State space methods are algorithms with a recursive structure.

The Kalman filter is the basic one: computes the one-step-ahead
prediction errors, provides the evaluation of the the likelihood
function via the prediction error decomposition and inferences on the
unobserved states (prediction and filtering).

Smoothing filters: provide improved inferences about the state
components that use all the available information. The smoothing
errors, a by product of smoothing filters, are essential in cross
validation and diagnostic checking.



Example 1: SSR for the MA(1) model

ye =€+ 01€:-1, € ~ NID(O, 02)

Let ar = [ i } et ~ NID(0,02), Z = [1,0], n; = econ,

€t—1
00 1
r=[1e] R-[ol

oqu(O,az[é 8})



Example 2: SSR for the AR(2) model

Yt = @1¥t-1+ ¢dayr2 +e€r, € ~ NID(O, 02)
Let ay = [ytaytfl]/; €t ~ NID(O,Uz), Z = [1,0], Nt = €t+1

11 %) o3

)

o



Trend models

@ The trend component is concerned with the long run behaviour of the
series; Beveridge and Nelson (1981) define it as "the value the series
would take if it were on its long run path”. Operationally, for an 1(1)
process it is defined as y; plus all forecastable future changes, beyond
the mean rate of drift. Also Harvey (1989, 6.1.1) uses a prediction
argument, defining the trend as the " part of the series which when
extrapolated gives the clearest indication of the future long-term
movements in the series”.

@ The specification of a time series model for the trend component
varies according to the features displayed by the series under
investigation and any prior knowledge.



Local level model

Yt = Mt"—ft; €t NID(0,0’S)
Be = pe—1+0, Me o NID(O7UT27)

€+ and 7 are independent.
aé = 0 = constant level: u: = p,
0f=0=y; ~ RW: yy = pu;

Stationary representation: Ay; = n; + Ae;.

E(Ay:) =0
7(0) = E(Ay?) = o2+202
(1) = E(AyAyi—1) = —o?

(1) = E(Ay:Ay:—;) = 0, 7>1



@ The ACF exhibits a cut-off at lag one, with

2
o 1
1 = — € = —
p(1) 02 + 202 q+2

taking values in [0, —1/2]. where q = 031/03 is the signal-noise ratio.

@ Spectral density of Ay;

1
f(\) = %[O’% +2(1 — cos \)o?]



Reduced form representation: IMA(1,1)

Ay, = (1+0L);, & ~ NID(0,0?)

70) = E(Ay) = (1+6%)0?
(1) = E(AyAyi1) = 00?
(1) = E(AyiAyi—r) = 0, 7>1

from the identity:
0 1

1) = _—
D=1 = g1z

can determine
0=[(q°+49)"/* —2—q]/2

hence 6 constrained to lie in the range [-1,0]. Also,

op = (1+0)°0?
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Figure: U.S. monthly inflation and estimates of local level.



The Kalman filter

o Let us define Y: = {y1,y2,..., ¥t} (information up to time t)
Gipa)e = E(aea|Ye), Var(aeta|Ye) = Peyape

e The Kalman filter (KF) is the following recursive algorithm: for

t=1,...,n,
v =yt — Ztyt_1, Fi = ZiPye_1Zi + H:
K = TtPt|t—IZ£F_1a
Lt = Tt - KtZt

Qry1)e = Ttdt|t71 + Kivt, Pt+1\t = Tt'Dt\tfl T{ + R:Q:R;

ve = yr — E(yt| Yt—1) are the innovations or one-step-ahead prediction
errors, with variance matrix F;. Moreover assume that a; given Y;_;
is N(dt|t—1a 'Dt|t—1)



Smoothing

@ Smoothing refers to optimal estimation of the unobserved
components based also on future observations.

o Fixed-interval smoothing is concerned with computing the full set of
smoothed estimates &, = E(a¢|Y5), along with Cov(a¢|Yy) = Py,
for the entire sample, t =1,...,n.

@ Fixed-point smoothing computes smoothed estimates with reference
to a fixed point in time, &, ;, where t is fixed and j =0,1,...n—t.

o Fixed-lag smoothing computes &;
t=j+1,...,n

—j|t» Where j > 0 is fixed and



o Fixed interval smoothing algorithm (de Jong, JASA 1988).
Backwards recursive algorithm starting at t = n, with initial values
rh=0and N, =0:

ree1 = Lin 4 ZUF oy, Ney = ZIF7'Z 4 LNiLy,
dt|n = &t\t—l + Pt|t—1rf—17 Pt|n = Pt|t—1 - 'Dt|t—1Nt—1Pt\t—17
where Lt = Tt — KtZt-

@ A preliminary forward KF pass is required to store the quantities
dt\tfly Pt\tfl, Ve, Fr and Ki.



Diagnostic checking

The assumptions behind the local level model are that the disturbances ¢;
and 7 are normally distributed and serieally indipendent with constant

variance. Under those assumptions the standardized one-step forecasts

errors are:
Vt

(4)
vV Ft
should be normally distributed with unitary variance. Departing from this
underlines that the model is not well specified.

et =



Maximum Likelihood Estimation

o Let § € © denote a vector containing the so-called hyperparameters,

i.e. the vector of structural parameters other than the scale factor o2.

° The state space model depends on 6 via the system matrices
= Z:(0), Ge = G¢(0), Te = T¢(0), H: = H:(0).



Maximum Likelihood Estimation for Local Level model

Consider the local level model:
Ye = o+ € ft"’N(OaU?)
ar =ae1+n: e~ N(O, 03)

The parameter to be estimated are o2 and 0727. Those parameter are

restricted in the region [0, 400). It is much better to maximize the
function in the domain (—o0, +00).



Reparametrization

The vector of parameters, #, has two unrestricted elements, which are
related to the model's hyperparameters by:

03) = exp(261), 02 = exp(26,),

or in the inverse way:

1
by = log(oy) 02 =3 log(c?)



Likelihood using the Kalman filter

o Let L(Y;]0) denote the log-likelihood function, that is the log of the
joint density of the sample time series {yi,...,yn} as a function of
the parameters 6.

@ The log-likelihood can be evaluated by the prediction error
decomposition:

L(Yal6) =log f(y1,....yal0) = > log f(ye| Ye_1;06).

t=1

@ The predictive density f(y¢|Y:—1;6) is evaluated with the support of
the Kalman Filter.



Proof

@ In this case we assume NORMALITY.

o Recall that Fr = Var(y:|Y:—1) and vi = yr — Zréjp—1.

® Then we can substitute N(Z;ds—1, Fr) for f(y:|Y:—1) and we get,
apart from constant :

log L(Y,|0) = —% (tzl log | Fe| + tZlVQFt_lyt> )



@ The likelihood function can be maximized numerically by a
quasi-Newton optimization routine.

@ Analytical expressions for the score vector, with respect to the
parameters in G; and H;, and for the information matrix are available.



Example

@ This is a series of readings of the annual flow of the Nile river at
Aswan for 1871 to 1970. This series is originally considered by Cobb
(1978) and analysed more recently by Balke (1993).

@ A second data set used in this lesson is the airline data, consisting of
the number of UK airline passengers (in thousands, from January
1949 to December 1960), see Box and Jenkins (1976).



Estimation of a local level model

@ Suppose that we want to estimate the series Nile river

@ Suppose that we believe that the appropriate model is the local level
model
Yo = Htt €, e: ~ NID(0, 0?) (6)
pt = Ht—1+ Nt Me N|D(070'72,)

2:

€+ and n; are independent. oy

02 =0= yr ~ RW: yp = ¢

0 = constant level: u; = p,
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Figure: LLM for the Nile river data.



Seasonal adjustment

@ Seasonal adjustment is a relatively easy task when time series are
modelled as an unobserved components time series model in which a
seasonal component is included.

@ The estimated seasonal component is subtracted from the original
time series in order to get the seasonally adjusted series. In the same
way the original time series is detrended by subtracting the estimated
trend component.



Cycles

@ One definition of business cycle broadly refers to the recurrent,
though not exactly periodic, deviations around the long term path of
the series.

@ A model for the cyclical component should be capable of reproducing
commonly acknowledged essential features, such as the presence of
strong autocorrelation, determining the recurrence and alternation of
phases, and the dampening of the fluctuations, or zero long run
persistence.



Periodic functions

@ Periodic functions: cos(t) and sin(t) are periodic with period 27:
cos(t + 2mj) = cost, sin(t + 27j) = sint.

@ Linear transformation of the argument: cos(Act — 0) is periodic with
period 2w /Ac. Ac/27 is the frequency (number of cycles in the unit
interval).

@ Using the addition formulae

cos(ae £ f) = cosacosf Fsinasinf
sinfa £ 8) = sinacosf F cosasinf

we can re-express the periodic function. We introduce an amplitude
parameter, a, which is the maximum of the function:

acos(Act — 0) = acos A\t + a¥sin .t

where o = acos @ and a* = asin@ so that a = va? + o*2.



—— cos(1/2) == 0.6c05(1/2)
—=—= 0.6c05(1/2-0.7)

Figure: Plot of cos(A.t — 0)



@ Deterministic cycle model:
hr = acos(Act) + a sin(Act),

Ac takes a particular value in [0, 7].

@ This defines a perfectly periodic function of time, repeating itself
every p = 2m/A. time units, where p is the period, with constant
amplitude a = (a? 4 a*?)1/?

@ It can be rewritten as

Yy = acos(Act — 0).



@ A stochastic cycle can be obtained by letting the coefficients « and
a* follow an AR(1) process with coefficient p, 0 < p < 1, that is
responsible for the dampening of the fluctuations.

@ Hence:
(R = [cosAct, sinAct] [ Zi ]
- ! (7)
Qi1 = par+ Ky
aj = paj+ Ry

where & and &} are mutually independent NID disturbances with

zero mean and common variance o2.

@ The AR processes o, o are related to the amplitude of the
oscillation as v; can be rewritten:

Yy = ag cos(Act — U¢)

where a; = (a? 4 a2*)® is the time varying amplitude and
¥: = tan" (/o) is the phase shift.



Equivalently, a deterministic cycle can be generated recursively by

Yry1 = CosAYr +  sin Ay,
Yigr = —sinAcr +  cos Ay,

with starting values 99 = « and 95 = o, a stochastic cycle is constructed
multiplying the right hand side of these two equations by p (damping
factor), and adding stochastic disturbances in the form of NID sequences,

giving:
Ver1 | Cos e sin A Py Kt
R il | B R A TG

where again x; ~ NID(0,02) and % ~ NID(0, 02), are mutually
independent.
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Trigonometric seasonal component

@ The so called trigonometric seasonal component is given by

[s/2]
=7 (9)
=1

where
”yftH _ cos)j sin); Vfr Rjt
Vi1 —sin)\; cos); Vit Ry
where \j = 27j/s as the j — th seasonal frequency and
+
[ i+ ] ~ NID{[ 8 } ,ai/z}, j=1,...,[s/2.  (11)
V41

where & and &} are mutually independent NID disturbances.
o Note that for s even [s/2], while for s odd, [s/2] = (s — 1)/2.



State Space Form

@ The model can be cast in state space form as follows

Ye=pe +v +er (12)

where fi; is the trend and the ;" is the seasonality component. &; is
the usual error



The state space representation. Case of quarterly data

Yr = ZOét+G€t
[1 1 0 1 0]ou+ Gey,

where the vector of states «; is equal to

’

o = [ Mt 71t 7>1k,t V2t fy;’t ]



The transition equation of the model has the following
structure

arr1 = Tap+ Heg,
where
1 0 0 0 0
0 cosAt sin)g 0 0
T = 0 —sinA1 cos)\; 0 0 ,
0 0 0 cos Ay  sinAp
0 0 0 —sin Ay  €os A

where A\; = 7 and A\ = 7.



The disturbance term is equal to

* *
8/ — [ e oM e e Y2 2 i|
t e On Oy Oy Oy Oy

Finally the two matrices that premultiply the disturbance term &, are

GG=G=[o. 0000 0],

and
0 o O 0 0 0
0 O 0,’;1 0 0 0
H=]10 0 0 o, 0 0
0O 0 O 0 0,’;2 0
0O 0 O 0 0 o,



Trigonometric seasonal component
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Figure: BSM for the Airline dataset.



The Kalman filter

Let us define Y: = {y1,y2,...,y:} (information up to time t)
Gry1)e = E(aea|Ye), Var(aes1]Ye) = Peyje

The Kalman filter (KF) is the following recursive algorithm: for
t=1,...,n,

Ve =Yt — Zt&t|t—17 Fe = Zt'Dt\t—lzé + Hi
Kt = TtPt‘t_]_Zl{F_l,
Lt = Tt - KtZt

Gepr)e = Te@ppe—1 + Keve, Prpaje = TePe—1 Tt + ReQeRy

ve = yr — E(yt| Yt—1) are the innovations or one-step-ahead prediction
errors, with variance matrix F;. Moreover assume that a; given Y;_1 is

N(dt\t—la Pt|t—1)



Proof of the Kalman filter

Assume &1 1t, Pey1je given at the t-th run of the KF. The available
information set is Y;.
56H-1|t = E(Trar + Rene| Yt)
= TtE(Oét|Yt—)

Peyae = Var(Trar + Rene| Ye)

= TtVar(at] Yt) Tli + RtQtR;'

The one-step forecast error of y; given Y;_1 are given by the following
relation:

(14)

Vi = yr — E(yt|Yio1) = vt — E(Zrar +&¢| Y1) = ye — Zt&t|t—1 (15)

this quantity is fundamental for the likelihood evaluation.



From the previous relation if Y;_1 and v; are fixed then Y4 is fixed and

vice versa. Thus
E(ovelye) = E(owe| Ye-1, vt) (16)

Properties of v;:
® E(v¢|Yi-1) = E(yt — Z:Gt| Yi-1) = 0.
o Cov(yj,vt) = E[y;E(ve|Ye—1)]1=0with j=1,..., T — 1.

This is a very important step!!!



Multivariate normal regression

Suppose that x, y, z are three random vectors such that their joint
distribution is multivariate normal. In addition, assume that the diagonal

block covariance matrix ¥, is nonsingular for w = x,y,z and ¥, = 0.
Then,

o E(x|y,z) = E(x]y) + Lo X Mz — pz);
e Var(x|y,z) = Var(x|y) — ZXZZ;ZlZXZ



From the previous theorem we therefore have:
E(Oét| Yt) = E(O[t| thl, Vt)

= E(a¢|Yi—1) + Cov(ay, vt)[Var(vt)]_lvt

= dt + MtFt_lvt
Where

Mt = COV(O[t, Vt) = E[E{at(Ztat + € — Zt&t)l)|yt_1}]
= E[E{a:(a¢ — &t)/Z;‘Yt—l}] = PtZQ
Ft = Var(ZtOZt + € — Zt&t) = ZtPtZ; + Ht

Substituting in (15) we get the following results:

dt+]_ = Ttdt —+ TtMtFt_th
= Ti0 + Keve

Where Kt = TtMtF;l = TtPtZ;F;l

(17)



By the second result of Multivariate normal lemma we can calculate the
following quantity:

Var(ay|Y:) = Var(a| Yio1, vi)
= Var(ay|Ye_1) — Cov(ay, ve)[Var(ve)] " Cov(a, vi)

/ 21
= Py — MF7 1M, )
= P, — P.Z,F71Z,P;
Substituting in (16) we get the following results:
Pey1 = TePely + ReQeR; (22)

where Lf.‘ = Tt — KT.‘Zt



Maximum Likelihood Estimation

o Let § € © denote a vector containing the so-called hyperparameters,

i.e. the vector of structural parameters other than the scale factor o2.

° The state space model depends on 6 via the system matrices
= Z:(0), Ge = G¢(0), Te = T¢(0), H: = H:(0).



Consider the local level model:

yt:ozt—i-et €t N(0,0’g)
ar=ar1+n: e~ N(O, ai)
The parameter to be estimated are o2 and 0727. Those parameter are

restricted in the region [0, 400). It is much better to maximize the
function in the domain (—o0, +00).



Reparametrization

The vector of parameters, #, has two unrestricted elements, which are
related to the model's hyperparameters by:

03) = exp(261), 02 = exp(26,),

or in the inverse way:

1
by = log(oy) 02 =3 log(c?)



Likelihood using the Kalman filter

o Let L(Y};0) denote the log-likelihood function, that is the log of the
joint density of the sample time series {yi,...,yn} as a function of
the parameters 6.

@ The log-likelihood can be evaluated by the prediction error
decomposition:

L(Yn;0) =log f(y1,...,yn:0) = Y _log f(ye|Ye-1:6).

t=1

@ The predictive density f(y¢|Y:—1;6) is evaluated with the support of
the Kalman Filter.



Proof

@ In this case we assume NORMALITY.
Recall that F; = Var(y:|Yi—1) and v+ = yi — Z:Gy.

@ Then we can substitute N(Z;:d, F) for f(y:|Y:—1) and we get, apart
from constant :

n n
logL(Y,) = —% (leog|l-_t| + ZlugFtlyt) )
t= =



The likelihood function can be maximized numerically by a
quasi-Newton optimization routine.



Testing in unobserved components models

@ Interest lies in testing the null hypothesis that a component is
deterministic, against the alternative that it is stochastic (and
nonstationary).

@ Wrt. unit roots tests, the null and the alternative are reversed.



Testing level stationarity against a RW

Yt = Ut + €, GtNNlD(O,O'GZ) (24)
He = =1+ N, 77tNN|D(0>072;)

€+ and 7; are independent.
Ho : a =0 vs H1:a$>0

Classical likelihood based testing procedures run into difficulties, as the
variance parameter lies on the boundary of the parameter space under the
null; uniformly most powerful invariant test do not exist, but only MPI
against a specific alternative Hj : 02 = a, where a is a positive number.



The local linear model and the Leser-HP filter

In the local linear trend model (LLTM) the trend i is an integrated
random walk:

e = Mt + Yy, I/JtNNlD(O 0'12 t=1,2,...,n,
pe = pe—1 + Be—1 + ne, ne ~ NID(O, 0727
B = Be—1 + (o G~ NID(O, )

(25)
It is assumed that the ¢, 1 and (; are mutually and serially uncorrelated.
For og = 0 the trend reduces to a random walk with constant drift,

whereas for 0’% = 0 the trend is an integrated random walk (A2,ut = (1)



@ The above representation encompasses a deterministic linear trend,
arising when both 0,27 and 0’% are zero.

@ The LLTM is the model for which the Leser filter is optimal (see
Leser, 1961). The latter is derived as the minimiser, with respect to
e, t =1,... n, of the penalised least squares criterion:

PLS = i 1(yve — )’ +AY L 3(A2Mt) :

@ The parameter A governs the trade-off between fidelity and it is
referred to as the smoothness or roughness penalty parameter.



The solution arising for A = 1600 is widely popular in the analysis of
quarterly macroeconomic time series as the Hodrick-Prescott filter.

We show in the paper that the Leser-HP filter is the optimal signal
extraction filter for the LLTM with a,% =0and A = ai/ag. A
consequence of this result is that the components can be efficiently
computed using the Kalman filter and smoother.

The equivalence A = Ui/ag makes clear that the roughness penalty
measures the variability of the cyclical (noise) component relative to
that of the trend disturbance, and regulates the smoothness of the
long-term component. If ag — 0, A — o0, and the trend is a straight
line.

The Leser-HP detrended or cyclical component is the smoothed
estimate of the component v¢; in LLTM representation and, although
the maintained representation for the deviations from the trend is a
WN component, the filter has been one of the most widely employed
tools in macroeconomics to extract a measure of the business cycle.
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Two-sided symmetric filter A= 10 End of sample weights
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@ Problem: initialisation of the state vector when nonstationary state
components are present (¢ = 1). This is discussed in de Jong (1988,
1991), Koopman (1997), Durbin and Koopman (2001).

@ lllustration: LLM

Yt = ,U/t+€1_- €t ~ NID(0,0’?),
Hty1 = Mt + N, Ne~ NlD(OJ%)

Assumptions:

i Fixed initial conditions: the latent process has started at
time t = 1 with p representing a fixed and unknown
quantity.

i Diffuse (random) initial conditions: the process has
started in the remote past, fi;jo =0, Pyjg = K,k — 00.



Preliminary

@ We consider now the estimation of a bivariate model for the U.S.
quarterly real GDP and the quarterly rate of inflation Ap;, where p;
is the logarithm of the quarterly CPI for the U.S, using the data from
the first quarter of 1950 to the fourth quarter of 2006.

@ The KPSS test conducted on the inflation series leads to the rejection
of the null of stationarity against a random walk for all the values of
the lag truncation parameter up to 5; if a linear trend is considered
and stationarity is tested against a random walk with drift, then the
null is rejected also for much higher values of the lag truncation
parameter.

@ In the sequel, inflation will be taken to be integrated of order one.



Model

@ The model has the following specification:

Yt
Kt
(o

Ap;

Tt

Mt + wta
pe—1 + Be + g,
P11 + P22 + Ky,

Tt + Ept
Te—1 + Op(L)Ve + 1t

t=1,...,n,

N ~ NlD(0,0’%)
ke ~ NID(0, o) (26)
ept ~ NID(0,02,)

17t ~ NID(0, 02, );

where 7, k¢, €pr are mutually independent.



The output equation is the usual decomposition into orthogonal
components.

The inflation equation is a decomposition into a core component, 7¢,
and a transitory one.

The changes in the core component are driven by the output gap and
by the idiosyncratic disturbances 7.

The lag polynomial 6y (L) = 6y + 041 L can be rewritten as

0 (1) — 01, which enables to isolate the level effect of the gap
from the change effect, which we expect to be positive, that is we
expect Oy1 < 0. If 6,,(1) = 0, the inflation equation can be rewritten
Apy = 7 — Oy19: + ¢, with AT = 1,4, so that output and inflation
would share a common cycle.



Estimation

@ The bivariate model and its GM extension(see below) under the normality
assumption are estimated by maximum likelihood in the time domain. The
likelihood is evaluated by the Kalman filter.
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Figure: Bivariate model GDP and Inflation



