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Vectors

Vectors

A vector is a collection of numbers (scalars) ordered by column (or row).

ai
|1
a=|a |, a=| -2, a= 1
-3
an

From a geometric perspective, a is a point in a n-dimensional space (a subset of
R™), with coordinates provided by the elements a;.
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Vectors

The symbol a’ (a transpose) denotes a row vector: @' = [a1, a2, .., ap].

Special cases:

0 (zero vector);
e;=1[0,...,0,1,0,...,0] (unit vector);
i=[1,1,...,1].

Basic operations:

@ Multiplication by a scalar.

Let p denote a scalar; pa is the vector with elements {pa;}. [Geom.

Interpretation: a point in the same direction as aJ.
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Vectors

@ Sum of two vectors.
Let @ and b be two vectors with the same size n; their sum ¢ = a + b is the
vector with elements ¢; = a; + b;. [Geometric Int.: a new point in R" obtained
by the parallelogram rule].

@ Linear combination.
Let @ and b denote 2 vectors and let p; e py be two coefficients:

p1a+ pab

is their linear combination.
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Vectors

Figure: Sum of two vectors (parallelogram rule )
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Vectors

Inner (scalar) product

The inner product between the two n-dimensional vectors @ and b is defined as

a’b = zn: a,-b,-
i=1

Example:
2 5
a=| -1|,b=| 2 |,=ab=2-5+(-1)-(-2)+3-(-3)=3
3 -3
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Vectors  Inner (scalar) product

Example: ¥ = n~li’x is the average of the elements of x.
3 1
4 . 1
n=4x= 5 N 1|
7 1
1,, 1

Example: let x and y be zero mean vectors containing n measurements on two

variables (n71i’x = n=1i’y = 0). Then C,, = n"1x’y is the sample covariance.
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Vectors  Inner (scalar) product

Vector Norm or length

By Pythagoras theorem, the norm of a is the square root of the inner product of a

with itself:
1/2
la|=vaa (Za >

This is the distance from the origin of the point a or the length of the vector.
° |[a]| >0
@ The (normalized) vector a/||a|| has unit length.

Example: let x a zero mean vector. Then SD, = n~'/?||x|| is the sample standard

deviation of X; D, = ||x||? is the deviance of X and V, = D,/n is the variance.
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Vectors  Inner (scalar) product

Euclidean distance

The distance between the vectors x; and x; is the norm of the difference vector
Xi — Xj:
P 1/2

di = |Ix = 11 = \/(x = %)/ (i = x5) = | S (e — )

k=1

Orthogonality
Two vectors are orthogonal, a L b, iff their inner product is zero, a’b = 0.
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Vectors  Inner (scalar) product

Examples

o[- 2] i va

1 .6
SEIRREE
|| = V10 = 3.16, ||d|| = V4 = 0.63,c/d = 0

ac=-2
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Vectors  Inner (scalar) product

Cauchy-Schwartz inequality:
|a’bl < ||al| - ||b]]

(equality holds iff a = pb, p > 0).
This is used to prove that |C,,| < SD, - SD,
Triangular inequality:

|la + b|| < |[al + [|b]|

(equality holds iff a L b).
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Vectors  Inner (scalar) product

Geometric interpretation

Let a,b € V C R".

@ We can choose a scalar p and a vector c, orthogonal to b, b | c, so that, by
the parallelogram law, a = ¢ + pb.

@ The vector @ = pb is the orthogonal projection of a along the vector b.

@ The inner product of both sides of @ = ¢ + pb and the vector b yields
a'b=c'b+pb'b=p|b|>
@ Thus, p = a'b/||b||?, and we can write the projection of a

ab
a=——b
||b|[?

(we can rearrange the formula in this way: @ = b(b’'b)~'b'a)
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Vectors  Inner (scalar) product

Figure: Geometric interpretation of inner product
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Vectors  Inner (scalar) product

@ Note: p = (b'b)~1b'a represents the coordinate of the point a in the subspace

generated by the vector b.
@ Denoting by € the angle formed by the two vectors a e b,

lobll _la/b|
Jall ~ Tlal[ Tl

| cos 6| =

or
a'b=||al| ||b|| cos .

o Note: @al b=0=75+km, k=0,%£1,£2,....
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Vectors  Inner (scalar) product

Example: regression and correlation

Let x and y be zero mean vectors containing n measurements on two variables X
and Y.

The scalar , c
XY _ o1, S
I =Xy =

is the coefficient of the regression of Y on X and

Cy

y= VXX

is the vector of predicted values of Y.

Z,‘Xiy/'
ODF X?)(Z, }’12)

is the sample correlation coefficient.
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Matrices

Matrices

A matrix is a rectangular (n x p) or two-dimensional array of numbers.

X11  X12 e X1k ... Xip
Xp1 X22 ... X2k ... X2p
X =
Xi1 Xi2 . Xik . Xip
L Xn1 Xn2 ... Xnk ... Xpp |

The rows or columns can be considered as vectors.
We can also write X = {xi}. In a typical data matrix, the index i = 1,..., n, refers
to the statistical units, and the index k = 1,..., p, to the variables or attributes.
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Matrices

We can represent X as a partitioned matrix whose generic block is the 1 x p row

vector x! = [Xj1, Xi2, - - -, Xik, - - - , Xip], which contains the profile of the i-th row unit.
x|
X=| x
x/

Alternatively, we can partition
X =[x, X0, ..., X, .-, Xp] s

where xi is the n x 1 column vector referring to the k-th variable.
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Matrix manipulations

Matrix transpose: transposition yields the m x n matrix with rows and columns

interchanged:

X11
X12

X1k

le

Matrices

X21
X22

X2k

X2p

Scalar multiplication: pX = {pxi},

Matrix sum: C = X + Y, cix = {xik + yik}
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Xi1
Xi2

Xik

Statistical Learning

Xn1
Xn2

Xnk
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Matrices

Matrix product

let A be an e n x m matrix whose i-th row is the 1 x m vector a/. Let also B be an
m x p matrix whose j-th column is the m x 1 vector b;, so that

A= a,f s B:[bl,...7bj,...7bp]

The matrix product C = AB, where A pre-multiplies B, is the n X p matrix with
elements

m
/ E i [
c,-j:a,-bj: a,-kbkj,/:1,...,n,1f1,...,p.
k=1

Tommaso Proietti (DEF Tor Vergata) Statistical Learning AA 2023-24 19/41



Matrices

Properties
o (AY=A
e (A+B)Y=A"+P8
e (AB) = B'A'.
e (AB)C = A(BC)
e A(B+C)=AB+ AC

Il matrix product is not commutative: if n # p, BA is not even defined.
Notice the difference between X’X (p x p matrix of crossproducts) and XX’
(nxn)
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Matrices

Examples:
1 0 1
A=|5 -1 ,B:B _H,i: 1
3 2 1
2 -1
C=AB=| 7 11 |,i'C=[21 -3
12 9

BA is not defined.
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Matrices

Mean vector:

S|

1
)?/:7"/X:[)_<17"'7)_(k7"'7)_<13]? (1Xp)
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Important special cases

Matrices

@ A square matrix has many rows as columns (m = n).
@ A square matrix A is symmetric if A’ = A.
o Diagonal matrix: a square matrix with nonzero diagonal entries

@ Identity matrix: if Ais n X
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d

0
0

0
d>

0

0
0

0

dn |

0
0

0
0
dnfl
0
1,A=A Al,=A.

1 0
0 1
0 0
0 O

Statistical Learning

= diag(dh, ...

7d")
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Matrices

o Scalar matrix: pl

@ Quadratic form: let A be an n dimensional square matrix and x an n x 1
vector. The scalar x’ Ax is called a quadratic form.

@ A symmetric matrix A such that, for any vector x, x’Ax > 0 is said to be
semi-positive (nonnegative) definite. If x’Ax > 0,Vx € R", the matrix is
positive definite (p.d.).

o Outer product: if x an n x 1 vector, the outer product xx’ is an n X n matrix.
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Matrices

Example: variance covariance matrix S (p x p):
- -

S1 S12 ... Sk --- Sip
2
521 Sy cee S22k ... S2p
S = 2 )
Sk1  Sk2 ... Si <o Skp
S, S, S, 52
| Sp1 p2 - pk - o

1 1<
S;% = ; Z(X{k — )_<k)27 Shk = E Z(Xih - )?h)(Xik - )_<k)
i=1 i=1

S is symmetric (spx = skn), and p.d.
In terms of the original data matrix X,
1 1
S==-(X—ipx) (X —ix")==X'X — xx/,
n n

where i, is an n x 1 of ones.
In terms of the unit profiles

S= %Z(x,- — %)(x; — %)’
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Matrices  Rank

Matrix rank

Let A be n x m.

Column (row) space: the vector space generated by the column (row) vectors
that form the matrix A.

Column (row) rank: the dimension of the vector space generated by the
columns (rows) of the matrix A.

The column and row rank are coincident and so we can define the rank of the
matrix as the maximum number of linearly independent vectors (those forming
either the rows or the columns) and denote it by r(A). Obviously,

r(A) < min(n, m).

Assume m < n. If r(A) = m the matrix is full column rank. If further m = n,
A is full rank.

Note: if Ab =0 for b # 0, the columns of A are linearly dependent and A is
reduced rank.
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Matrices  Determinant

Determinant

Let A be nx n.

o lts determinant, det(A), or |A|, is a scalar, whose absolute value measures the

volume of the parallelogram delimited in R” by the columns of A.

o For the identity matrix, |/| = 1.
e For D = diag(dy,...,dn)
ID| =d1-d2--~dn=Hdi
i=1
@ Moreover, if p is a scalar |pD| = p"|D|.
o If Ais2 x 2,
a1 d12
A = = a4 — di2d721.
|A| D1 20 11822 — 312321
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Matrices  Determinant

The general expression for the determinant is the following Laplace (cofactor)
expansion:

Al =D a;(—=1)™| Ay,
j=1

where Aj; is the submatrix obtained from A by removing the i-th row and the j-th
column; |A;| is called a minor of A and (—1)/|Aj]| is a cofactor.

(We do not need to bother about this formula. The computation of the
determinant is usually carried out by transforming the matrix into a simpler form,
e.g. triangular).

Properties
o If the columns (rows) of A are linearly dependent, so that rank(A) < n,
|A] = 0.
e |AB| = |A| |B|.
o A=A
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Matrices  Trace

Trace of a matrix

The trace of a square matrix is the sum of its diagonal elements.

If Ais nxn,
n
tr(A) = Z aji
i=1

Properties:
e tr(pA) = ptr(A)
o tr(A+ B) = tr(A) + tr(B)
o tr(A") =tr(A)
e tr(AB) = tr(BA), if both products exist.
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Matrices Linear systems

Linear equations systems

Consider the system of n linear equations in n unknowns, where A is a known n X n
coefficients matrix and b a known n x 1 vector:

Ax = b.

@ The system is said to be homogeneous if b = 0.

@ In the latter case there exists non trivial solutions (x # 0) iff A has reduced
rank (rank(A) < n) or the columns of A are linearly dependent, or equivalently
|Al = 0.

@ A non homogeneous system admits a unique solution iff |A| # 0, or
equivalently rank(A) = n. In such case the solution can be written is

x=A"1b

where A~1 is the inverse of A.
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Matrices  Matrix Inverse

Matrix Inverse

Let A be a square matrix of dimension p with full rank (r(A) = p).

@ The inverse matrix is the matrix B which when pre-multiplied or
post-multiplied by A returns the identity matrix:

BA=1, AB=I.

In the sequel we shall write B = A~

@ The inverse exists and is unique iff r(A) = p, in which case we say that A is
non singular or invertible.

@ For a diagonal matrix the computation of the inverse is immediate:
D! =diag(1/d1,...,1/d,).

@ In general, the computation of the inverse entails the solution of a system of
p? linear equations in p? unknowns.
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Matrices  Matrix Inverse

The solution can be expressed as follows

1
A—l = —_A*
Al
where A* is known as the adjoint matrix of A, with elements given by the cofactors
of A: o
3 = (-1 |y
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Matrices  Matrix Inverse

We now illustrate the 2 x 2 case. Form the definition of an inverse,

AB = I, it follows
ai ap by b | _ |1 0
a1 ax» b1 by 0 1 |°
This yields a system of 4 equations in 4 unknowns with solution:
b1 b2 _ 1 axn  —an
b21 b22 ai1an—anan —an] ai !
Here, we have

a —a
|A| = ar1a» — apan, A" = [ 2 2 } .

—as1 ail
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Matrices  Matrix Inverse

Examples:
S = diag{10,20,1/2}; s1= diag{0.1,0.05, 2}

S = diag{10,20,0}; S~' does not exist

[10 02] o [ 104 —021]
R=102 10 } R = [ —0.21  1.04 |

_ [1.0 09| ,_: _ 526 —4.74 |
R= | 09 1.0 } R = [ —4.74 5.26 |
B 1.0 09| o1 [526 474 ]
R = | —0.9 1.0]’R _{4.74 5.26 |
R = -1 : R™! does not exist
-1 1
R = 11 - R~ does not exist
11

10 20 15
|15 15 15 | o, o1 .
X = 5 3 a4 (X' X)™" does not exist

20 32 26
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Matrices  Matrix Inverse

Properties of the matrix inverse

Hereby we list some useful properties of matrix inverse.
o A7l =1/|A]
o (A H)1=A
o (A7) = (A)
e (AB)'=B"1!A"!
Orthogonal matrix A square matrix is orthogonal if the transpose and the inverse

coincide
AA=1 AA =1
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Appendix  Vector spaces and bases

Vector Spaces and Bases

Letel—{é},eg_[?].

1 . 0.7
{1 } =l-ee+1-e=1; [_0.3 } =07-e1—03 e

All the points lying on the plane [xi, xo]' € R? can be generated by linearly
combining e; and e;.

The set of vectors in R? will be call a vector space, while e; and e, form a basis of
that vector space.
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Appendix  Vector spaces and bases

@ A vector space is a set of vectors that is closed with respect to scalar
multiplication and vector sum (a,b € V= ¢ = p1a+ p2b € V, where Vis a
VS).

@ Any set of n-vectors such that any linear combination of the vectors in V C R
is also in V constitutes a basis of the vector space.
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Appendix  Vector spaces and bases

. 1 3
Example i. a = { 5 } b= [ 5 }
form a basis for R2. Note: the basis is not unique.

.. 1 3
Example ii. 32{0}’172[0]

do not form a basis for R2, but only for R (the vector [c1, c»]’, ¢ # 0, belonging to
R2, cannot be obtain from a linear combination a and b).

Note: a e b = pa are not a basis for R
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Appendix Linear dependence

Linear dependence

o If a given vector can be formed by a linear combination of one or more vectors,
the set of vectors (including the given one) is said to be linearly dependent;
conversely, if in a set of vectors no one vector can be represented as a linear
combination of any of the others, the set of vectors is said to be linearly
independent.

@ A set of vectors is linearly dependent if one or more of its elements can be
formed by a linear combination of any of the others elements of the set, or,
equivalently, there exists a non trivial (i.e. with nonzero coefficients) linear
combination yielding the null vector.

@ For instance, the three vectors

1 0 2
a=|0]|,b=|1], c=] -1
1 1 1

are linearly dependent as ¢ = 2a — b, or equivalently, 2a— b — c = 0.
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Append Linear P

Linear independence

A set of vectors {ay,...,a,} is linearly independent if

par+par+--+ppa, =0 = pr=---=p,=0

The basis of an n-dimensional vector space is formed by any set of n linearly

independent vectors.

Example:
1 0 2
a=|0]|,b=|1]|, c=|-11], u=
1 1 1

while {a, b, c} are linearly dependent (2a — b — ¢ = 0).
a, b, u are linearly independent.
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Append Linear

Dimension of a vector space

@ The dimension of a vector space V C R” generated by n vectors is the largest
number (< n) of linearly independent vectors that generate V.

@ Example: the dimension of the vector space generated by a, b and
c = p1a+ pab, with a and b linearly independent is 2.
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