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1 The Beveridge-Nelson decomposition

By expanding the polynomial ¥(L) on 1 we get

Y(L) = (1) + (1 — L)y™(L) (1)
where *(L) = > 9L is such that ¢ = — 3 v,
j=0 1>

In order to prove the above result, equate the coefficients corresponding
to the same power of L on both sides of Equation (1) to get

LO= g =1=p(1)+95 =>f =1—9(1) ==Y ¥
1=1

L' =g =y — ¢ =>¢f =1 +¢§=— D ¥
1=2



2 ADF tests

Consider the unobserved components (UC) representation:
yt = a + Bt + ug, (2)
(;S(L)ut — &t.
where ¢(L) = 1 — ¢L and ¢ € (—1,1]. If we premultiply both sides of
Equation (2) by ¢(L) we get
yt — dyr—1 = (1 — )a+ Bt — ¢B(t — 1) + &

Subtracting y;_1 from both sides of the above equation and rearranging

the terms we get

Ay =[(1 = @) — B8]+ (1 — @)t + (¢ — 1)yp—1 + &



Assume that ¢(L) =1 — z§:1 ¢;L7. By expanding the polynomial ¢(L)
on 0 and 1 we get

$(L) = (1)L + A¢T(L), (3)
where ¢(L) =1 - ¥7_1 ¢IL7, and ¢l = - 57 ¢,

In order to prove the above result, equate the coefficients corresponding
to the same power of L on both sides of Equation (3) to get

0= ¢g=1=¢]

p
L' = —¢1 = ¢(1) — ¢l +0h = 6] = = > ¢;
1=2

2 T T T S
L :>—¢2:_¢2+¢1:>¢1:_§:¢Z
1=3



In view of (3), if we premultiply both sides of Equation (2) by ¢(L) we get
AGT(L)ys + ¢(1ye-1 = ¢(1)a + $(1)B(t — 1) + ¢T(1)5 + e

which in turn can be rewritten as follows

p—1
Ay = [p(1)a+ ¢1(1)8 — $(1)B] + d(1)Bt — p(Lye—1+ > ¢/ Ayy_j+e
=1

J



3 Stationarity conditions of the VAR

Consider the VAR model
M(L)Y: = c+ &

There are two equivalent ways to state the stationarity conditions:

The first condition states that the solutions of
det[l1(z)] =0

must lie outside the complex unit circle.

Condition (5) comes from the following equation

N(L)~! = Adj[N(L)]/ det[MN(L)]

(4)

(5)

(6)



Inverting both sides of (6) one gets
N(L) = det[N(L)]Ad][N(L)]* (7)

Substituting Equation (7) into (4) one finally gets the so-called final equa-
tion representation of series Y%:

det[M(L)]Y: = Adj[M(1)]c + Adj[M(L)]e (8)

Notice Adj[[1(L)] is a polynomial matrix of order (n — 1)p, hence the RHS
of (8) is a VMA((n — 1)p), which is always stationary.

It follows in turn that stationarity of series Y; only depends on the roots
det[[1(L)], which is a polynomial scalar of order np.



Before introducing the second condition, let us first look at the VAR(1)
Yi=c+NYi—1+ e (9)
and notice that the matrix Il can be factorized as
Nn=vVAV}!

where V' and A are respectively the eigenvector matrix and the (diagonal)
eigenvalue matrix of Il.
Multiplying both sides of (9) by V! one gets

VY, =vler AVTly + Vg (10)
N—— N ~— >
Xt Xi-1

Notice that elements of X; are AR(1) processes, which are then stationary
when the eigenvalues of I1 lie in (—1,1). Given that Y; = V X4, the same

conclusion applies to series Y; as well.



Let us now rewrite a VAR(p) model with p > 1 into its companion form

Y; Ny My - Mp [[Ye1 ]| [ct+er]
Yi 1 _ In Opnxn -+ Opxn Yi o 4+ Opnx1
: : ol eer Onxn : :
L Yrt—p-|—1 L Opxn <+ In Opxn 1L Kﬁ—p L Onx1 1
Y, ¥ Y 1 E;

which shows that any VAR(p) model can rewritten as a np-dimensional
VAR(1) model. In Italian: Varone! ;-)

From the previous result on the stationarity conditions for the VAR(1),

it follows that series Y; (and Y; by implication) are stationary when the
eigenvalues of F' lie in (—1,1).



4 The VAR model in matrix format

The VAR(p) model

Yi=c+ MYy 1+ +T1pYep+ e
t=12,...,T

can be rewritten compactly as follows

Y%ZIC,H]_,“' 7“]91

v’ |
Yi—p |




The T' observations of series Y; and Z; can be gathered in the following

matrices
- ) _
1 o
y=| 2|, z=|%
T'xXn : T'xk :
/ /
| Yy | | Zp

where &k = np + 1.

Hence, the VAR model can be rewritten in matrix format as

Y =ZMN+e (11)

where € = [e1,e0, -+ ,e7]’.



Now are going to meet two new (for some of you) algebraic operators:

e For an n X k matrix A = [a.1, -+ ,a.,], where a; is an n-vector for
9 =1,..., k, the Vec operator is defined as

a.1
Vec(A) =
knx1

a.p,

e For an n X k matrix A and an m X ¢ matrix M the Kronecker product
AR M is

aitM - -- alkM_
ARQ M = ; ;
nmxkq _ an1A4 L &nkA4._




The two operators are linked by the property

Vec(ABC) = (C' ® A)Vec(B) (12)

where B is a k X m matrix and C' is an m X ¢ matrix. You can easily check

(12) by verifying that the corresponding generic elements of both sides of
Equation (12) are the same.

By taking the Vec of both sides of Equation (11) and using the property
(12) in the RHS we get

12
Ve;(Y) (12) glnz<§ Z)"VGISISH)J + Vec(e)
* * * e*

Since it is easy to see that E(¢*¢*') is not a scalar matrix, GLS should be

used to optimally estimate 1*. However, it can be proven (but we don’t
do it) that GLS and OLS coincide in this case.



Hence, we estimate 1* as follows
ﬁ* _ (Z*/Z*)—lz*/Y*
Some additional algebra (that we do not show) reveals that
M* = Vec(N)

where M = (Z'Z)~1Z'Y is the OLS estimator of N in Equation (11).
Finally, rewriting N as

ﬁ = [ﬁ.]_, T, ﬁn] — (Z/Z)_lzl[Y-la T 7Yn]
kx1 kx1 Tx1 T'x1

we see that M is equivalent to apply OLS to each equation of the VAR (i.e.

column of matrix Y):

N, =(22)'2Y ; forj=1,..,n]



5 Ildentifying restrictions in SVAR models

The n-dimensional SVAR(p) model is

B(L)Y; = vo + &t

where

p .
B(L) = L — Y B;L’ = n(n—1)+ n’p parameters
the diag. is 1, j=1

Yo = M parameters

E(eel) = D = diag(o%, ..., 02) = n parameters

Hence, the overall number of parameters is n?(p + 1) + n.



The reduced-form (RF) representation is

1 _ -1 1
B B(L)Yt=B 1+B5 e
A(L) o e

where
p .
A(L)=1In— > B;L) = n’p parameters
J=1
ag = n parameters

E(usuy) = Q = n(n + 1)/2 parameters

Hence, the overall number of parameters is n°p +n + n(n + 1) /2.



The number of identifying restrictions on the SVAR is then given by

# parls of the SVAR — # parls of the RF = n(n —1)/2

Typical identifying restrictions include to assume that either matrix B is a

lower triangular

1 0 0

by 1 . 0

B = : : g 0
i bn,l T bn,n—l 1 i

or that matrix B(1) is lower triangular.



Remark: the SVAR model can be equivalently rewritten as

S Y= 20 + gt
D—l/ZB(L) D_1/270 D—1/2€t

where
B*(L) = B* — zp: BYL’ = n®(p + 1) parameters
j=1 !
Yo = m parameters

E(efe}’) = I, = 0 parameters

Hence, the overall number of parameters is still n%(p + 1) + n.



6 Identification through a triangular system

Consider for simplicity the following bivariate VAR(1) model

Y1t = a10 + a11Y14—1 + a12y2¢—1 + Uy (13)
Yor = a0 + a21Y1¢—1 + A22Y2¢—1 + U2y (14)
where Eugnf) = @ = | “11 12 ] |

Let us consider the conditional expectation

E(y2¢|Yi—1,u1t) = a0 + a21y14-1 + a22y2¢—1 + E(uoe|Y;—1,u1s) (15)

w21 —
u1=Lu
w11 1t 1t

In view of Equation (13), we can write

Buir = B (Y1 — @10 — A11Y1¢—1 — G12Y2¢—1) (16)



Putting together Equations (13), (15) and (16), we obtain the conditional

model for series yp; as

Yot = apg + ap1y14—1 + apoyi—1 + Buyg + [upy — Buyy]

€2t

= (@20 — a108) + B_y1s + (a21 — an1B)yie—1

Y20 —boq Y21
+ (a2 — a128)y2¢—1 + €24
Y22

where E(ep;u1¢) = 0 by construction.
Thus, byq is obtained as

w21
bo1 = ———
w11

and consequently

|1 0y _ _ _ Uy
B_!b21 1],€t—But—[

uzt + bajuiy ]



7 ldentification by the Cholesky factorization

Recall that the RF errors are such that E(usu}) = Q, a symmetric positive
definite (SPD) matrix that it is not generally diagonal.
The problem of identifying the structural errors is related to the one of

finding a linear transformation z; = Twu; such that
E(zz;) = TQY = I,
Since Q2 is SPD, it can be factorized as
Q=VAV'

where V' and A are respectively its eigenvector matrix and its (diagonal)

eigenvalue matrix.



Since V/ = V1 and the eigenvalues of Q are positive, we get the factor-

1zation

Q=VA/2VIyAY2Y!
Q2 Ql/2

Matrix Q1/2 is called the square root of €2, and its inverse is equal to
Q-1/2 — ypA-1/2y

as you may easily check by yourself.
Consider now the linear transformation z; = Q_l/zut. We have that

E(z2)) = Q7 1/20q~ 12 = - 1/2qQ1/2qQl/2q-1/2 =1,  (17)

However, a problem arises since z; is not the only linear transformation of
uy that satisfies Equation (17).



Indeed, consider an n X n matrix M such that MM’ = I, and define
vy = Mz;. Then we have

E(vvy) = ME(zp2) M’ = Iy

In words, there are infinite ways to orthogonalize the RF shocks uy.
However, there is a unique lower triangular matrix C' with positive diagonal
elements that satisfies

cCc'=Q (18)

Equation (18) is the Cholesky decomposition of matrix {2 and the factor C
is indicated as C' = Chol(Q). Notice that C ! is lower triangular as well.
Hence, the transformation ¢ = C_lut Is unique and it satisfies

E(cfel)=c oY =c et =1,

Equivalently, one may construct ¢; = Dl/z»s;‘ = D1/2C_1,ut, where D—1/2
B
is a diagonal matrix with the same diagonal elements as C 1.




8 ldentification through long-run restrictions

Economic theory is often more informative on the long-run behavior of the
economy (i.e., equilibria) rather than on the short-run one.

An alternative identification scheme imposes a triangular structure on the
long-run impact matrix ©(1) rather than on ©g. This goal is achieved as
follows

O(L) = V(L) 54(12,0(12
A(L)~t pxt
where
C(1) = Chol[A(1)1QA(1) Y]
Hence, we have that ©(1) is lower triangular since
(1) = V(1) A(1)C(1) =C(1)
A1)t



Consequently, the (standardized) structural shocks €} are obtained as
ot = () tA) tu
B*
and they are orthogonal each other given that

E(sfef) = C(1) 1AL 'QAQ) Vo)V = I,
cey oyt

Since B*(L) = B*A(L), we have that

B*(1)=Cc(m)~tA@) Ay =c)t
e

so even B*(1) is lower triangular being the inverse of a lower triangular

matrix.



9 Interpretation of lower-triangular identification

schemes

Given the structural VMA representationY; = p + ©(L)efwhere ©(L) =
W(L)B*~!1, we have a causal ordering interpretation when the matrix B*

induces a lower-triangular structure.



In particular, when
B*~1 = Chol(Q)

we have that

(99, 0 0 --- 0
0
0 g0 g0 ... 40
i ﬁnl ﬁn2 ﬁn3 o Upp |

Hence, we see that €7, hits contemporaneously all the elements of Y3, €3,

hits contemporaneously [yot, ..., ynt]’, ... and £, hits contemporaneously
Ynt only.



Instead, when
B* 1 = w(1) Chol[Ww(1)QW(1)]

we have that

[ 911(1) 0 o - 0

(1) = Chol[w(n)Qu(1y] = | Y211) v2(l) 00

| 9n1(1) 9p2(1) Up3(1) - Ynn(l)
Hence, e’{t has a long-run impact on all the elements of Y%, 5375 has a
long-run impact on [yo¢, ..., ynt]’, ... and %, has a long-run impact on yp;

only.



10 Normalized cointegration vectors

Given that 0 < Rank(B) = r < n (if cointegration exists) there exists a
r X r submatrix of 8 (i.e. a matrix formed by r rows of 3) that is full-rank.

Hence, without loss of generality, we can write

B =181, B

TXT rx(n—r)
where Rank(31) = r. Then let us write
8. = By ‘181, B2l = [Ir, B Bl
—B

Let us partition Y; conformably to 3, i.e. Y/ = [Y{,, Y5] . Then we
IXr 1x(n—r)

can write
BLY: = Y1t — BY2; « 1(0)



Remark: in empirical applications, one should pay attention in allocating in
the first rows of Y; the variables that are most likely to enter in equilibrium
relations.

Consider e.g. the case Y/ = [y1¢, Y21, y3¢]’ with r = 1 and assume that yy;
has a null coefficient in the cointegration vector, i.e.

5, — [07 b27 b3]

It is then clear that we cannot normalize the first coefficient of 3 to 1,
unless we permute the rows of Y; in a way such that yq; is not allocated

in the 1st row anymore.



11 Reduced-rank regression and cointegration

Consider the VECM representation

F(L)AY; = ®D; + of'Y;_1 + & (19)

1. In order to concentrate Model (19) on the parameters o and 3, remove

/
the linear influence of X; = [Dt, AY;_1,..., AYt_erl} from both AY;
and Y;_1 to get, respectively, Ry; and Rq ;. The concentrated model
reads

Rot = aB'Ry¢ + e (20)

Model (20) is known in statistics as the Reduced-Rank Regression
model (Anderson, 1951).



2.

In order to make the method invariant to linear transformations of the
variables, standardize both Rp; and 1 and transform Model (20)
into the following one:

1/2 —1/2 1/2_
oo Rt = SOO 2085712571 * R4 + Sg (21)
Az—/
RES,t G 8. Rik,t et

where S;; = E(R; +R,) for 4,5 =0, 1.

. Post-multiply both sides of Equation (21) by R}/, and take the ex-

pected value on both sides to get

561 — Oé*ﬁfk (22)
where S¥ = E(R} R*/t) for i,5 = 0,1 (notice that S7; = I, by

construction).



4. In view of Equations (21) and (22), get the equation

\ “1/2¢ o —1/2
S10501 = BrasaxfBy = Sy /2510500 0157, /J (23)
K]

5. Since matrix S is symmetric and semi-definite positive, get the eigen-
decomposition

S =VAV’ (24)

where A is the diagonal eigenvalue matrix and V is the eigenvector
matrix.



6. Since Rank(S) = r, then n —r eigenvalues of S are zero and Equation
(24) boils down to

N\r 0
_ v/
S = [Vi, Viry] rXT rx(n—r) [

r

| (n—r)xr (n—r)x(n—r)

where A, denotes the diagonal matrix of the r positive eigenvalues of
S, and V. [Vj,—,] denote the eigenvectors associated with the positive

[zero] eigenvalues.

7. In view of Equations (23) and (25), we conclude that V; spans the

1/2 —1/2
same space as 3« = 51{ B. Hence, S¢4 / Vi spans the same space as

the cointegration matrix £.



e Johansen (1991) shows that the sample analogous of the eigendecom-
position (24) solves the Gaussian ML problem for Model (19).

e In particular, let 5\1 > 5\2 > e > M\, be the ordered eigenvalues of
& a-1/2a a-1a5 a-1/2
S = 511" 510500 S01511
where SA’,L-]- Is the sample covariance matrix between residuals Ri,t and
R; for 4,57 = 0,1. These eigenvalues are also equal to the squares
of the canonical correlations between AY: and Y;_q1 corrected for X;

(i.e., the correlations coefficients between the linear combinations of
Rp ¢ and Rjp ; that are mostly correlated) and so lie between 0 and 1.

e Recall, » = Rank(IlT) = Rank(.S) and so r equals the number of non-
zero eigenvalues of S.



12 Identification of the VECM through Informa-

tion Criteria

|dentification criteria (IC) may be used to simultaneously determine the lag
order p and the cointegration rank r. The approach requires to estimate
a VECM with p = 1, ..., pmax and, for each p, » = 0,1, ..., n, and choose
the couple (p*,r*) that minimizes:

IC(p,7) = 2(p,) + (T)p(n, p, )
where ¥ (p, r) is the residual covariance matrix estimate from the reduced

rank regression estimation of a VECM with p lags and rank 7, ¢(T) is a
function of the sample size T, and

o(n,p,r) = (p— 1)n° +r(2n — )

is the number of parameters of the model (why?)



For the most common IC, we have

2/T — AIC
o(T)={ 2In[In(T)]/T = HQIC
In(T)/T = AIC

Simulation studies indicate that simultaneous determination of (p, r) through
IC, in particular the HQIC, outperforms the sequential procedure (first p,
then r) through the LR tests, in particular when the sample size T is small
(e.g., T'=50) or the number of series n is large (e.g., n = 9).



13 Granger representation theorem

Consider the VAR representation

N(L)(Y: — ) = & (26)
where py = E(y¢), and the Wold representation
(1— L)% — ) = W(L)es (27)

Premultiply both sides of (26) by W(L) to get
W(L)N(L)(Y: — pt) = W(L)er = (1 — L)(Yy — pt)
Premultiply both sides of (27) by IN(L) to get

(1= L)N(L)(Y; — ) = N(L)W(L)e, = (1 — L)z



From the two previous equations we see
V(L)N(L) = N(L)V(L) = In(1 = L),
which for L = 1 gives
v()n) =n(1)v(1l) =0

Since M(1) = —aB’ and a and 3 are full-column rank matrices, we see

from the equation above that
V()a=0, g'Y()=0
and hence
V(1) =B =)

where = is full-rank square matrix of dimension (n — r), and A | indicates
the orthogonal complement of a matrix A such that A’J_A = 0.



Moreover, from the relation
N(L)V(L) =(1— L)Iy
it follows that
NY(L)W(L) + N(L)VI(L) = —1I,,

where AT(L) indicates the first derivative of a polynomial matrix A(L). If
we evaluate the above equation for L = 1 we get

NT(1)w(1) + N()vi(1) = -1,
which can be rewritten as

nf(1)8,=d/, — ap'Wi(1) = -1, (28)



Premultiplying both sides of (28) by o/, we get

o/ a=0
LT

Premultiplying both sides of the above equation by (O/J_HT(].)BJ_)_]' [ Re-
mark: Johansen (1995) proved that (X/J_I_IT(].)/BJ_ is invertible iff elements
of Y; are, at most, 1(1)] we get

=/, = — (!, NT(1)3,) 1/,

and finally postmultipliying both sides of the above equation by ozL(o/lozL)_l
[Remark: &/ a) is invertible because we assumed that « has full rank]

we get

== —(a/, N7(1)8L) 7" (29)



Notice that from the expansion
MN(L) =(1—L)(L) — af'L
we easily get

ni(L) = (1 - L)L) —r(L) — af’

If we evaluate the above equation for L = 1 we get
ni(1) = —r(1) - af’
which can be substituted into equation (29) to finally obtain

== (o, F(1)BL)

and hence

w(1) = 8, (o/, F(1)8,) L,



Assuming that pu; = Yy + pt, the multivariate Beveridge-Nelson (BN)
decomposition

t—1
Yi=Yo+ut+W(1) ) e+ V(L)ey
1=0 5, ~1(0)
where W(L) = % W.L7 is such that U; = — % WV, and lim |V;| =0
J J 1 . ] ’
j=0 0> j—00

can hence be rewritten as the following Common Trend (CT) representa-
tion

Ve =Yo+ pt + 7 + & (30)

where v = BL(a’LF(l)BL)_l, and the (n — r) common stochastic trends
are
t—1

!/
TE=a ) &g
i=0



Notice that by premultiplying both sides of (30) by 3’ one gets
B'Yy = Yo+ B'ut + B'&

given that 8'y = B/BJ_(OZIJ_F(].)BJ_)_]' = 0.
Hence, the same linear combinations that stationarize variables Y} kill the
random walk components in the multivariate BN decomposition.

Finally, notice that all the parameters of the CT representation are func-
tions of the parameters of the VECM.

This implies that we can estimate the CT representation through the esti-
mated VECM.



14 Empirical applications

e Monthly data (1959.01-2019.12) for:

S&P 500S&P’'s Common Stock Price Index: Composite

S&P: industS&P’'s Common Stock Price Index: Industrials

S&P div yield S&P’s Composite Common Stock: Dividend Yield

S&P PE ratio S&P’s Composite Common Stock: Price-Earnings
Ratio



Monthly data (1959.01-2020.11) for:

3-Month Treasury Constant Maturity rate (C) Minus Federal Funds
rate (FEDFUNDS)

6-Month Treasury C Minus FEDFUNDS

1-Year Treasury C Minus FEDFUNDS

5-Year Treasury C Minus FEDFUNDS5

10-Year Treasury C Minus FEDFUNDS



