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Imperial College

London Aims of section

BUSINESS SCHOOL

* Introduce one-period model with finite number of states
and the basic asset-pricing terminology

 Formulate hedging problem and try to solve it

e EXxplain the concepts of complete and incomplete markets
« Explain the role of matrix inverse in hedging and pricing

* Introduce “state prices” and discuss two different
methods for asset pricing:

1) by replication
2) using a pricing kernel
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Imperial College

London Introductory example

BUSINESS SCHOOL

e There are four assets available

1) Uncertain stock price — 3 scenarios
— Stock value tomorrow = 3, 2, or 1 with probability 1/2, 1/6,1/3

2) Risk-free asset with value 1 tomorrow

3) Two derivative securities — options on the stock
3.1) Call option #1 struck at K = 1.5
3.2) Call option #2 struck at K =1

« Task: sell option #2, and to reduce risk exposure
construct a hedging portfolio consisting of stock and risk-
free asset
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imperial College Uncertainty in one-period

London

BUSINESS SCHOOL m O d eI

 Two dates: today and tomorrow
» Value of all securities known today
 The tomorrow’s payoffs are uncertain

e Organization of uncertainty:
— Finite number of scenarios
— Each scenario known in detail today
— Probability of each scenario known today
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Imperial College

London Model asset payoffs

BUSINESS SCHOOL

 Model stock and derivative payoffs

Probability 5 2 3
Stock 3 2 1

Call option #1 (K=15) 1.5 0.5 O
Call option #2 (K = 1) 2 1 0

© Imperial College Business School



Imperial College

London Payoffs as vectors

BUSINESS SCHOOL

1
 Risk free asset: a, = [1]
1

3
e Stock:a, =|2
1.

1.5 2
o OptiOﬂS . A3 = 0. 5] Ay = [1]
L 0 0

© Imperial College Business School



mpericoege  (Sl@phical representation

London

BUSINESS SCHOOL Of the payOffS

o Payoffs in state-space form
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Imperial College

London Create vectors in Matlab

BUSINESS SCHOOL

al =ones(3,1) oral=|1;1;1];
a2 = [3;2;1];

a3 =[1.5;0.5;0];

a4 = [2;1;0];
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Imperial College O p e r at I O n O n

London

BUSINESS SCHOOL SecurltleS/VeCtorS

e Scalar multiplication: Leverage
— Example: Buy two units of option #1

1.5 3
2a3 — 2 05 —
0 0

— Matlab command: 2 * a4
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Imperial College O p er at | on on

London

BUSINESS SCHOOL Securl‘“eS/VeCt()rS (Cont)

« Addition: Portfolios
— Example: Buy two units of option #1, sell one unit of option #2

2%1.5—2 1
2*0.5_1]:[()]
2x0—0 0
e Matlab command : 2 *x a3 — a4

203 — Ay =
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imperial College Matrix as a collection of

London

BUSINESS SCHOOL SecurltleS/VeCtorS

e |tis common to work with several vectors at once and it Is
natural to form a matrix

1 3 1.5 2
Vectors: a, = 1] a, = [2] as = [05] Ay = [1]
1 1 0 0
1 3 15 2
A matrix: [1 2 0.5 1]
1 1 0 0

 Matlab command: A =[al a2 a3 a4]
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imperial College Matrix operation:

London

BUSINESS SCHOOL Tran S p 0S I tl on

e Sometimes we need a row vector rather than a column
vector .

e Achieved by transposition of a column vector

e Conversely, transposition of a row vector gives a column
vector
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London Matrix notation

BUSINESS SCHOOL

e Matrix notation: M € R™*"

— Where m is the number of rows and n is the number of
columns

 The element in the i-th row and j-th column is
denoted M;;

* The entire |-th column Is denoted M.;
 The entire i-th row Is denoted M;.
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Matrix notation (cont.)

° M E ]:Rm XN
(M1, My,

M = My, My,
_Mml Mmz
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mperal Cllee Matrix operation:

BUSINESS SCHOOL

Transposition
* M =M;; — M =M
¢« M € R™*™ — M*g RM*™
Example

‘1.5]

1) x=105|, x* =
0

3 1.5
2 0.5
1 0

2) A= A

[EINUINEN
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imperial College Matrix operation:

London

BUSINESS SCHOOL MUItllecatlon

e Ue R™" Xk and V € Rk*" — gy € RM*n

U, U Ve UV o UpVy ]
ov= % |, v, G |VeVa UaVa o UnTa
U, U Vi UpVy . UVl

« Example

U=E ﬂ,v=B ﬂ UV =?
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imperial Colege Properties of matrix

London

BUSINESS SCHOOL mUItlpllcatlon

« Not commutative
Uv = VU

e Associative
(VW = U(yw)

e Transposition reverses order of multiplication !
uv)* =v*u*
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mperaicolege — NV]ALFIX @nd Its application

London

BUSINESS SCHOOL to p O rth I | 0S

o Example: Suppose we sell 2 units of option #1, one unit
of option #2, buy two units of stocks and borrow one unit
of bond. What are the payoffs of this portfolio ?

Given:

1 3 1.5 2
bond = |1|, stock = |2]|, option#1 = |0.5| and option#2 = |1
1 1 0 0

e Assuming prices of securities are Sy,ng = 1, Sstock =
3, Soption#1 = L, Soptionsz = 2, What is the price of this
portfolio?
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Imperial College

London Hedging Problem

BUSINESS SCHOOL

e Ax=D>b
— A denotes payoff matrix of basis assets
— x denotes portfolio of basis assets
— b denotes payoff of a focus asset

Bank wants to issue a security b
To offset risk, it separately buys hedging portfolio x

The risk is reduced to Ax — b
— If Ax — b = 0, then the bank’s position is perfectly hedged

The bank will price the security at $*x + overheads and
risk premium.
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London Hedging Problem (cont.)
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 Example:
Given:

b =

2 1 3 1.5
1l,al =|1]|,a2=|2]|,a3 =|0.5
0 1 1 0

Your client wants to buy a security with payoff b, knowing
there are assets al, a2, and a3 traded in the markets. What
IS the strategy that gives you a perfect hedge? And how

much you would charge the client if S,; = 1—25 andS,, = 27
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BUSINESS SCHOOL

Hedging Problem (cont.)

Solution:
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Imperial College

London Hedging Complications

BUSINESS SCHOOL

« Ifinverse of 4 exists: x = A~1b is a perfect hedge and the
solution is also unique

132
1 2 1x—
1 1 0

— No solution, Inverse does not exist

[

e Solution eX|sts, inverse does not

e Now consider

e Consider
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mpeialolege  L_[N€AI INAdependence and

London

BUSINESS SCHOOL red u n d ant aSS etS

« Some complications in the hedging problem are
caused by redundant assets

 An asset Is redundant if it can be replicated by
other assets

e Securities A.4, ..., A.,, are linearly independent if
none of them is a portfolio payoff of the
remaining n-1 securities
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imperial College Dimension of marketed

London

BUSINESS SCHOOL Su b S p ace

Marketed subspace = all portfolio payoffs Ax generated
by all possible basis assets x
— Mathematically Span(A.4, ..., A.,)

 Each linearly independent asset adds a new dimension
to the marketed subspace

e Maximum number of lin. iInd. assets = dimension of
marketed subspace

 Dimensionality Theorem: The lin. ind. assets can be
chosen in many ways, but their number is always the
same = dimension
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imperial College Hedging in a complete market
e without

BUSINESS SCHOOL .
redundant basis assets

e Complete market <
# of linearly independent basis assets = # of states

e Theorem:

Suppose we have m states and a complete market with m basis assets.
Then the payoff matrix is invertible and the hedging portfolio for any
focus asset b is given by

x=A"1b
Suppose prices of basis assets are stored in vector S. Under frictionless
trading the only possible price of the focus asset equals

S*x =S*A"1p
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imperial College Find dimension of

London

BUSINESS SCHOOL mar keted Su b S p ace

e Concepts

— Suppose 4.4, ..., A are linearly independent. Then
either A.,,, IS redundant or A.4, ..., A, 41 are linearly
iIndependent

— With m states, there cannot be more than m linearly
Independent assets.

e How we do It

— Sort securities into two baskets
» Linearly independent
» Redundant

© Imperial College Business School 27
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London EX am p I e

BUSINESS SCHOOL

* Which of the following assets are linearly independent
and redundant assets? Is this market complete?

1 3 1.5 2
A'l = |1 ,A.z = |2 ,A.3 — 05 ,A.4 =11
1 1 0 0
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imperial College Dimension and matrix

London

BUSINESS SCHOOL ran k

« Maximum number of linearly independent columns in a
matrix A is called rank, r(A)

« If Ais a payoff matrix of basis assets then r(A) =
dimension of marketed subspace

 Facts about rank
— 1r(4*A) =r(4)
— r(4B) < min(r(A),r(B))
— 1r(A) =r(4")
— IfAism X n then r(4) < min(m, n)
 When r(4) = min(m, n), we say A has full rank

e Square matrices with full rank are invertible (non-singular
matrices)
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mperil cotege [ €N TITY Matrix and Arrow-

London

BUSINESS SCHOOL Debreu Securltles

« Arrow-Debreu (elementary) security for state |,
denoted e;, has payoff 1 in state | and payoff zero

In all other states

 With m scenarios stacking all elementary
securities into a matrix gives an m x m identity
matrix

© Imperial College Business School 30
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London Matrix Inverse
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* For every square matrix A with full rank there is a
matrix B suchthat AB = BA = 1

e Matrix B Is unigue, it is called the inverse to
matrix A and it is commonly denoted by A™1

e Facts:
— If C, D are invertible then (CD)™'= D~1c1
- (AH=4

© Imperial College Business School 31



imperial College Inverse matrix and

London

hedging portfolios

* Interpretation of inverse matrix

° I -1 _ T Gt .
Let split AA™" = I by columns: AAJ; = ¢;

* This looks like Ax = e;

e Therefore j — th column of A~1 gives replicating portfolio
to Arrow-Debreu security e;

1 3 15
« Example:ifA=|[1 2 o.5]and knowing that
1 10
1 -3 3
At =|-1 3 -2|, show that Arrow-Debreu security e; can be
2 —4 2

replicated by portfolio A;}
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London State p r | C eS

BUSINESS SCHOOL

 State price | (1) Is the price of an Arrow-Debreu security e;

« Vector v is called the “state price vector”
e Assuming complete market and no redundant assets
— State price vector
P =5"A"1
where S is the vector of prices of the basis assets and A is the matrix
of the payoffs of the basis assets

Proof :
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London Pricing formulae

BUSINESS SCHOOL

e Suppose Ais invertible (square, full rank)
 Complete market, no redundant basis assets
 Perfect hedge Ax = b
 Two ways to find the price of focus asset b
1. By replication:
Focus asset price = 5*x
2. Using state price (pricing kernel):
Focus asset price =¢y*b
Proof of the second formula:

© Imperial College Business School 34



Imperial College

London EX am p I e

BUSINESS SCHOOL

2 1 3 1.5
« What s the price of b = lll given basis assets A = |1 2 0_5] with
0 1 1 0

prices S=

1
2
0.6

- By replication:

— By state price:
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Hedging in an incomplete
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London Aims of this section

BUSINESS SCHOOL

 Explain how to compute replicating portfolios in
an incomplete market
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imperial College Hedging formula for incomplete

London

BUSINESS SCHOOL markets, no redundant basis assets

r(A) = n <m, fewer assets than states

AX =D (1)
o multiply by A" from the left
A'AX =Ab (2)
e A'Ais square with full rank, it has an inverse
x=(A'A)1AD (3)

e X solves (2) but does it solve (1)?

e Hedging error = Ax-b = A(A'A)*Ab-b

 If hedging error = O then solution exists and is given by
(3), otherwise there is no solution
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imperial College Example: Incomplete markets

London

without redundant basis assets

 |s there a perfect hedge of a focus asset b
considering that we can trade portfolio A ?

1.5
b= Aez = | 0.5
0

= =
RN W

A =[Aq1 Ae2] = |:

© Imperial College Business School 39



imperial College Hedging problem with redundant

London

BUSINESS SCHOOL basis assets

» Redundant basis assets do not affect existence of a
solution, they merely add free parameters to the

solution
* A=A A A= AC 1(A)=I(AY), X=Xy [X;
— If A is square, market is complete
X; = (Ay)*b — Cx;
— If A is not square, market is not complete
X; = (AA) A D = Cx,
— Hedging error = A; (A;/A)*A;'b—-D
— X, represents the free parameters in the solution

 Example 2.3 pp. 28-29
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London The Least-Squares Hedge

BUSINESS SCHOOL

e In practice most markets are incomplete r(4) = n < m,
fewer assets than number of states

e This means we cannot always find a perfect hedge
(replication) for a focus asset b — mathematically,
Ax = b cannot always be solved.

* Instead, we would like to find the best approximate hedge
according to some criterion
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London The Least-Squares Hedge

BUSINESS SCHOOL

 Replication error: e =Ax —b
e Criterion: Minimize the Sum of Squared Replication
Errors
SSRE = 812 + 822 + -+ Emz

 Optimal hedge = least-squares hedging portfolio

x = (A*A)"1A4*b
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mperial olege Least Squares Hedge —
Example

BUSINESS SCHOOL

— Focus asset b*= |1 2 3]

— Basis assets: 4., =[110]and A," =[010]
What is the least-squares hedge of the focus asset?
Solution:
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imperial College Least squares hedge -

London

BUSINESS SCHOOL Geo m et ry

e Optimal criteria
— Minimize €*¢
(square length of vector ¢)
e Point of minimal distance .
of Ax from b: 20 )
- & must be orthogonal to |
all vectors in marketed subspace A
- Mathematically A*s = 0
- A (b-A4Ax)=0 = ‘ St o LI
x = (A"A)"1A"D = .. ¢

£ S5

AA AN AD
Ealr] 0
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Imperial College MInImIZIng the EXpeCted
tondon Squared Replication Error
(ESRE)

* Not all scenarios are equally likely: we need criterion
putting more weight on likely scenarios:

ESRE — p1€12 + ngzz + .-+ memZ

 The optimal hedge is :

= (A*A)~14*b

\./
:bl

~

where 4;. = VPpid;. and b; = /p;b;

)
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mperialcalege —— \N/OIKING out the minimal
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BUSINESS SCHOOL

ESRE hedge

e Proof
— Transform ESRE into SSRE
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Imperial College
London

BUSINESS SCHOOL

Example

« Exercise 2.7 p.54
— Risk-free rate 0%
— Find optimal hedge
of exposure X
« Share price £2
— Share pay-off =
(1+rate of return) x
initial investment

— Evaluate the cost of
the best hedge
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