The Lindberg-Levy Central Limit Theorem

Let {Xi,..., X,} be a simple random sample of size n, i.e. a sequence of n

i.i.d random variables, drawn from a distribution X with E(X) = p and

Var(X) = 02 < co. We are interested in the asymptotic distribution of the
_ n

sample average X, = n 1Y X;.

i=1
Central Limit Theorem (CLT) (Lindberg-Levy): The sequence

(Xi — 1)

o n/2g

n
y — nl/zyn_/i =1
=

converges in distribution to N(0,1), i.e. Y, <, N(0,1).
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1. Identical means and variances can be dropped straightforwardly.
We need some restrictions on the variance sequence though. In this case,

we work with ,
_ Zi:l(Xi - Mi)
Y, === "7
T(EL )

2. Versions of the Central Limit Theorem with random vectors are also
available. Just apply univariate theorems to all linear combinations.

3. The basic requirement is that each term in the sum should make a
negligible contribution.
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1. Estimation of mean p from a sample of normal random variables:
In this case, we estimate p by X, and the asymptotic approximation for
the distribution of X or (X — p) is exact.

2. Consider n1/2(3 — ) where (3 is the LS estimator.

n1/2(B o /B) _ n1/2(X/X)71X/8
= [X'X/n]"tn2[X'e/n]
Where [X’X/n] is the sample second moment matrix of the regressors.

[X'X/n] is O(1) or maybe O,(1)depending on assumptions.
Its lim or plim is Q, a KxK p.d. matrix.
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Regression Example Cont'd

What about n'/2[X’e/n] = /n(1/n) 3 xle;?
This is y/n times a sample mean of x{e,-.These have
Exle; = 0, Vxe; = 02 Q (discuss)

Under the assumption that regressors are well-behaved (i.e., contribution
of any particular observation to [X’e/n] is negligible), we can apply a
Central Limit Theorem and conclude that

n2(B - B) = [X'X/n] L0t 2[X'e/n] & N(0,52Q71).

Consistent with previous results?
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Asymptotic testing

In this section, we will study the "trinity" of asymptotic tests: Likelihood
Ratio (LR), Wald, and Lagrange Multiplier (LM) or Score tests

Background: let £(6) = InL(0) = In [] p(yil0) = >_ Inp(yi|0) be the
i=1 i=1

log-likelihood function, where [y1, ..., yn] is a random sample from the
population Y ~ p(y|f) and 6 is an unknown vector of parameters. Then
we define the Maximum Likelihood (ML) estimator

0 = arg max £(0),

the score function of the likelihood function
90) <~ 1 dp(yild) p'(il6)
0 = pu—
O =36 = 2 5o o0 Z pvl9)
and the information matrix ni(@), where

5[ -5 2]

n
=2_si(®)

i=1
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Asymptotic Testing - cont'd

Notice that
\_2/1_/
and hence
Vsi(0) = i(6)

Moreover

92 In P(Y|9)] [8 p/(yye)] {pu(yw)] [P'(yIH)r
g |9pYIO)| _ _p| O . B

[ 7 00 p(v16) p(y10) | p(v19)

95 | py|0)dy=0 i(0)

Gianluca Cubadda Universita di Roma "Tor Lecture 10: Asymptotic Testing 24th November 2017 3/6



Asymptotic Testing - cont'd

Since the individual scores s;(#) are i.i.d. (why?), by CLT
25y % N(0, io)

where sy = s(6p), io = i(6p) and 6y is the population value of §. Moreover,
under mild regularity conditions on ¢(#), it can be proved that

n2dy & N0, iy 1)
where dy = 0 — 0y denote the vector of deviations.
Testing: Since n1/2s, is asymptotically equivalent to n'/2jydy, we get
nl/zdo asy n_1/2l-0—150
Further, we have that
2[0(9) — £(60)] = ndpioch,

which can be proved by expanding ¢(6y) around 9 and taking probability
limits.

Gianluca Cubadda Universita di Roma "Tor Lecture 10: Asymptotic Testing 24th November 2017 4/6



Asymptotic Testing - cont'd

Consider the hypotheses
Ho:0=260y Hj:0+#0
Likelihood Ratio Test: It is based on LR = L(f)/L(6). The test statistic
~2In LR = 2[(8) — €(60)] > 2 (q).

where g is the number of restrictions under Hg.
Wald test: Under Hy the test statistic

W = nd§i(B)do % 5(q),
Lagrange Multiplier (or Score) test: Under Hy the test statistic

LM = ntsgig s < 2(q)
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Asymptotic Testing - cont

Remark: Given that R

plimi(0) = i
when the null hypothesis is true and that

plim(nt/?dy — n"1/2i; 1) = 0,

the tests are asymptotically equivalent. Note that the Wald and LM tests
are appealing because of their asymptotic equivalence to the LR test,
which is an optimal test in the Neyman-Pearson sense.

Discussion:

@ What are the computational requirements for these tests?
@ Which is best?
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Geometry

Likelihood Ratio test

For illustrative purposes, 6 is one-dimensional.

Here, we look at the change in the log likelihood function £(¢) evaluated
at 0 and 0o, £(6) and £(6p). If the difference between is too large, we
reject Hy.
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1(6)

* LR test is based on this difference
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Geometry

Wald Test

Here, we look at the deviation in parameter space.

The difference between # and 6 implies a larger difference between E(@)
and £(6g) for the more curved log likelihood function. Evidence against
the hypothesized value 6y depends on the curvature of the log likelihood
function measured by ni(f).

Hence the test statistic is n(0 — 09)2i ().
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1(8)

R 0
\__\./‘/

* Wald test is based on this difference
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Geometry

Score test

Here, we look at the slope of the log likelihood function at the
hypothesized value of 6.

Since two log likelihood functions can have equal values of sy with
different distances between  and 6, sy must be weighed by the change in
slope (i.e. curvature). A bigger change in slope implies less evidence
against the hypothesized value 6.

Hence the test statistic n_lsgi(;l.
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1(8)

# Score(LM) test is based on this difference
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Why is the score test also called the Lagrange Multipler test?

The log likelihood function is maximzied subject to the restriction 6 = 6g:
moaxé(H) — A0 — 6h).

This gives

0 =0y and X = s(0) = 88;
0
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= 2 likelihood functions and a test of ©6=6,

1(6)
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Asymptotics testing in the Gaussian regression model

@ The parameters are 0 = (3', 02)
@ The log-likelihood function is

YX’

Mz

N 1
E(O)z—E(Inw+lna ~5 >

@ The log-likelihood contribution of the i—th observation is
1
li(0) = =3 (Inm+1Ina® + (Y — X/)*/o?)

@ The individual scores are given by the first partial derivatives

T ag(0)08 ] Xi(Y; = X/B)/o?
S"(‘g)_[aﬁ,-(e)/f%2 ] _[ 1 (1= (Yi = XiB/o?)

T 207
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Asymptotics testing in the Gaussian regression model -

cont'd

@ The score is given by

" X'(Y - XB)/o?
(0)=2_si(6) = [ CL (N = (Y = XBY(Y — XB)/o?) }

@ The information matrix is N x i(0) where i(6) is given by

_E —X,')(,-//O‘2 —X,‘E,‘/U4 . E (X,'X//Uz) OK
—Xlejfo* SL(1-2e%/02) | — 0’ 1/20% |°

which can be estimated by

X'X/Ng? 0k
0% 1/2c*
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The Wald test in regression models

If the restrictions R = r are valid, then the quantity RB— r should be
close to 0. The Wald test statistic is

W = (RB —r) [Var(RB— r)] T (RE-1) 2 3(g)

where R
Var(RB — r) = o*R(X'X) "R’

@ When o2 is substituted by its unbiased estimator in the unrestricted
model, W = gF, where F is the F-test statistic for Hy : R = r (is
this consistent with the distributional results on W and F?).

@ The Wald test requires to estimate the unrestricted model. In some
cases, this is cumbersome.
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The score (LM) test in regression models

LM test are often written as NR? in an auxiliary regression. Here we see
why. Define the matrix
So = [s0,1,---50,n])

where
_ 9Inp(Yi|Xi; bo)

i 20
is the j-th individual score (i = 1,..., N) under the null hypothesis. Than
we can write the LM test as

LM = 17,S0(S55S0) " Sh1n

where 1y =1 € RV, sy = S}1y and iy is estimated by S)So/N.
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LM Tests by Auxiliary Regressions

o Consider the auxiliary regression model
1y = Sory + errors

@ The OLS estimator of « and the fitted values of 1y are respectively
given by

7 =(S5S0) " Sh1n, Iy = So(S§So) 1Si1n

@ The LM test can be written as

where R? is the determination coefficient of the auxiliary regression.
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LM test for omitted variables

@ Suppose to run a LM test for Hy : 5> = 0 the unrestricted regression
model
Y =X161+ XoB2 + ¢

@ Consider the estimated restricted model
Y =Xibi +e
@ The LM test can be written as NR? in the auxiliary regression

e = X171 + Xoy2 + errors
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The LR test in regression models

@ For the LR test, we estimate the model both under Hy and under H;.
The restricted model must be nested in the unrestricted one.

@ The LR test statistic is given by
~ ~ o2
LR =2 (6(5, 52) — £(Bo, a§)> — Nin (82)

where B\o and 88 are, respectively, the ML estimates of 5 and o2 from
the restricted model.

e Under Hy, LR is asymptotically distributed as x?(q), where g is the
number of restrictions imposed to the restricted model

@ The test is insensitive to linear transformations of the models and of
the restrictions.
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