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1 Introduction

The informational content of prices is a central issue in the analysis of equilibria of com-
petitive markets. In financial markets, in particular, asset prices are often believed to
be good predictors of the economic performance of the underlying fundamentals. Three
different mechanisms have been proposed as possible explanations for this remarkable
property. The rational expectation and the learning-from-price literatures argue that
equilibrium prices are accurate because they reveal and aggregate the information of
all market participants. The Market Selection Hypothesis, MSH, proposes instead that
prices become accurate because they eventually reflect only the beliefs of the most accu-
rate agent. The Wisdom of the Crowd, WOC, suggests that market prices are accurate
because individual, opposite biases are averaged out by the price formation mechanism.

Although these theories aim to explain the same phenomenon, they rest on different
and somehow conflicting hypotheses. In the learning-from-price literature, all agents are
assumed to agree on the way to interpret information. In equilibrium, when all private
information gets revealed, all agents must hold the same belief because they cannot
“agree to disagree.” Therefore, the MSH and the WOC arguments are void. By contrast,
in the MSH and WOC literatures, agents can disagree on how to interpret information
about fundamentals. However, existing models of market selection are incompatible
with the WOC because they do not allow for belief heterogeneity in the long run: by
selecting the most accurate agent, the market destroys all accuracy gains that could
be achieved by balancing out agents’ opposite biases. Focusing on static settings, the
WOC literature struggles to justify the assumption that the consumption-share/belief
distribution is such that the opposite biases of agents cancel out.

In this paper, we bring together the contributions of these three branches of litera-
ture and provide conditions for the WOC to occur in dynamic economies. We extend
the general equilibrium model of market selection of Sandroni (2000) and Blume and
Easley (2006) by allowing the beliefs of some agents to depend on an endogenous market
consensus, but not in a fully rational way. When (some) agent beliefs follow our rule,

the market selects against inaccurate agents but only when their beliefs cannot be used



to increase the consensus accuracy. And the WOC occurs in equilibrium, irrespective of
the initial consumption-share/beliefs distribution because selection forces endogenously
determine a consumption-share dynamics that makes the market consensus more accu-
rate than the most accurate agent in isolation. Furthermore, when some agents have
opposite bias, the consensus becomes as accurate as the truth in the limit of these agents
relying only on the consensus.

Specifically, we assume that (some) agent beliefs for next-period states are formed
by giving constant weight to two different models. The first model is endogenously gen-
erated by the market and represents the market consensus. The second model, dogmatic
probabilities, is agent-specific and represents each agent’s subjective probabilistic view
of the world. We interpret this rule as depicting the beliefs of an agent who tries to find
a compromise between his subjective view about fundamentals and the possibility that
markets might be accurate after all.!

The dynamics of our economy depends crucially on the definition of the consensus.
We start our analysis by adopting a notion of consensus, market probabilities, that is
informationally taxing to calculate but serves as a theoretical benchmark because it
makes the dynamics of beliefs and the occurrence of the WOC qualitatively independent
of risk attitudes and the aggregate endowment process. Next, we focus on the case
in which agents use consensuses that are easy to calculate. We either assume that
the aggregate endowment is constant and agents use the risk-neutral probabilities for
consensus or we allow for changes in the aggregate endowment but require that agents
have common CRRA utility and use a modification of the risk-neutral probabilities that
corrects for aggregate risk bias. In this setting, we characterize how risk attitudes affect
agents survival and the WOC. Ceteris paribus, economies with more risk-averse agents
generate more accurate risk-neutral probabilities than economies with less risk-averse

agents and the WOC occurs under weaker conditions.

!This rule of thumb, first introduced by Manski (2006) in the context of static prediction markets,
captures the idea that agents’ opinions might depend on a market consensus in a way that is not fully
rational. Full rationality would require each agent to have a correct model of the world and of how other
agents process information — a situation which never occurs in practice. On the contrary, agents in our
model settle on a second best: they naively incorporate other agents’ opinions by anchoring their beliefs
to the market consensus.



The following describes the structure of the paper and our main findings.

First, in Section 2, we introduce the model of the economy, agent beliefs, the market
consensuses, beliefs accuracy, and we define the WOC as the situation in which the
consensus is more accurate than all dogmatic probabilities.

Second, in Section 3, we focus on the case in which the consensus is the market prob-
ability. We show that the WOC emerges when at least two agents with opposite bias
sufficiently weigh the consensus in forming their beliefs. In this case, the equilibrium path
exhibits long-run heterogeneity, market probabilities never settle down, and the selec-
tion forces endogenously generate a consumption-share/belief dynamic that determines
the WOC. Moreover, we demonstrate that market accuracy is a virtuous self-fulfilling
prophecy. If some agents with opposite bias are almost certain that the consensus is
correct, the consensus is indeed almost correct. Selection forces endogenously determine
a consumption share dynamic such that, in equilibrium, the consensus almost coincides
with the true probability.

Last, in Section 4, we extend our analysis to the case in which agents use the risk-
neutral probability for consensus and characterize how risk attitudes affect the risk-
neutral consensus accuracy and the beliefs dynamic. We provide sufficient conditions
for the occurrence of the WOC and for the self-fulfilling property of the consensus ac-
curacy to occur that take agents’ risk attitudes into consideration. Ceteris paribus,
economies with more risk-averse agents generate more accurate risk-neutral probabil-
ities than economies with less risk-averse agents and the WOC occurs under weaker
conditions.

Throughout the paper we use simulations for illustrative purposes; their length varies
to accommodate the different convergence rates; to ease comparison, we use the same

typical path for all simulations unless differently specified. Proofs are in Appendices.

1.1 Related literature

A very influential stream of literature argues that asset prices are accurate because
financial markets are an efficient aggregator of private information (Grossman, 1976,

1978; Radner, 1979; Grossman and Stiglitz, 1980). Closely related to the literature



on information transmission (Aumann, 1976; Geanakoplos and Polemarchakis, 1982),
this literature assumes that agents disagree solely due to differences in their private
information and provides conditions under which the price formation mechanism reveals
all private information to all agents in the market. Because all agents agree on the way
to interpret information, and prices instantaneously reveal all available information, in
equilibrium all agents must hold the same beliefs and no WOC or selection based on
belief heterogeneity can occur. Prices are accurate because they reflect and aggregate
all relevant information. It is hard to imagine, however, that most agents active in
financial markets can agree on what information is relevant and how to interpret it —
“Ordinary investors have mo model or at best a very incomplete model of the behavior
of prices, dividends, or earnings of speculative assets” — Shiller (1984). In fact, there
is overwhelming evidence documenting the inability of agents to process information
“rationally,” even in simple experimental settings (Kahneman, 2011), and that agents
who use well established models might be acting irrationally by failing to account for
transaction costs (Barber and Odean, 1999) or estimation errors (DeMiguel et al., 2009).

An alternative explanation for market accuracy, the MSH, relies on the evolutionary
argument that markets become accurate because they select for accurate agents (Alchian,
1950; Friedman, 1953). According to the MSH, agents with inaccurate beliefs lose their
wealth to accurate agents and, eventually, equilibrium prices are accurate because they
reflect only the beliefs of the most accurate agent in the economy (Sandroni, 2000). In
these models the market identifies the best model but does not work as an aggregator.
By selecting for a unique most accurate agent, the market “destroys” all the accuracy
gains that could be achieved by pooling the diverse opinions of the agents who vanish
and no WOC can occur. Accordingly, market prices can only be as accurate as the
most accurate agent (Blume and Easley, 2009), even in the knife-edge cases in which
there are multiple survivors (Jouini and Napp, 2011; Massari, 2013). In addition to our
model, others in the market selection literature allow for long-run survival of agents
with heterogeneous beliefs, but do not explicitely analyze the accuracy of the resulting
prices. Survival of agents with heterogeneous beliefs occurs in economies with incomplete

markets (Beker and Chattopadhyay, 2010; Cogley et al., 2013; Cao, 2017), ambiguous



averse agents (Guerdjikova and Sciubba, 2015), exogenous saving rules (Bottazzi and
Dindo, 2014; Bottazzi et al., 2017), and recursive preferences (Borovicka, 2015; Dindo,
2015). A model that merges elements of rational learning from prices and selection is
Mailath and Sandroni (2003). This model does not endogenously generate WOC because
long-run heterogeneity is a consequence of the presence of noise traders.

Finally, the WOC argument (initially proposed by Galton, 1907, and more recently
popularized by Surowiecki, 2005), hypothesizes that asset prices are accurate because the
opposite, idiosyncratic errors of individual agents are averaged out by the price formation
mechanism. The WOC hypothesis has inspired a growing interest in prediction markets
(Wolfers and Zitzewitz, 2004; Arrow et al., 2008) and social trading platforms (Chen
et al., 2014; Pelster et al., 2017). Within the prediction markets literature, most of the
attention has been focused on static settings. However, there is no solid foundation
to justify the WOC argument. WOC can occur only if the consumption-shares/beliefs
distribution is such that individual mistakes cancel out. The main limitation of WOC is
the lack of theoretical arguments supporting this assumption. Further, there is evidence
that even if agents were rationally processing private unbiased signals, the aggregate
beliefs might be biased nonetheless (Ali, 1977; Manski, 2006; Ottaviani and Sgrensen,
2014). Works that also combine dynamic elements such as ours in prediction markets are
Kets et al. (2014) and Bottazzi and Giachini (2016). The WOC has also been investigated
within other contexts. In the literature of social learning in networks, Golub and Jackson
(2010) and Jadbabaie et al. (2012) provide conditions under which agents imitating each
other and naively updating their beliefs — using a rule similar to ours — can achieve
the same outcome as rational learning models. In the literature on collective problem-
solving, Hong and Page (2004) explore the trade-off between opinion diversity and the
difficulty in identifying optimal solutions (see also Page, 2007).

Here, we propose a model that combines these points of views and offers a general

framework which overcomes their individual shortcomings.



2 The model

We study a standard dynamic stochastic exchange economy with complete markets where
agents have heterogeneous beliefs about the realizations of states of nature. Assuming
complete markets implies that agents can use contracts to exchange contingent com-
modities for any date and any state. Since agents have heterogeneous beliefs but are
otherwise identical, they assign different evaluations for contingent commodities and use
the available contracts to trade on such differences. Market clearing determines equilib-
rium prices and allocations. At equilibrium, the agent who assigns a higher probability
to a certain event takes a long position (in excess of his equilibrium consumption if beliefs
were homogeneous) in the contract paying a unit of the consumption good in that event.
The agent with a lower probability supplies the contract. We are interested in studying
the resulting consumption-share and state-price dynamics and in characterizing their
long-run properties. The central question is whether market forces can endogenously
generate a measure of consensus which is more accurate than all agents in isolation.

Time is discrete, indexed by ¢, and begins at date ¢t = 0. In each period t > 1, the
economy can be in one of S mutually exclusive states, 8. The set of partial histories until
t is the Cartesian product X! = x'$ and the set of all paths is ¥ := x*8. ¢ = (071, ...)
is a representative path, o = (1, ...,0¢) is a partial history until period ¢, and F; is the
o-algebra generated by the cylinders with base o'. By construction ()2, is a filtration
and ¥ is the o-algebra generated by their union.

We assume that states of nature are i.i.d. with P, = P € APl for all ¢ > 1. With
an abuse of notation, P also denote the true measure on (X,5). For any probability
measure p on (3, F), p(ot) := p({o1 X ... x 03 x § x S x ...}) is the marginal probability

of the partial history o! while p; := p(o¢|ot™!) = p(pa(i)l) is the conditional probability of

the generic state o, given o', so that p(o?) = [['_; p(or|071).

Next, we introduce a number of economic variables with time index ¢t. All these
variables are adapted to the information filtration (F;)22,.

The economy contains a finite set of agents J. For all paths o, each agent ¢ € J is

endowed with a stream of the consumption good, (ei(c))s2,. We take the consumption



good in t = 0 as the numéraire of the economy. Each agent’s objective is to maximize
the stream of discounted expected utility he gets from consumption. Expectations are
computed according to agent beliefs p’, a measure on (X, ). Beliefs are heterogeneous
and agents agree to disagree. Naming q(c') the date t = 0 price of the asset that delivers

one unit of consumption in event ¢! and none otherwise, agent i maximization reads:

max  Ep
(ct(@)2o

)
S| st XX ate) e o) <0
t=0 t>0 gtext

A competitive equilibrium is a sequence of prices and, for each agent, a consumption
plan that is preference maximal on the budget set, and such that markets clear in every
period: V(t,0), > c5€i(0) = > ;s ¢i(0). Assumptions A1-A4 below are standard in the
market selection literature: A1-A3 ensure the existence of a competitive equilibrium,
while A4 guarantees that the market selects for the most accurate agent(s) rather than
for those that save the most. In Appendix C we give the formal definition of the compet-
itive equilibrium when agents’ beliefs depend on the endogenous consensuses and prove

its existence.

A1 The payoff functions u’ : R, — [—o00, +-00] are C1, strictly concave, increasing, and
satisfy the Inada condition at 0 — that is, u’(c)’ — oo as ¢ \, 0.

A2 The aggregate endowment is uniformly bounded from above and away from 0:

00 >F>supZe§(a) >itI’lUfZ€i(U) > f>0.

7 g i€J

A3 (i) For all agents i € J and for all (t,0), p'(c?) > 0 < P(c') > 0.

(ii)Je > 0 such that for all agents i € J and for all (¢,0), p(o¢|ot™1) > €2

A4 All agents have common discount factor: Vi € J, ' = 8 € (0,1).

2The way we define p' (Definition 4) ensures that A3 is satisfied even if p* are endogenous (Lem. 4).



2.1 Agents accuracy and survival

In this section, we remind the reader of standard definitions and results from the market
selection literature. The asymptotic fate of an agent is characterized by his consumption-
shares as follows.

Definition 1. Agent i vanishes if tlim ci(o) =0 P-a.s., he survives if
—00

limsup ci(o) > 0 P-a.s., he dominates if lim Lﬁ? =1 P-a.s..
t—00 t—00 2iey ¢t ()

Since it became the standard after Blume and Easley (1992), we rank agents’ accuracy

according to their average (conditional) relative entropies (Kullback-Leibler divergences).

Definition 2. The average relative entropy from p* to the true probability P is
1
7 R T i
d(P[|p") := lim - Zld(PHpT),
T=

where, for all T, d(P||p.) := Ep [111 L} '

pi(orloT=1)
The average relative entropy is uniquely minimized at p’ = P, strictly convex, and

d(P||r) = d(P||m) P-a.s. whenever P and 7 are i.i.d. measures. We say that
Definition 3. Agent i is more accurate than agent j if d(P||p) < d(P||p’), P-a.s..

Agent i is as accurate as agent j if d(P||p') = d(P||p"), P-a.s..

This notion of accuracy is commonly adopted in the market selection literature be-
cause of its straightforward implications for agents survival. Under A1-A4, the pairwise

comparison of agents accuracies delivers a sufficient condition for an agent to vanish.

Proposition 1. (Sandroni, 2000). Under A1-A4, agent i vanishes if there exists an

agent j € J who is more accurate:
d(P||p?) < d(P||p*) P-a.s. = Agent i vanishes.

This fundamental result, together with known results in probability theory, allows to
easily characterize survival of agents with exogenous beliefs. The difficulty we have to
overcome is to calculate the accuracy of agents whose beliefs depend on an endogenous

measure of consensus.
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2.2 Agents beliefs

We assume that beliefs for next-period states of the agents in our economy are formed
by giving constant weights to two different models. The first model p© is endogenous,
and it represents the market consensus. The second model, dogmatic probabilities (n*),
is exogenous and agent specific. When an agent gives zero weight to the consensus, his
beliefs are exogenous and we make no assumption about them — aside from A3 and the
basic requirement that d(P)||-) exists. Otherwise, we assume that dogmatic probabilities

are i.i.d.® and in the strict interior of the simplex, which ensures that A3 holds (Lemma

4 in Appendix).

Definition 4. For all (t,0), agent i beliefs are given by

P(oelo’™) = (1 = a)p(orlo"™ ) + a'n'(ov), (1)

where o € (0,1] and for of € (0,1), 7" is strictly positive measure on (8,2%).

This rule describes the attitude of an agent who partially believes in the WOC. The
parameter o determines how much agent i believes in the accuracy of the consensus.
Having o = 1 represents the extreme scenario in which agent i ignores the consensus.
This is the standard case in the market selection literature, where it is typically assumed
that agent beliefs are independent of each other and of equilibrium quantities. Whereas
o' = 0 represents the case in which agent i does not give any weight to his dogmatic
probabilities because he is certain that markets are accurate — with a similar attitude
to the economist who finds a $20 bill lying on the ground and refuses to believe it. The
intermediate cases of o’ € (0,1) are those that generate the most interesting results.*

Definition 4 describes a mental attitude that is consistent with many known biases

including anchoring (Shiller, 1999) and herding (Lakonishok et al., 1992). Furthermore,

3All results generalize verbatim to the case in which the 7¢ probabilities are derived via Bayes rule
from an i.i.d. prior support. Because the Bayesian posterior generically converges to a unique i.i.d.
model (the model with the lowest K-L divergence to the truth, Berk, 1966) and our measure of accuracy
(Definition 3) is an average measure, these Bayesian agents can be treated WLOG as agents with i.i.d.
beliefs in terms of survival and accuracy.

4We rule out a* = 0 because o = 0 for all i € J leads to an indeterminate equilibrium.

11



the beliefs formation rule of Definition 4 has been used to discuss the effect of agents’ par-
tial learning from equilibrium prices in the context of static prediction markets, (Manski,
2006); a similar rule is used in the learning literature on networks by Jadbabaie et al.
(2012); and beliefs (1) determine a portfolio that (assuming log utility) coincides with
the Fractional-Kelly rule proposed by MacLean et al. (2011) in the portfolio theory

literature.

2.3 A definition of the Wisdom of the Crowd

We say that the WOCY occurs if the market consensus, p©, is more accurate than the
beliefs of the most accurate agent in isolation. Two probabilities play a special role
in our definition: the Best Individual Probability (72F), which is the most accurate

dogmatic probability, and the Best Collective Probability (72¢F)

, which is the most
accurate combination of agents’ dogmatic probabilities. Moreover, we say that dogmatic
probabilities are diverse when the Best Collective Probability differs from the Best In-
dividual Probability, that is, if it is possible to combine dogmatic probabilities into a

prediction that is more accurate than that of all dogmatic probabilities.

Definition 5. Given a set of dogmatic probabilities {r',...7'}:

e the Best Individual Probability is: 78" = argmin d(P||r);

me{ml,. ., wl}

e the Best Collective Probability is: 78¢F = argmin  d(P||p);
peConv(rt,...,ml)

o Agents beliefs are diverse if it is possible to achieve accuracy gains by balancing the

different opinions of market participants: w8 £ gBCP.

Given our definitions of agent beliefs and consensuses (below), when an agent is
alone in the market his beliefs, his dogmatic probabilities and the consensus coincide

(p* = 7" = p%). Therefore, we can define the WOC as follows.
Definition 6. The WOCC occurs if p© is more accurate than wB1F :

d(P|[p°) < d(P||xPIF), P-a.s..

12



To gain intuition, consider a two-state, 8§ = {u,d}, two-agent, J = {1,2}, economy.
The true probability of state u is P(u) = .5. Agent 1 is pessimistic about u, while agent
2 is optimistic. Their dogmatic probabilities are 7! (u) = .4 and 7%(u) = .7, respectively.
Clearly, agent 1 has the most accurate dogmatic probabilities, thus 78/ = 7! = 4,
while the most accurate way to combine the dogmatic probabilities of the two agents
is %Wl(u) + %7‘1’2(1},) = pPCP = P. The WOC occurs if market probabilities are more
accurate than the dogmatic probability of agent 1 (and thus 2) — in other words, if the

market consensus is more accurate than all market participants in isolation.

2.4 Market consensuses

A crucial point of our analysis is the definition of the market consensus p©. We conduct
our analysis using different measures of consensus. The rationale behind these measures
is that the consensus obtained in an economy with a unique agent must coincide with
the beliefs of the agent. All the measures of consensus we propose coincide in economies
with constant aggregate endowment in which all agents have log utility. However, under
more general assumptions they are not the same because they are differently affected by
agent risk attitudes and fluctuations of the aggregate endowment.

The first measure of consensus we propose is market probabilities: p™

Definition 7. For all (t,0), market probabilities are

pM (oo™ =D pi(oule" ) _G=1 (2)
1€] Z]GJCZ 1

P 1
where th = W
If all agents have log utility and the aggregate endowment is constant, p™ coincides
with the risk-neutral probabilities and can be calculated from equilibrium prices alone.

In these economies Rubinstein (1974) shows that a representative agent exists and that

his unconditional beliefs are ), pi(at)Z € e Lemma 1 shows that p makes the
J€I -0
analysis of general economies qualitatively equivalent to that of a log economy with no

aggregate risk, albeit a distortion of the initial weights.

13



Lemma 1. Under A1-A4, on a competitive equilibrium for all (t,o) it holds

pM(ot) = Zpi(at)i'
i€J Zj el 0(7)

For the general case, the calculation of pM requires knowledge of the preferences and
the consumption-shares of all agents. While it is unlikely that an agent in the market
would have this degree of information, we use market probability to set a benchmark for
the results that follow.

Next, we propose measures of consensus that can be easily calculated from equilib-
rium prices. When the aggregate endowment is constant, we study the occurrence of the

WOC when some of the agents use the risk-neutral probabilities for consensus.

Definition 8. For all (t,0), the risk-neutral consensus is

RN t—1 g(oz|o" ")
p Ut|U ) == /= 11 (3)
( SETCAEY
where q(o|o’™) = qgii)l) is the equilibrium price of a claim that pays a unit of con-

sumption at period/event oy, in terms of consumption at period/event ot 1.

The analysis of economies in which agents rely on the risk-neutral consensus is
more complex than it is for agents using p™ because agents’ risk attitudes do affects
pftN accuracy and thus agents accuracy and survival. We show that ceteris paribus,
economies with more risk-averse agents generate more accurate risk-neutral probabili-
ties than economies with less risk-averse agents and the WOCHY occurs under weaker

conditions. Lemma 2 express the equilibrium value of pf*V in a way that facilitates its

comparison to p.

Lemma 2. Under A1-A4, on a competitive equilibrium for all (t, o) it holds

_ 1y G
pRN(O_t|O_t 1)O<Zpl(0-t|o-t 1)15716]
1€] Zjef] t

The difference between p™ and p®V becomes apparent comparing the weights given

14



to agent beliefs in Definitions 7 with those in Lemma 2 (Z Ei’él. # Zé’i’l(_:j ). The first
J€I “t—1 JEeI

one is state independent because the ratio involves the marginal utility of consumptions

in the same period. The second one is state dependent because the ratio compares
marginal utilities in two different periods. Moreover, only p® requires to be normalized.
In an economy with a unique agent and constant aggregate endowment for all
(t,0),¢t = ¢—1 and both measures satisfy our desiderata to be an unbiased estima-
tor of the beliefs of the agent . However, p™ fails to satisfy this property in economies
where the aggregate endowment varies because there are some (¢, o) such that ¢; # ¢,—1.
The last measure of market consensus we study can be calculated from prices and
aggregate endowment alone and corrects for this bias in economies in which all agents
-1

have common CRRA utility function u(c) = “5—— — which can be interpreted as

representing the industry standard.

Definition 9. For all (t,0), the y-adjusted risk-neutral consensus is

t—l) _ q(O’t|O't_1)€t(O')7 (4)

RN
py (otlo = = -
v el 25, 4(G¢|o" " )e(5)7

where ey(0) = Y0 €i(0) is the aggregate endowment.

Lemma 3 express the equilibrium value of pﬁN in economies in which all agents have
identical CRRA utilities in a way that facilitates its comparison with p®V. It shows that
pfj‘N is immune to biases due to fluctuations of the aggregate endowment because it is a

consumption-share version of the pf*V consensus.

Lemma 3. Under A1-A/4, if all agents have common CRRA wutility with parameter

v € (0,00), on a competitive equilibrium for all (t,o) it holds that

P a1l 1) o 3 pfarlat ) 1)
1eJ Zjej d)i (0)

where (o) = %
J

15



3 Main results related to p/

In this section, we characterize the accuracy of p™, we provide necessary conditions
and sufficient conditions for the WOCM to occur and we demonstrate its self-fulfilling
property. If a diverse group of agents believes in the accuracy of p™, market probabilities

are indeed accurate.

3.1 Accuracy of pM

The main advantage of using p™ for consensus, is that risk attitudes do not have a
qualitative effect on its accuracy. Proposition 2 characterizes the relative accuracy of
pM with respect to that of agents without solving for the equilibrium and independently
of how agents form their beliefs.

Proposition 2. Under A1-A4,

(a) no agent can be more accurate than p™ :
Vi € 3,d(P||p*) > d(P||[pM), P-a.s.;
(b) agent i survives only if he is as accurate as p™ :
Agent i survives = d(P||p*) = d(P||pM), P-a.s..
Proof. See Appendix A. O

Proposition 2 simplifies our analysis because standard techniques to approximate
market probabilities and agent beliefs accuracy cannot be used when agent beliefs depend
on the endogenous consensus. All the results of this section are obtained by combining
Propositions 1 and 2, and by taking advantage of the convexity of the relative entropy.

Market probabilities provide a fundamental hedging benefit to the agents. By believ-
ing in p™ an agent weakly improves its accuracy irrespectively of his dogmatic beliefs,

of the beliefs of the other agents, and of the true probability.

Proposition 3. Under A1-A4, if o' € (0,1) and i uses pM for consensus,
A(P|lp) < d(P|lr) P-a.s.

16



with strict inequality if pM # 7 a positive fraction of periods.
Proof. See Appendix A. ]

If 7% is the true model — or is the probability obtained by Bayes rule when the prior
support is correctly specified —, agent i’s average accuracy is not diminished by mixing
with market probabilities because market probability converges to 7* exponentially fast
since he dominates. Otherwise, if agent i’s subjective probabilistic model of the world
is incorrect — or if he cannot learn it because its prior support does not contain the
true model —, mixing with the consensus improves agent ¢’s accuracy whenever the

consensus is more accurate than his dogmatic beliefs.

BI BCP

Furthermore, p™ is at least as accurate as 7%/ and at most as accurate as 7 ,

provided that all agents with o/ € (0,1) use p™ for consensus.

Corollary 1. Under A1-A4, if all agents with of € (0,1) use p™ for consensus, p™ is

BI BCP

at least as accurate as 7B1F and at most as accurate as :

d(P|[x5P) < d(P|p™) < d(P||xP1F), P-as.

Proof. d(Pl[p™) <PV Prov2 q(p||pPIF) <Py Provd q(p|x Py,

d(P||pM) > d(P||xBCF) =F-2s HliIll , d(P||p) because Y(t,0),pi €BY Lem> Conu(r?, ..., xh).
pEConv(rwl,..., 1)
]

Corollary 1 is proven showing that in the long-run either the agent with the most
accurate dogmatic probabilities dominates, and market probabilities are as accurate as
7BIP or there is long-run heterogeneity, and market probabilities are a convex combi-
nation of the surviving agents’ dogmatic probabilities — thus, at most as accurate as

7BCP by definition.

3.2 Necessary conditions for WOCM

When the reference consensus is p™, we identify two necessary conditions for WOCM.
First, it must be possible to achieve accuracy gains by balancing the different opinions

of market participants (diversity). Second, at least some of the agents must believe in
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market accuracy — which is necessary for long-run heterogeneity. Only under these
conditions selection forces can induce a non-degenerate consumption-share distribution

that makes market probabilities more accurate than the most accurate agent in isolation.

Proposition 4. Under A1-A4, if all agents use p™ for consensus, WOCM™ can occur

only if beliefs are diverse and the beliefs of at least one agent depend on p™.
Proof. See Appendix A. ]

The first requirement (diversity) tells us that the WOCM cannot occur if all agents
share the same bias. For example, in an economy with two states in which all dogmatic
probabilities overweight the same state, no WOCM can occur because the most accurate
combination of agent beliefs is the one obtained by giving all wealth to the least biased
among the agents (BIP). Furthermore, this condition tells us that the WOCM cannot
occur if there is an agent that knows (or eventually learns) the truth because P =
xBCP _ 1 BIP

The second requirement (relevance of the market consensus) confirms the standard
result in the selection literature that WOC cannot occur when agents’ beliefs do not
depend on endogenous quantities. For example, suppose the market has an optimistic
and a pessimistic agent. If the pessimistic agent is less accurate than the optimist, then
the pessimist vanishes, and market probabilities become optimistic. Clearly, this is not
the best way to make use of agent opinions. A better way would be to redistribute
consumption-shares in such a way that market probabilities become accurate by balanc-
ing the opposite biases of the two agents. However, this is impossible when agent beliefs

are independent of each other because only the most accurate agent survives (Blume

and Easley, 2009).

3.3 Sufficient conditions for the WOCM

While the market might be populated by many agents with arbitrary beliefs and prefer-
ences, the next condition shows that to guarantee that the WOCM occurs it suffices to

verify a condition on only two agents. If agent BIP mixes with p™ and if at the prices
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set by BIP there is an agent with o’ € (0,1) that is more accurate than BIP, then at

least two agents survive and WOCM occurs.

Proposition 5. Under A1-A4, WOCM occurs and at least two agents survive if agent

BIP relies on pM with oB1F € (0,1) and
i €J:d(P||(1— ai)TrBIP + aiﬂi) < C{(PH?TBIP) (5)

Proof. See Appendix A. L]

For intuition, consider a log economy with two states, 8§ = {u,d}, and two agents
J = {BIP,2}. The true probability of state u is P(u) = .5. Agent BIP is pessimistic
about u, while agent 2 is optimistic. Their dogmatic probabilities are wBF (u) = .4 and
72(u) = .7, respectively. Because agent beliefs are diverse (7B #£ 7BCP = P) it is
possible to achieve accuracy gains by mixing their opinions.

Figure 1 [top] shows that long-run heterogeneity and WOC™ occurs if both agents

BIP —n2= 9 our sufficient condition

give enough weight to market probabilities. With «
is satisfied and we have long-run heterogeneity and WOCM because the dependency
of agent beliefs on market probabilities makes it impossible for any agent to dominate.
When agent BI P (2) consumption-shares become large, his dogmatic probabilities have a
large impact on market probabilities, making his beliefs less accurate than those of agent
2 (BIP). Thus, consumption-shares never find a resting point, market probabilities
remain close to P and are more accurate than 72/F. Formally, the consumption-shares

are mean-reverting processes around the value ¢P!F that determines a market probability

pM which makes agents BIP and 2 equally accurate, i.e. ¢pP/% ; oPIP < d(P||pPIT) ;

BIP and 72, and market

d(P||p?). The WOCM occurs because p™ is more accurate than 7
probabilities stay close to p* a large enough number of periods. Figure 1 [mid] shows
that the WOCM does not occur if agent 2 does not give enough weight to p because

only agent BIP survives.® Last, Figure 1 [bottom] shows that long-run heterogeneity

SWith a? = .9, agent 2 vanishes because he is less accurate than agent BIP for every consumption-
share distribution: Vc2'T, d(P||p?) > d(P||7£1F). This can be verified by noticing that agent 2’s beliefs
are less accurate than agent BI P’s even when agent BI P dominates and sets equilibrium prices equal to
his dogmatic probabilities 7%/7: p?| n_ mrp = .1(.4)+.9(.7) = .67 = d(P||p*| v —nn1r) > d(P||7"'F).
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is not a sufficient condition for WOCM. If agent BIP does not rely on the consensus
(aPTP = 1), we do have long-run heterogeneity, but no WOCM because agent BIP

survives and, by Proposition 2, pM is as accurate as every agent that survive.
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Figure 1: Consumption-shares [left] and market probability [right] dynamics in two log-economies
7%(u)] = [4,.7] and different mixing coefficients. [top]: with
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3.4 Accurate markets: A self-fulfilling prophecy (p™)

Here we demonstrate that if there is a group of agents in the economy with beliefs around
the truth that are (almost) sure that market probabilities are accurate, then market
probabilities are indeed (almost) accurate, irrespective of the beliefs of the other agents.
By strongly relying on market probabilities, agents generate a virtuous interaction that
makes both their beliefs and the market more accurate. In equilibrium, the selection
forces endogenously generate a consumption-share/beliefs distribution which determine

market probabilities that are (almost) correct even if no agent knows the truth.

Theorem 1. Let (€,) be a family of economies that satisfies A1-A4 with a subset of
agents J that relies on pM with o/ € (0,a] and such that P € Conv(J). Name each
economy market probabilities process (p%)ﬁo, then:

lim d(P||pX¥) =0, P-a.s..

a—0
Proof. See Appendix A. ]

Theorem 1 is proven by leveraging the equilibrium condition of Proposition 2, which
allows us to look directly at the long run equilibrium outcomes, rather than character-
izing the stochastic equilibrium dynamics of the economy. Its validity does not require
any assumption on the beliefs of agents in J \j beside A3.

The intuition regarding the equilibrium dynamics goes as follows.> The p™ process
is characterized by three parameters which depend on &. These are its drift, its variance,
and the threshold, p, that determine a drift change. The effect of @ on pM is easy
to obtain: pM —70 P The theorem holds because for every interval around p™, &
can be chosen small enough to ensure that the market belief process spends most of its
periods in that interval. The difficulty in proving the result is that a lower & implies a
lower variance, but also a weaker mean-reverting drift of the market probability process
— the selection forces are weaker because agent beliefs become more similar. Thus,

we have to determine which effect dominates when & is small. Our result implies that

5The proof of Theorem 3 formalizes this intuition verbatim, under stronger assumptions. The proof
of Theorem 1 is shorter and more general, but does not give intuition about the equilibrium dynamics.
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Figure 2: Consumption-share dynamics [left] and p* frequencies [right] in four log-economies with

true probability P(u) = .5, two agents with dogmatic probabilities 7277 (u) = .4 and 72(u) = .7,

PP = o = a and four different values of @ = [1, .2, .05, .001]. The figure shows that a smaller &

determines frequencies of p™ that are more concentrated around the truth.

the accuracy gain for a more accurate mean-reverting point and a lower variance of the
market probability process more than compensates for the accuracy loss due to weaker
mean-reverting forces. Although market probabilities might take a long time to reach
M when @ is small, a low & makes p™ accurate because it forces pM to remain close to
pM after reaching it.

Figure 2 illustrates Theorem 1 by showing the consumption-share dynamics and the
frequency of market probabilities of four economies that differ only in their value of a.
All economies have two agents with dogmatic probabilities 78/ (u) = .4 and 7%(u) = .7,
so that mP1P #£ P € Conv(nB1F 7%) and o = o? = a. As per Proposition 4, when
a =1, no WOC occurs: prices are as accurate as 72/F. As per Proposition 5, for & low
enough, no agent dominates and market probability is more accurate than 72/, In this
specific example, & = 0.2 is already small enough for agent BI P not to dominate. As per
Theorem 1, for & = .001 = 0 the market probabilities distribution becomes concentrated
in a small interval around P, which makes p™ almost as accurate as the truth. If agents

strongly believe that the market is accurate, then the market is indeed accurate.

4 Main results related to p™¥ and pﬁN

In this section we study the long-run property of markets in which (some) agents use

either p™ or p,}fN for market consensus under the following assumptions.
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A5 : Either there is constant aggregate endowment, or all agents in J:= BIP U {i € J:
o' # 1} have identical CRRA utility and the aggregate endowment is not constant.”

Because the results we derive in both settings are identical, we adopt the abuse of
notation pftN = pﬁN when the aggregate endowment is not constant.®

The equilibrium dynamics of an economy in which agents use p*" for consensus
differs from that of an economy in which the same agents use p™ for consensus. For
example, it is possible that if agents use p™V for consensus there is a dominating agent
while, on the same path, long-run heterogeneity would appear if the same agents were
to use p™ for consensus. Moreover, pf®™N does not satisfy the properties of p™ discussed
in Section 3: the belief of every surviving agent is typically not as accurate as pf*V (see
Proposition 6, below), pf*¥ might not be a convex combination of agents dogmatic beliefs,
and examples show that the weak inequalities d(P||xB¢T) < d(P||p®N) < d(P||xBIP)

might fail (see the example in section 4.3).

4.1 Accuracy of pftV

In this section, we characterize the relative accuracy of pN and p™, and discuss its
dependence on agent risk attitudes and mixing coefficients.

First, we characterize the sign of d(P|[p™") — d(P||p™) as a function of risk atti-
tudes, independent of the a’s. Proposition 6 illustrates how the RRA parameters of
the surviving agents affect the accuracy of p™V. Ceteris paribus, economies with more

risk-averse agents determine (weakly) more accurate risk-neutral probabilities.

Proposition 6. Under A1-AS5, let J be the set of surviving agents, then,

(a) Vi€ 3,4 € (0,1] = pBN is at most as accurate as p™ : d(P|[p™N) > d(P||p™), P-a.s.

(b) Vied vt =1=pfiN is as accurate as p™ : d(P||p?N) = d(P||p™), P-a.s.

(¢) Vied,y el,00) = pBN is at least as accurate as p™ : d(P||pEN) < d(P||p™), P-a.s.
with strict inequality if and only if there is long-run heterogeneity in beliefs and at least one

among the surviving agent has o € (0,1).

"The reason why we need only to pose assumptions on agents in J is that Proposition 1 guarantees
that the only agent with exogenous beliefs that might survive and have long run effect on the consensus
is agent BIP.

8In the Appendix we present proofs for the two settings separately, when needed.
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Figure 3: p®™" and p™ dynamics on the same path of in two economies in which agents mix using p™.
The economies have two states S = {u,d}, two agents J = {BIP,2} with [7817(u),n*(u)] = [4,.7],
[@BTF a?] = [.5,.5] and common ~. [left] with v = 2 > 1 p™ is closer to the truth than p™. [right)]
with v = .2 < 1, p is further from to the truth than p™.

Proof. See Appendix A O

Figure 3 illustrates Proposition 6. Everything else equal, when v > (<)1 the p/V

process remains closer to (further away from) the truth than the p* process calculated
in the same economy.
Remark. The validity of the accuracy relations found in Propositions 2 and 6 is inde-
pendent of the way agents obtain their p?, but applies only if p™ and pf*" are calculated
in the same economy. It would be a mistake to derive results related to p®V approxi-
mating the results derived for p™ because the dynamic of an economy in which agents
use p™M for consensus can differ from that of an economy in which the same agents use
pf*N for consensus even if all agents have an arbitrarily small value of the a's.

Second, we provide a bound for the difference between the accuracy of p™V and p™
which depends on the mixing coefficients but is independent of risk attitudes. This differ-
ence decreases on the lowest mixing coefficient among the surviving agents. Furthermore,

RN

pftN is as accurate as p™ when there is no long-run heterogeneity or all surviving agents

have log utility.

Proposition 7. Under A1-A5, let J be the set of surviving agents that use p™ for

AOC/L7

consensus and o = argmin,
€]

d(P|[p"™Y) = d(P||]p") + O(a) — [O(a®)| P-a.s.
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with d(P||pBNY) = d(P||p™) if one agent dominates, or all agents in J have o = 1, or all

agents in J have v=1.
Proof. See Appendix A L]

A useful implication of Proposition 7 is that if one of the agents that survive gives

full confidence to p™V (a? = 0), then p™ = pM  irrespective of risk attitudes.

4.2 Discussion explaining the accuracy of p™V

In this section, we propose two intuitions for the difference in the accuracy of p™ and
pfN. The first one is to give economic interpretation to the term determining the

accuracy differential between p™ and p™V in the proof of Proposition 6:
d(P|[p"™) = d(P||p™M) + li 1Zt:1 ZQT(E’T'JT_I) P
(Pllp™) = d(P|[p™) tlglog > n 4 T -a.s..

Let us start by noticing that, in every (t-1,0), D5, q¢(5¢|ot1) is the cost of moving a
unit of consumption for sure a period ahead, i.e., the reciprocal of the risk-free rate. The
effect of risk attitudes on the risk-free rate follows this intuition. In every period most
agents subjectively believe that assets are mispriced and trade for speculative reasons
because agents disagree. When agents have log utility (7 = 1), prices (and thus interest
rates) do not affect optimal saving choices (the substitution effect equals the income
effect) and the reciprocal of the risk free rate is given by the discount factor: for all
(t,0),8 = > 5, a(G¢lo'"). However, if v < (>)1, the substitution effect is stronger
(weaker) than the income effect and each agent optimally chooses to save more (less)
aggressively than if they had log utility and a lower (higher) risk-free rate arise: for
all (t,0),> 5. ¢-(6-]6771) > (<)B. When there is heterogeneity a positive fraction of
periods, this effect renders p™ less (more) accurate than p™. In the standard case of
exogenous beliefs, this effect is present but either disappears in the short run because an

agent dominates, or its magnitude is too small to be captured by an average measure of
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accuracy (Massari, 2017).%

The second interpretation is probabilistic and follows the intuition of Massari (2018).
If all agents have identical CRRA utility with parameter ~, treating the p’ as given, by
Lemma 8 (pg. 40) for all (¢,0),

i t—1\% 4i 7
tfl) _ (Zzejp (oulo®™) y,tf1(‘7>> with ¢i,t71(0) _

S, (Sjesp(@lot 77, 1(0))

(o' ™) ¢

RN( L
> jer Pl (0t1)7 ¢y

b Ut|0

Note that with v = 1 the equation above coincides with p™ (albeit a change in the
time zero consumption-shares), and also coincides with the predictive Bayesian measure
from a prior [c} , (0), ..., c{%t_l(a)] on the models [p!, ..., p]. Looking at the effect of ~
on the prior weights cﬁm_l(o), it is apparent that levels of v > (<)1 can be thought of
as modifying the standard Bayesian procedure in the direction of under (over)-reaction
because v > (<)1 makes less (more) extreme the differences between the likelihoods of
the modes. Next, note that there is long-run heterogeneity only if no model is correct
and the truth lies between at least two models. In these situations, slowing down (accel-
erating) the convergence rate delivers predictions that are more (less) accurate than that

obtained via Bayes’ rule because they remain closer to (further away from) the truth.

4.3 Necessary conditions for the WOCHY

In this section, we identify necessary conditions for WOCHN to occur which take into
consideration the effect of risk attitudes on p™V accuracy. Unlike for WOCM, we find
that if all agents have CRRA utility with 4% > 1 diversity is not a necessary condition
for WOCEN | Tt is possible that beliefs are not diverse, 7817 = 7BCP £ P and pfV is
more accurate than 78" because p* may not be in Conv(r?, ..., 1), unlike p.

The market can make use of agent opinions in a way that is even more accurate than
the most accurate convex combination of agents opinions.

For example, consider an economy with three states'® § = {u,m,d} and three agents

9The same effect is present with exogenous beliefs when there is long-run heterogeneity, e.g. with
recursive preferences see Borovi¢ka (2015) and Dindo (2015).

0Examples require at least three states to be constructed because in a two-state economy it can be
shown that V(t,0),p™" € Conv(r?, ..., n").
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Figure 4: Equilibrium dynamics in a three-state S = {u,m, d}, three-agent J = {1, BIP, 2} economy
with [a!, a®'" a?) = [1,1, .1], common v = 10, uniform iid P, and in which agent beliefs are as in Equa-
tion 6 with e = .0001, 7' (m) = .6, 7%(m) = .4. Beliefs are not diverse (721F = 72°F). However, [left]
consumption-share dynamics: agent BIP vanishes even if his beliefs is the most accurate combination of
other agents beliefs; [right] K-L and average K-L dynamics: p™ is more accurate than 5%,

{1, BIP,2} with common v > 1 and [a!, aPP a?] = [a, 1,ql.

e m(m)—.5e ml(d)— .5e
Let P =[3,.3,.3], and [x!,7BF 7%/ = | ¢ 15— 5¢ 5 — .5e . (6)
e w2 (m)— .5e m(d)— .5e

Note that, for 7!(m) > .5 > 72(m) beliefs are not diverse: 727 = 7BCP,

(Sicop(ulo™™ 768 1))
25 (Zjejpj(@‘at_l)% §7t—1(0))7

By Lemma 8 (pg. 40), ¥(t,0), p™ (o¢|o' ™) =

Because 7 > 1 = the denominator is < 1 and p"(u) > ¢ whenever there is long run
heterogeneity. Because the relative entropy diverges close to the boundary of the simplex,
for € small, a small difference in the direction of .3 determines a large improvement in

N is more accurate

d(P||pftN). Thus, if o is such that there is long run heterogeneity, p’
than 787 agent BIP vanishes and WOCHY occurs.
Figure 4 illustrates this scenario with v = 10, = .1 and ¢ = .0001 and initial risk
adjusted consumption shares [.4,.2,.4].

When P € Conv(r!,...,w"), p cannot be more accurate than 78¢” = P and the

necessary conditions for WOCM and WOCHY coincide.
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Corollary 2. Under A1-A5, if P € Conv(r?, ..., 1), WOCEN can occur only if beliefs

are diverse and the beliefs of at least one agent depend on pf™N.

Proof. By contradiction, 727 = wBCP =PyHo p — 16 WOC. The proof of the second mimics Prop.4.

O]

4.4 Sufficient conditions for the WOCHY

The sufficient conditions for the WOCEYN to occur need to take into account how the
risk attitudes of the surviving agents affects p™V accuracy.

We start by deriving a sufficient condition for the WOCHY to occur when all agents
in J have CRRA utility with 4* > 1. Under this assumption, Proposition 6 guarantees
that p/V is at least as accurate as p™ and the sufficient condition we find is weaker than
that of Proposition 5. Specifically, Proposition 8 does not require agent BIP beliefs to

depend on the consensus.

Proposition 8. Under A1-A5, the WOCTN occurs and at least two agents survive, if

all agents j € T have CRRA wutility with 47 > 1 and there is an agent i € J such that
d(P||(1 — a)7PIE 4 ofnt) < d(P||xPIP). (7)

Proof. See Appendix A ]

Figure 5 [left] illustrates Proposition 8. For v =2 > 1 and [aP!F a?] = [1,.2] condition
(7) is satisfied, agent BIP cannot dominate and WOCHY occurs. [right] shows the pf*V
dynamics on the same path for an economy with the same parameters but in which agent
2 mixes using pM, rather then p*V. As discussed following Proposition 5, this economy
does not generate WOCM because BIP survives but does not mix. Nevertheless, it does
generate WOCHN because there is long run heterogeneity so that pf® is more accurate

BIP (Proposition 3).

than p™ (Proposition 6) which is at least as accurate as p
More generally, if we do not make assumptions about the preferences of agents in J,
we cannot rule out the possibility that the resulting p™V is less accurate than p™ and

7BIP  This eventuality makes it harder for the WOCEYN to occur when agents rely on
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Figure 5: [left] pi* dynamics in a two-state economy in which agents mix using p"*" with parameters
[@BIF (u), 7% (w)] = [4,.7], [@®F,a?] = [1,.2]yBF = 2 = 4% [right] p*" dynamics in an economy
with the same parameters in which agent 2 mix using p*, rather than p®".

pftN rather than p™. Stronger conditions are needed to prevent the system from entering

a dynamic that has long-run heterogeneity but does not deliver an accurate consensus.
Furthermore, we are forced to change our proof technique because the equilibrium rela-
tion of Proposition 2 and 6 are not accurate enough to guarantee that p™" concentrates
around a unique value when some 7’s are smaller than one. Rather than relying on long
run properties of the equilibrium, we must now characterize the equilibrium dynamics
of the economy. For tractability reasons, we restrict our analysis to economies with two

states and common gamma.

Proposition 9. Consider an economy with two states that satisfies A1-A5. If beliefs
of agents in J are diverse, all agents in J have common CRRA utility with parameter +,

mix using p™N with common o and o is small enough, then the WOCEN occurs.
Proof. Application of Theorem 3. ]

Figure 6 [left] illustrates Proposition 9. With v = .5 < 1 and [aP!F a?] = [.2,.2] it
shows that when all agents have identical o and P € Conv(J), a can be chosen small
enough for the WOCHN to occur P-a.s. irrespective of risk attitudes. Intuitively, when
a is “small enough”, the drift and variance conditions on the consumption-shares of
an economy that uses p™V for consensus are similar to those of an economy in which
the same agents use p™ for consensus. Accordingly, agent 2 survives and pf*" is more

accurate than w51F because it belongs to the interior of Conv(n!, 7#BI1P).
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Figure 6: Consumption-shares [left] and market probability [right] dynamics in a two-state economy
with parameters [75%1F (u), 72 (u)] = [4,.7], and ¥BF = 42 = 5. For [aP1F o?] = [.2,.2] the sufficient
condition of Proposition 9 is satisfied and the WOCRY occurs.

Discussion
The homogeneity requirement for the values of o in Proposition 9 can be relaxed, but
not abandoned. The potential problem is that with v < 1 p®V might be less accurate

BIP "so that it is not guaranteed that believing in market accuracy (weakly)

than
increases agent accuracy (Proposition 3 does not hold). The above observation suggests
that without a homogeneity requirement for the value of the a's, the long-run dynamics
of the economy might become path dependent. Figure 7 illustrates the equilibrium
consumption-shares and p™Y dynamics on two typical paths of the same economy with
v = .5 < 1 and heterogenous mixing coefficients. It shows that pf*" can enter two
distinct dynamics. Either [top] the WOCHY occurs because in a finite sample agents
BIP and 2 reach a high enough consumption-share to make the dynamics of the system
locally independent of the other agents; or [bottom], the WOCHY fails. At the beginning
of this path, agents 2 and BIP lose consumption-shares to agents 3 and 4, so that early
on d(P||pfN) > d(P||pM) and, by giving a lot of weight to p®V, agents BIP and 2 make
their beliefs less accurate than those of the other agents and eventually vanish.

To summarise, there is a positive probability for the WOC®N to occur because there
is a positive probability that agents BIP and 2 reach a high enough consumption-share
to make the dynamics of the system locally independent of agents 3 and 4; however
there is also a positive probability for the WOCHN to fail because there is a positive
probability that agents 3 and 4 reach a high enough consumption-share to make p™V less

accurate than p™. When this happens, agents BIP and 2 vanish because their beliefs
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Figure 7: Consumption-shares [left] and market probability [right] dynamics in two paths
generated from the same probability for a two-state, four-agent economy with parameters
[7BTF (u), 72 (u), 7% (u), 7* (u)] = [4,.7,.2,.8], [@®F a2 o a’] = [.05,.05,.2,.2], homogeneous RRA
4 = .5. [Top]: on this path agent BIP and agent 2 dominate and p™" is more accurate than 7577,
[Bottom]: on this other path agent BIB and agent 2 vanish and p™" is less accurate than w277,

are less accurate than p™ (by the contrapositive of Proposition 2, b)) since they give a

lot of weight to an inaccurate consensus.

4.5 Accurate markets: A self-fulfilling prophecy (RN)

Here we give conditions under which the self-fulfilling prophecy discussed in Section
3.4 holds when agents use p™™ for market consensus. As for our sufficient conditions,

CEN | so that we either need

risk attitudes have an effect on the occurrence of the WO
assumptions about agents utilities, or to impose the same restrictions of Proposition 9 to
conduct our analysis. If all agents in J have CRRA utility with v* > 1, the self-fulfilling

prophecy condition using pf*" coincides with that of Theorem 1.

Theorem 2. Let (€,) be a family of economies that satisfies A1-A5 with a subset of
agents J that relies on pBN with of € (0,a] and such that P € Conv(J). Name each

economy risk-neutral probabilities process (pfév )20; then, if all agents in J have CRRA
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utilities,

Vi€ J, 4t > 1= limd(P|[pEN) =0, P-as.
a—0
Proof. See Appendix B. ]

As argued before Proposition 9, the self-fulfilling prophecy property of p™¥ when

v < 1 requires tighter conditions to prevent those dynamics in which agents in J vanish.

Theorem 3. Let (€,) be a family of two-state economies that satisfies A1-A5 such
that P € Conv(J), all agents in I miz using p™ with common « and vy, and name each

economy risk-neutral probabilities process (pf‘év)fio; then,
lim d(P|[pf¥)=0 P-a.s.
a—0

Proof. See Appendix B. L]

5 Conclusion

We provide conditions under which the MSH and the WOC can be reconciled in a dy-
namic economy where agents naively learn from an endogenous measure of consensus.
Moreover, we show that if a group of agents strongly believe in market accuracy and
their beliefs can be combined to obtain the truth a virtuous self-fulling prophecy oc-
curs. Although no agent knows the truth, and the initial consumption-share/beliefs
distribution might be severely skewed away from the truth, market selection forces en-
dogenously generate consumption-share/beliefs dynamics which determine a consensus

that is almost as accurate as the truth.

A Appendix

We make use of the symbols < and O(-) with the following meanings:

) = 0lg(o) i timsup |15 < o
lim sup fgg < 00
flz) < g(z) if YV, f(z) > 0,9(x) > 0 and o= fg(x)
hn%lnf 9@ >0
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Proof of Lemma 1

Proof.

t
Y(t,0) H (or]07™

tl(U) 1
-y Gl ) oo
(163 Z C,Zl Hp
_ Zmém Pz

i€d T=1
C
_Zp 0't|0't 1 Ut 1|0_ ) t— 2 Hp]\/[ T—l
i€d Z]ej Ct 2(
t =i
:Zle(O_T|O_T—1) € -
i€J =1 Zjej C(j)
=t
_ sz(gt) Co —
i€d Zjej €

Bp'(ov—1]0'"2)e;_5(o)
q(oi—1lo?=2)

(a) : by the FOC, for all (t,0),Vi € J,ci_,(0) =

- Ga0)  _ _ pealot T 5(0)  _ pi(oealet T s(0) L
Yiertia(o)  Xiegpi(oe-1lotT2)E]_4(0) pMlop—alot=1) T @ _y(0)"
O
Proof of Lemma 2
Proof. From the FOC, for all (¢,0),
Vied, &(o)g(odo'™") = Bp'(orlo' e,y (o),
summing over ¢ and rearranging,
Eifl(o)
% Zjej C%(U)
RN t—1 G i -1y _Ci-1(0)
=p (oglo' ) = < D p(oe’ )
S @l * 2 Sy
O

Proof of Lemma 3
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Proof. In every equilibrium, V(¢, o),

RN orlot™1) .= q(o’t‘o’t_l)et(o’)’y
Py (o] ): Y5, 4(Gi]ot e (a)7

x (oot 5%4(7) ei(0)”
iesz( t‘ )Zjegég(g) e 1

v cl (o)
i€g <E]€U Cg—l) Z;ej (Z:iﬂ)cf)
X _ ¢L1(‘7)W
=) ol =5
2Pl S ey

O

Lemma 4. Under A1, A2 and A4-(A5), if agent beliefs are as in Definition 4 with p© =
pM(pRN) and Vi € J,a' € (0,1] then A3 is satisfied.

Proof. By Definition 4, p'(o¢|o?™1) = (1 — a*)p® (o¢|o?™1) + a’n?(0;) with 7 is strictly positive
Vi € J. Therefore, for all (t, o), p'(o¢|ot=1) > 0. O

Lemma 5. Under A1-A4, if agent beliefs are as in Definition 4 with pC =pM then Y(t,o),Vj €
JU M, p? (o¢|ot™1) € Conv(rt, ..., wl).

Proof. Substituting p’(o;|o?~1) (Definition 4) in Definition 7,

Y(t,0), pM (o) = 3 [(1 - at)pM (oulo™) + airi(o0)] Zcf')()
i€d jeg €t—1\0

i
Rearranging, V(t,o), pM(o|o'™!) = ZW’(@)L@ € Conv(r?, ..., ).
i€J Zjej ajcjtfl(o—)

Vi€ J:al € (0,1),p'(o¢]ot™t) € Conv(r?,...,7!) because is the convex combination of two
points in Conv(r?, ..., w!). O

Proof of Proposition 2
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Proof. (a) Let ¢} = &

Z]EJCO
pM (o_t) :Lem.l Zpl(o_t
€]
= Viel, lnp (at)>1npi(at)+ln%,
P(e") _ P 1. -
= pM a‘t) ln (Ut)_*ln(bo
1 t t
- m [1| S ar] 3t
1< ) 1. -
stlg&[ e +t;d<P|pT>tm¢o]
= d(P||p™) < d(P||p’) P-a.s., by the SLLNMD.

The last implication follows from the Strong Law of Large Number for Martingale Differences (SLL-
NMD)(see also Sandroni, 2000) that guarantees that for j =4, M,

B&[Zl |UT 0 ZdP”pT

(b): We proceed by proving the contrapositive statement: d(P||p™) < d(P||p") P-a.s. = agent i vanishes
— the opposite inequality is ruled out by (a).

=0, P-a.s.

4’(0_) _ 5tpi(0t)éi _by Massari (2017), Th.1 Pi(Ut) _i _by Lem.1 pi(Ut) i

“ a(e) 7 ICORNS P (o)
1€
i 1 Pi(Ut) 1.
étlirgoflnct(a)—tlggogln 7 t)JrglncO
1 ¢ t
= lim - (In P(o’) — nP.(U)
tooo t | pM(at) pi(ot)

=d(P||p™) —d(P||p')  P-as., by the SLLNMD

- _ . 1.
Therefore, d(P|[p") < d(P||p') P-a.s. = tlim n Inéi(o) <0, P-a.s.
—00
= In¢ (o) = —oco, P-a.s.
1
= ——— — 0 P-as.
u(ct)’
=cl -0 P-as. by Al

= agent ¢ vanishes.

Proof of Proposition 3
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Proof. ¥(t,0),

d(P||p;) = d(PI|(1 = a")p}" + a'n?))

<@ (1 = a")d(P||pM) + aid(P||r") ; by strict convexity of d(P]||-)
= d(P||p*) < (1 — a")d(P||pM) + o'd(P||7?) ; summing and averaging over ¢
S d(P|p) < d(P|lx) Pas. because d(P[[p™) <™ P2 d(P||p)

Moreover, pM # 7 a positive fraction of periods = d(P||p’) < d(P||7*) because inequality (a)
is strict unless pM (o) = 7. O

Proof of Proposition 4
Proof. WOC™ = beliefs must be diverse. We prove the contrapositive statement:
aBOP — pBIP — q(P|[p™) > d(P||xP'F) P-a.s. = no WOCM.
V(t, o), pM €By Lem:5 Cony(rl, ..., w!) and 7B .= argmin  d(P||p).

pEConv(wt,...,wl)
Thus, for every choice of af € (0, 1], Vo, d(P||pM) > d(P||xBCF) =By Ho q(P||xBIF).

WOCM = 3Fi: o' € (0,1). We prove the contrapositive statement:
Vied,a' =1 = d(P|[p™) = d(P||xP1F) P-a.s. = no WOCH.

Vi € J,a' = 1 = agent beliefs are independent of each other.
Therefore, agent BIP survives (by Prop.1) and pM is as accurate as 72/ (by Prop.2).

Proof of Proposition 5

Proof. The condition on p’ is sufficient to guarantee that agent BIP does not have unitary
consumption shares a positive fraction of periods — otherwise, agent ¢ would be more accurate
than agent BIP, violating Proposition 1.

Therefore, pM # wBIF a positive fraction of periods and the result follows because

cZ(PHpM) SProp.Q J(PHpBIP) <by Prop.3 J(PHTFBIP).

The following two Lemmas are needed for the proof of Proposition 6. In these proofs we omit
the conditioning notation for prices and probabilities and adopt the more compact notation: for
j € JURN, p(1]0t1) i= pi (o)) and q(on]o™1) = (o).

Lemma 6. Under A1-AS5, if agents’ utilities are CRRA and the aggregate endowment is con-
stant, for all (t,0),

Vi,'yf >1= %Zat q(og]ot=1)
Vi, vt <1= %Zm q(o]ot=1)

with equality if and only if ether v = 1 for all agents or all agents have identical beliefs.

<1
>1"
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Proof. On every equilibrium path V(¢,0) and for all ¢,

1

o) = (2D o)

q(t])

Multiplying left and right by Q(“’D

Q) oy (el T
Do) = p'(an) ( ) i1 (o).

Summing left and right over all the agents,

0 5 41y = o (1) o

i€J ied

Dividing left and right by the aggregate endowment (which is constant over t)

=> poe])>" ( UtD) ¢i71,

i€J

where [¢7_1, ..., oI_;] is the consumption shares distribution in (¢t — 1,0*71).
Summing left and right over the states:

> Q( Zzp (o))" <( |)>1_7¢i1~

i€J o¢

Mo (Sr, 252) 7+

Hjeﬂ(zat %) 57
as a function of the risk-neutral probabilities.

Multiplying the right-hand side by

ZM‘ =SS o) T (o) 0y ’
icT oy Hj# (Zot Q(‘;t‘)) ¥

e Let us focus on the case in which Vi,~* > 1.

1-% . £l
Let i* := argmax; 4 (th ‘1(?\)) " so that Vk,i € J, —— <1

It follows that

S =SS e o) (322

i€J ot

<SS B o) T ) (ZQ(‘/’;')) o

i€J ot
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Rearranging,

(Z Q(;D> LSS e TN (o) ©)

i€J oy

<05 Y (S (1= %)) i =1

. ) . L 1-4
(@) Vi €3, > 1= Vou, p(au]) ™ () < 2o + (1= ) p™V (i),
because strict concavity of log ensures that

I ()T ™ (1)) = o) + (1‘;1) Inp™ (o)

<In (71 (o)) + (1vli>pRN(ot|))~

e Let’s focus on the case in which Vi,wi <1.

G
ITjoinn (Zat th) :k > 1.
T (S0, 252) 7
Proceeding as above, we obtain the opposite inequality:

(Z q?) L YR ) TN ) e (10)

i€J ot

-2
Let ¢** := argmin, 4 <Zot @) " thus Vk,i € 7,

The result follows by showing that

Y <1 Vis S S P o) ™ (odl) T gy 2 0

i€J oy

For convenience, let Vi, n; := %; so that Vi, n; € (1,00).

>N P o) TN o) =YY RN m,m '

i€J oy i€J ot

a)zd)t 11112 RN m—l

i€Jd

1
_Z Déi (m 1HZ RN m—l)

ied
=® Z - 1) ¢t 1D (Pt”Pt )
i€Jd
Z(C) 0.

(a): By concavity of log.

39



(b): Recognizing the definition of the Rényi divergence (D, (pi|[pf™Y)) between p; and pffV
(Rényi, 1961; Van Erven and Harremos, 2014).
(c): Rény divergence is weakly positive, it equals 0 iff p* = pV (Van Erven and Harremos,
2014).

An inspection of Equation (8) shows that equality holds if and only if ¢ = 1 for all agents —

which implies that % =22 p'(oy]) = 1 — or all agents have identical beliefs —

=)
g RN . a(o) \ 1 % =27 4
Vi,py = pr = pi" = Vi, (th T) =225, (o)) pe(oe]) Ty = 1. O
i€J

Lemma 7. Under A1-A5 , if all agents have identical CRRA wtility then, for all (t,0):

IN

. - g0 i
i,y 2 1= 53, (oo ™) (e,,f«)ﬂ)v

1
iyt S 1= 535, alodo' ™) (Jﬁfﬁ)) !

%

with equality if and only if ether v =1 for all agents or all agents have identical beliefs.
Proof. This proof mimics that of Lemma 6. On every equilibrium path V(¢,0) and for all 4,

o= (250

e—1(o)

W (2O o=t (15 (1)) e
Summing left and right over agents, ¢,

aloe]) [ e(o) 77 o i .
B (et1(0)> ZCt(U) - Zp (/)

i€J i€d

v—1
Multiplying both sides by % (M> we have

2=

() e

Noticing that e;(c) = 3. ci(0) and e;_1(0) = Y. c¢i_, (o), simplifyng and rearranging
€] i€d

P (28] e (52(28)) o

i€J

where [¢7_1, ..., oI_;] is the consumption shares distribution in (t — 1,0'71).
Summing left and right over the states:

o () e (40 (L))

i€J oy
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ot

q(oe t(o) 7
Multiplying both sides by <Z l)(et 1<0)) > ’

a(onl) (2247

> 5 g> =S N P PN () T 6 (11)

ot i€l oy

The rest of the proof is now identical to that of Lemma 6, substituting Equation (11) into
Equations (9) and (10) to study the cases v > 1, v < 1, respectively. O

Proof of Proposition 6

Proof. Let’s start from the case of constant aggregate endowment.

O't|

Zln ( > g at|)>

Ot

by Massari (2017), Th.1 < In (Z pi(at)> - Z In <; > q(o’t|)) .
7 =1 o

Note that V(t,0), Inp mH PN (o)) mH = alo:])

Therefore

d(P||p™M) — d(P||p"Y) :tlir& (Inp™ (o) —Inp™(s'))  P-as., by the SLLNMD

= Jim - <ln§jp 1 Zln (; Zq(m)) - 1an<¢))
Bchmltliglo<1nzp _%Zln <;Zq(07)> —hlZpi(O't))
=1 o i

> 0if Vi,y* € [1,00)
and Lemma 6 = { <0ifViyie (0,1
where inequalities are strict if and only if there is long-run heterogeneity a positive fraction of
periods (that is if and only if at least one surviving agent has « € (0,1) Massari, 2017) and not
all the surviving agents have log utility (by Lemma 6).

e The proof of the case of common CRRA utility and aggregate risk, is obtained by repeating
¥
the same steps but replacing (% Do, q(0t|)) and Lemma 6 with (% >, (o) ( e:(o) ) )

e;—1(0)

and Lemma 7, respectively.
O
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Proof of Proposition 7
Proof. Vi € J,d(P||p™) — d(P||p?) =BY Pror- 2
- _ t , )
=ty P L i € 5, d(Pllp™) — d(Pllp™) + Jim o' 32 B [ —1] = 10((0"))] = 0;

and the result follows by choosing 7 = argmin,_; al.
Furthermore, if agent ¢ dominates p™ — 7 = d(P||p') — d(P||p™) = 0.
Last, Massari (2017) has shown that d(P||p’)—d(P||p™) = 0 if all surviving agents have a=1. []

Proof of Proposition 8

Proof. The condition on p’ is sufficient to guarantee that agent BIP does not dominate —
otherwise, agent < would be more accurate than agent BIP, violating Proposition.1. With long-
run heterogeneity, d(P|[pf*") <Fror-6:() d(P||pM) and the result follows because:

J(PHpRN) <Prop.6,(c) ci(PHpM) SP'I‘OpQ (Z(P”]DBIP) < J(PH’ITBIP),

where the last inequality follows because, V(t,0),

A(PIIRP™?) = d(P[(1 ~ P P)pfN + aP1P7P1P))
< (1 - aBIPYa(P||pfN) + oBIP d(P||xBIT) : by strict convexity of d(P||")
= d(P||pB'") < (1 — oBIYa(P||p"™N) 4 o B d(P||xBIT) ; summing and averaging over ¢
= d(P||pPTF) <Prov6:(©) (1 — o PIPYG(P|[pRN) + o PTPd(P||xBTF)
= d(P||pBIP) <Prov2 (1 — o BIPYA(P|pBTT) + oBTPd(P| | B1P)
= d(P|[p”") < d(P||x"T).

Lemma 8. Under A1-AS5 |, if all agents have identical CRRA utility, then:

(Sies (1~ ™ (o) + ami(01))  6}_4(0))
S, (Shen (1= apfN (@1lot=1) + ami (30)) 6]4(0))

pRN(O_t|O_t71) —

Proof. In every equilibrium Vi € J and V(t, o) the FOC is C(ici(j«)r))w)v _ /35( éj\tclf 1)), rearranging,

(a(or]o™1) 7 ci(o) = (Bp'(oulo™1))) " ci_y (o).

Summing over agents (Ziej c(o) = et(a))7 and taking the power v gives

q(oi))e(o)” = (Z (89 (arlo* 1)) C%(J)) :

ic€J
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Using Definition 9, we obtain

q(olot=1ey (o) (Ziej(ﬁpi(at‘Ut_l))%cifl(a))v

pﬁN(0t|Jt_1) = =

2 4(0lot D@5 (TG @) e ()

and the result follows substituting each p* with its Definition 4. The same result for p®V follows
by noticing that when e;(c) = e for all (¢, ) Definition 9 turns into Definition 8. O

B Theorems 1,2,3

Lemma 9. Under A1-A4 (A5), if 33 c I : P € Conw(J),Vi € J,a' € (0,&) with a =
max,_;{a'} <1, then

a), all agents in J use pM for consensus,= Iy € Al

_ ’Yi 7 _ ’Yi 7 i
oy Laplp™) - a Y TPl
i€j i€d

lim ?;E [;;4 - 1} —10(@)?), (12)

- t—o0

b), all agents in J use pfN for consensus,= Iy € Al

i 2 i i = t
_ 7 My _ 7 iy _ - L My _ N~ s RN N P 2
aEA;d(PHp )—a§’;d(PHp)fa§Aaid(PHp )—&20‘@‘1(1’”? )+ lim > E[pRN—l]—IO(a -

i€l ied i€d i€d T=1 T
(13)

Proof. a) By assumption, Vi € J,V(t,0),pt = pM + oi(x* — pM). Taylor expanding around 1:

Em?t — pn (1 +af (”M - 1)) —a'E [p”M - 1} —|0((a))?).

iz Dy t

t

_ _ ) 1 g
So that d(P||pM) — d(P||p*) = Jim > [E In pﬂ (14)

T=1

%

t i
— m & S i\2
—thnsotTZ_lE[py 1] - o)

Let v = [y, ...~ € Al be such that Vs € S, > iciv'm(s) = P(s) — this vector exists because

we assumed P € Conv(J)—, and let v, = [%, . i—,&]
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Equation (14) holds for all agents in J, therefore it holds for their Yo Wighted sum:

S LRl - 0 LRl = 5 I8 fiw o Yo B 5y <1 -0

|
™
8
05
Q

i€d i€g i€d =1
1 i ot . Wi& i\
—Jin ;Y a S B |y I o - IR0
t—oo t 72::1 ; pM pr ot

I
§§
=+|e
iM-

&

xr=1] - 0@

b): By assumption, pi = pFN + a(n? — pfY); performing a Taylor expansion around 1:

p i s i mt i
piN Y yen
%

it ,
~A(PIp) = (PP + i S 1] o) P
which implies
A(Plp™) - d(PIp) = d(PlIp™) - d(PIP™) + lim —ZE [—Z - 1} 0((a')?)| P-as. (15)

and Equation (13) is obtained taking the ~, weighted sum as in point a.

Proof of Theorem 1
Proof. In equilibrium, the following inequalities must hold P-a.s.
Vi € j, Ci(PHpM) — A P||p1> <By Prop.2 a) 0

= vyeallay L 2 d(Pp) - &y Larp|p) <o
ied ied

By Lem.9,a) = o ~\2
= tlgg - ZE[ 1} < |O(@)?
= d(P||pg") =7 0;

The last implication holds because p™ = P is the only minimizer for both the continuous positive
functions d(P||pM) and E [1% - 1}. O
t

Proof of Theorem 2
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Proof. In equilibrium, the following inequalities must hold P-a.s.
Vi € j, J(PHpM) - _(P”pl) <By Prop.2 a)

= Vv e Al a27 d(P|[pM *dZ%J(PHpi) <0

i€d i€d
By Lem.9, b) [ = v 5 7 RN P ~2
= ) azad(PHp —az —d(P||p )—|—hm—ZE — — 1] | <lo(@?)|
i€J* icj =1 Pr
By Prop.6, a) d(P||p™) — d(P|[p®N) >0 o . < ~2
= Jim ZE { 1} <10(a?)|

= lim d(P||pEN) = 0.
a—0

The last implications holds because p®¥ = P is the only minimizer of the continuous non-negative
functions £ [p,TN - 1] > 0 and d(P||pf*N) > 0. 0O

Preliminaries for the proof of Theorem 3
Our proof is an application of Theorem 3.1 of Hajek (1982) which places two conditions on the
drift and the variance of a stochastic process (mean reverting in our case) which guarantees that
the process spend most of its time close to a boundary (its mean-reverting point in our case).
We start by illustrating the results in Hajek (1982) that are relevant to our proof.
Let (Y3)$2, be a sequence of real valued adopted random variables, with drift E[Y;41 — Y;|F]
such that conditions C1, C'2 below are satisfied.

C1. deg >0 : E[Y;H»l -Y +€0|th > (L,gjtfl] < 0;
C2.37 < o0 :Y(t,0),[|Yis1 — Yi|| Ft] < Z and Ee* = D < oo, for some A > 0.
Hajek (1982) Lemma 2.1 (see below) allows us to translate conditions C'1,C2 into higher
order conditions (D1, D2) that are used to derive the following

Theorem 3.1, Hajek (1982):
Assume conditions D1, D2 on (Y, F;)i>0, for any ¢’ > 0 exist constants K and § with § € (0,1) :

t
1 1
D I < (1 - HDen(a_b)> (1- 6')1 < Ko' (16)
=1

Next, we map our problem into Hajek (1982) framework.

To ease notation we focus on state u and define P := P({0441 = u}), 7B8°F := 7BP ({01 =
u}), 7 =m'({o = u}), piiy = pif1 ({01 = ulo*}) and c; := c'(0y).
WLOG we focus on a two-agent (I, r) economy with 7! < P < 7r’" 1
Let Y; := fyln e because the economy has two agents Y; = v1In 5 ¢T pins down the consumption

1 The proof generalize to more than two agents by replacing 7" and 7! by 7% := ZP§>P Pt _, (o) and

L = Zpkpﬂiqﬁi,l(a); #7 (o) and ¢ (o) with ¢f (o) == ZP%>P #i_1(0) and ¢f (o) := Zpi<P #i_1(0)
and providing a bound on the difference 7f¥ — xf that holds uniformly for every consumption-share

distribution within agents in L and R.
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Yt

shares of both agents at once, ¥(0,t),¢] = ¢(Y;) = =5 =1— #'; and we can write pFV as

14+e v
a function of Y; alone, so that the dynamic of (Y;)2, is directly informative for the dynamic of
d(P||pftN)$2,. Using Lemma 8 (pg. 40), we obtain

. ()7 000 + B3 (1 - 6(10)))
P41 = 1 1 ] 1 1 Yo
U (R0 00 + () (1= 00)) (L= p) 7O + (1= phi) (1 - 9(12)))

where pﬁr]\{(Y}) exists and is analytic by the analytic implicit function theorem.

o\ Y rorer N\
The equilibrium conditions, V(t, o), (”) = (Z}“l) imply that our (Y;)52, process evolves
t—1

= 7
Cy Dy

according to the following dynamics

(1 - a)pfN (Viy) + an”
(1= a)pfN (Vi1) + ar!

(1—a)(d—p(Yie1)) +a(l — ")
(1 =)L =pfN(Vie1)) +a(l —at)

Yi=Yi +Iat:u In +Ia't:d In

Next we characterize the drift and variance of (¥;)22, as a function of a. We use Hajek (1982)
theorem 3.1 to show « can be chose small enough to guaranty that Y; spends most of the periods

arbitrarily close to the value Y : pPN(Y) = P.

Lemma 10. Under the assumptions of Theorem 3, V(t,0):

)
PN (1 = piY)

Proof. The equilibrium condition implies that for all (¢, o),

1— RN T r _ RN ! _ RN
}/t+1a't+1_u}/tln<(( a)pt+1+aﬂ)1n<1+a(ﬂ-pt+1) “In 1+aw :

E(Yis1 — Y| Vi, Tia] = @ (P —pfN) +0(a?) (17)

RN l RN RN
1 —a)pfy +am Pii1 Piy1
T RN l RN
__Taylor expanding around 1 (7‘( — thrl) (7'(' — pt+1> 9] 2.
= « RN - RN + (a )7
Pt Pit1

(i —7")
<1—a><1—pﬁﬁ>+a<l—wr>> o[ e
= 1n _—

(1= )1 = pf) + a1 ')

Y1-5+1|0't+1:d - Y} = ln (

RN r RN l
__Taylor expanding around 1 o (thrl T ) —a (pt+1 -7 ) 4 0(042)
- 1— RN 1— RN :
Pii1 Pit1

Computing the expected value

E[Yiy1 — YT =« <P (”;fl) +(1-P) <HV>) + 0(a?)

P — P
P 1-P
=a(r" — ) (( + )) +0(a?)
pﬁ-]\lf 1 _pﬁj\{
T — 7Tl
—o gt T (P ) +0(?)

PN (1= pfiY)
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Lemma 11. Under the assumptions of Theorem 3, there exists a & > 0 : Vo € (0, @],
Cl: ElYi —Y|Y:>Y +Va, 3}71} < —|0(a)0(a®)| + |O()O(@)] + |0(a?);

forY :=~ln ¢l', with ¢!, ¢" : pRN(Y) = P.

Proof.  First, note that Y = v1In ¢: is well defined. P € Conv(r!,7") = 3¢',¢" : =P

because by the implict function theorem pfN (¢7), is continuous and pftN(¢" =0) = 7! < P and
pftN(¢" = 1) = #" > P. Note that ¢", and thus Y, may depend on «a, but not on a. Next,
Lemma 10 guarantees that

- " — gl
E [Yi+1 -Y|Y; > Y+\/5,3'~t71} = RI(V )N (P—Pg]\”y>§7+\/§) + 0(a?);
pt—',—l(l _pt+1) ¢

so that the result follows by showing that (P - pﬁj\{|yt>?+\/a> < —l0(va)| + O(a).

Because of Markovianity, the above does not depend on how pﬁﬁ and Y; are determined,
and we can drop the time indexes.
We want to show that pfN (Y;a) has a strictly positive and finite derivative in Y for every
a small enough, a € (0,a]. Then, a Taylor expansion guarantees that for all € small enough
Y >Y +e=pN > P+|0(e)| + O(e?). Taking € = \/a concludes the proof.

RN
To calculate dfl—y we use the implicit function theorem. For our purposes, let

1

FY ) = 0 = 1) (077 600) + ()3 (1= 6(V) 4+ 9™ (1= ") F6(V) + (1 =) (1 - 6(v)))

so that VY €(—oc, +00), the solutions of F(Y, pf*N)=0 identify p*V (Y), in particular F(Y, P) = 0.
By the implicit function theorem, on the solutions of F(Y,pV) =0

OF(v,p™N)
dpRN B 8)1/)
dy 8F(YpRN>
RN

Next we sketch the calculations that show that Ja* : Vo € (0, a*], dZ;N € (0, 00).

BF(Y,p

e Numerator: ) < 0, with equality iff « =0

OF (Y, pftN)

S = == ™) (") 6(V) + (0 ﬁ(l—qﬁm))H (017 = 6H7) ')+

where ¢/'(Y) = %(é(Y) (1-9¢(Y)) >0.

RN RN
Therefore, %ﬁ) < 0 because 77 > 7wt = p" > pt = %f;) < 0;
diaF(glg L= 0iff p" =pl & a=0.

: : OF (Y.p"tl) : ity _
e Denominator: for o small, —opftN > 0, with equality iff « = 0
Note that for i = I, 7, p' = (1 — a)p™ + ar?,
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AF (Y,p"th) =0
PN | o

AF(Y,pN)
o

Note that o = 0 = p' = p" = pfiN =

Moreover, Lemma 15 shows that % (

= 1, so that a Taylor series expansion of

RN RN
% in o = 0 leads to the conclusion that for o small % > 0.

OF(Y,p™N)  OF(Y,p"N)

= — | ———= a)+ = @
OphN OpEN |, Oa OphN o 2 Dada OpBEN a0
=0+a+0(a?)
. dptN BF(X(;‘I;RN)
e Ratio: "5~ = —5zomny > 0 for all o small.
opRN
aF (v,pltV)
The above calculations show that for a small enough dZI;N = —= F(g’ERN) > 0. However, both
e

derivatives are null at a = 0.!2 To show that the ratio is uniformly strictly positive for all «
small, we use 'Hopital’s rule to analyze its limit behaviour.

dpRN 2 (M) 2 (%p”)) .

. 7% T _6a oY _ « Y T P B

gy T o 2 (T T g () =5 =) 1= o)) >0,
oo OpRN Do OpEN 0o

where the last equality follows from Lemma 15 which show that
AF (Y, ptN OF(Y,pN
2 (2G| ==L —ahe(r) (1 - o(v)) and £ (2EE)| =1
To conclude the proof, note that for & small enough we can set a bound b:'3

RN Y B B
b = argmin {dp() for Y € {Y(a),Y(a) + \/5} } ;
a€l0,a] ay

so that, the Taylor expansion of p*¥(Y") guarantees that for all a € (0, @]

Y>Y+Va= (P—pﬁ]\ﬂypy_i_ﬁ) < -b(vVa) + 0(a).

O

12The function p™ (Y"), and thus its derivatives, are not defined for o = 0. The following equations
are conducted on the continuous extension of p™" at a = 0.

13The existence and positivity of such a minimum is guaranteed by the continuity and positivity of
the argument in the closed interval [0, @] using the Weirstrass theorem.
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Lemma 12. Under the assumptions of Theorem 3, exists a @ > 0 : Vo € (0,a]:
C2 W <00 V(o) [Yier — Vil Vi, Foa) < Z = !
and E(eM) < (e’\o‘k,)zD<oo with A = é.
Proof. Lemma 10 shows that max,; [Yi41 — Y| Y2, Fi—1] = |O(1)|. Thus,
I < 001 V(t,0), [Vips — Vil Vi, Fioa] < Z = ol

/ 1
and E(e*) < (e*F) =D < o0 with A = —.
a

Now we use Hajek (1982) Lemma 2.1 to translate conditions C1,C2 to D1, D2
Lemma 2.1,Hajek (1982): Choose constants n, p:

€
0<n< XN n<—: p=1-cn+cn’
C

Ee* —(1-\E(Z))
)\2

with ¢ = ; and consider the following conditions:

D1: |/

Yi > a, T <p,

D2: B[en(in

Y, < a,ffH] < D;

then C1,C2 and p < 1= D1 and C2 = D2.

Lemma 13. Under the assumptions of Theorem 3, exists a & > 0 : Vo € (0,a], D1, D2 hold
for this parameter choice.
>\ =

A=Y +a%6=10@"")n=a""p=1-10@a")] +[0@") <1

Qi =
jo]]

Proof. Because a € (0,a], Lemmas 11 and 12 guaranty that this parameter choice satisfies
C1,C2. Moreover, A = % and Lemma 12=> ¢ = O(@?), so that g = [O(@'®)|,n=a"* = p=
1—JOo(a" )|+ |O(at?)| < 1 for & small. O

Lemma 14. Under the assumptions of Theorem 3 Ve, €, 3K € (0,00),6 € (0,1) and & € (0,1)
such that Yo € (0, @],

P

t
1 ]
72 aplpay<e < 1= 6] < K¢
T=1

Proof. We apply Hajek (1982) Theorem 3.1 putting in Eq. 16 the parameters )
A=La=Y+ade=]0@"),n=a"*p=1-|0@ " +[0@"?)|and b=Y +a:

1 ¢ 1 NP
i D eeras < (1 oo )(1_6/)1 <0

T=1

P
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so that for every €,€ 3K € (0,00),6 € (0,1) and & such that Vo € (0,a] :

P

t
1
T2 vy <1 e] < K¢
T=1

Repeating the same steps for the process —(Y;)$2,, we obtain the opposite bound.
For every €,€, K € (0,00),6 € (0,1) and @ such that Vo € (0,4] :

P

S

t
S Iyoy . <1 —e‘| < K¢
T=1

Therefore, Ve, & 3K € (0,00),d € (0,1) and @ € (0,1) such that Yo € (0, @],

P

t
1
n E Ly, —yj<e <1— g] < K¢'
T=1

The following continuity argument proves the Lemma.

By continuity of p¥(Y),Ve > 0,3¢" > 0:|Y, - Y| <& = piN(Y) - P|<@.

By continuity of d(P||p™N),Ve > 0,3¢ : [pfN(Y) — P| <& = dy(P|]p™*V) <&

Thus Ve > 0,3¢" : |V, = Y| < & = d,(P||]p*N) < & O
Proof of Theorem 3

Proof. By Lemma 14, Ve, €, 3K € (0,00),d € (0,1) and & € (0, 1) such that Va € (0, a,

t
1 _
; E Id(p|‘p§N)<6 S 1— 6] S K(St. (18)

T7=1

P

What remains to show is that Eq. 18 = Ve > 0,3a: a € (0,a] = P {d(P|]p™) < e} =1.
¢
For € > 0, let F; := {1 S d(P||]pEN < e}. We apply Borel-Cantelli Lemma to show that for
=1

every € > 0, & can be chosen small enough to guaranty that the probability that F occurs
infinitely often is zero, which it implies that Ve > 0, P{lim;_,oc F;} = P {d(P||p"™") <€} = 1.
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First, Lemma 14 implies that Ve > 0, & can be chosen small enough to guaranty that

t t

1 1

P{F <2e}=Pq > d(P||prY +3 > d(P|pr < 2
=1 {d(P||pEN <&} =1 {d(P||pEN >&}

t
1
>pP {gt ;d(PHp < &} + max(d(P|[pEN Zd P|pEN > & < 2@}
t
2 Lyaepiprn <ey

1 t
RN _ =
>P {maxd(PHpT n ;I{d@“pngg} < 26— e} ; because ~ ; <1
t
2 Laepiiprn >2) .
—p T=1 < €
: max(d(P[[pF™)
>1— Ké'.
Next, we apply Borel-Cantelli Lemma to show that for all € = 2€ > 0 exists @ : Va € (0, &)
C 1 t
P{Ft }:1P{t;|Y Y| <e} = K§
= hm ZP{Ft } < hm ZK&t < 0
:>by Borel-Cantelli Lemma, P {hm sup Ftc} -0
t— oo
O
Lemma 15. On the solutions p™N (Y)) of F(Y,p™" a) = 0 it holds
0 (OF(Y,pR*N, a) 1 . 0 (OF(Y,p"N a)
< (s 9 — L (pT— VY (1 — &(Y g 2 (2nr 9 -1
e ()| c e am o) e o (SRR
Proof.  As previously shown,
OF(Y,p™N L 1 y—1 L 1\
OED0) — 1™y (07700 + )3 (1= 0v) " () - ) #'()
1 - 1 1y
T-er)) (=p)T = =pH)T) @),

+p™Ny ((1 —p) (V) + (1—p)

where ¢'(Y) = %gb(Y) (1—=¢(Y)). For i =r,1,
o(p') 7 iyE 17 pRN RN\L—17l_pRN
. ] RN O = (p )’Y ~ =0 (p ) ~
p=ar'+(1-—a)p ™ = or1iyd a=0 R - I (19)
1—p*) Y iy=—17"— =—1 —"
e M Ut R el W G A
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RN
Using the above to evaluate %w

in a = 0, leads to
9 OF(Y,p"N,a)

O 5)d

= (1= ™)y (™) 6(0) + ") T - e(v)) " ™) T ()

a=0

+p™ (= ™) F6(n) + (1= p™) (1= 0(v)) " (- p™)
_—} 7pRN)(ﬂ_r _ ﬂl)¢/(y) +pRN(ﬂ_l — e (Y)
=~ =) (V)

_ _%(H —mHe(Y) (1 — (V)

RN
Turning to A(a) = 2 (GF%KZ}%N ’O‘)). As previously shown,

PECr = = (01 o+ ) 0 -9)

+(a=p) o+ -p)i(-9)
~ =™ =) () e+ )T -9) () e+ )T -9)
™1 -a) (A-p)Fe+ =) (1 -0) (-7 e+ 1 -p)T 1= 9)).

2=

Y

Taking the derivate w.r.t. a and using (19) we get

RN l RN

Blaco = ((™)7) " 0™ (e + T 1 0

(=) ) (BT e+ P - av)))
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Finally, evaluating the powers of p©" and simplifying gives

C

We

77— PN b — BN -
T+ T ¢><Y>>)

pEN _ g pRN _ gl
m( ) + P (1f¢<Y>>)

Ala=o =7 (

+(1-p"™)
1 _ pBRN r _ RN l RN
p,fN (-1~ f S(Y) + L (1 - (V)
Y Y
+pRN

Proof of competitive equilibrium existence

define a competitive equilibrium with consensus as a 2I + 2-tuple of sequences of consumption

allocations (ci(0))52,, beliefs pi(o¢|)$2,, consensus beliefs p©(o¢])$2, and prices (g(c*))$2,, one
for each o € ¥, such that

1.

The

Each agent i € J consumption solves the utility maximization given endogenous beliefs p
and prices (¢(0")) 01

max E..
(o), |

Zﬁtui(ci(a))] s.t. Z Z q(a") (ci(c) — €el(0)) < 0. (20)

t>0 otest

. All good markets clear:

> (o) =) ei(o) forall (t,0). (21)

ic€J i€Jd

. Each agent i € J beliefs p’ are as in Definition 4 for a given choice of consensus belief p©

and idiosyncratic belief 7.

. The consensus belief p© is p™ as in Definition 7 or p®V as in Definition 8 or pij as in

Definition 9.

competitive equilibrium with consensus differs from the standard one in that agent beliefs

are endogenously determined.

In what follows we prove that under A1-A4 (A5) there exists a competitive equilibrium with

consensus. In the first step, we shall assign an initial consumption share distribution ¢y and
derive sequences of consumption, prices, individual beliefs, and consensus beliefs consistent with

the

First Order Conditions (FOC) of agents utility maximization problem, with market clearing,
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and with the definition of individual and consensus beliefs. This step is similar to the computation
of a Pareto optimal allocation given a set of Pareto weights but, due to the endogeneity of beliefs,
involves an additional fixed point argument for each iteration. The Brouwer fixed point theorem,
together with the smoothness of our maps, guarantees the existence of such fixed point for each
iteration. The details of this step are different for p™ and the other consensuses because of their
different analytical form.

In the second step, we show that there exists an initial distribution of consumption shares
such that each agent’s budget constraint is satisfied. The main difference between this step and
the standard proof of the existence of the competitive equilibrium with exogenous beliefs is that
in our case the initial consumption-share distribution affects prices also via its effect on beliefs.
This further complication does not change the typical argument. Even in this case, Brouwer’s
fixed point theorem guarantees the existence of a fixed point.

Remark Our proof ensures existence, not uniqueness. Multiplicity of equilibria is not prob-
lematic because our results hold in all the equilibria that exist.

Let us start from the system of FOCs. Having defined ¢ (o) = ——1—, the system of agent

u(ci(0))"’
1 FOC and his budget constraint is

ch =+, _

ci(o) = 7/35(5‘:6“@._1(0) .for all (t,0), (22)
> > alo') (ci(o) —ei(0)) =0,

i>0ctext

where A* is the multiplier associated with agent i’s budget constraint.

First step - p is the consensus used by all i € J
By Lemma 5 for all (¢,0) N
P = ri e (23)

o
i Xjerade

so that, using Definition 4,

. ) ) ajéj .
pi=01—-0a")) L 4ot (24)

k gk
el D kes NG

Thus, for each given initial consumption distribution (¢{)!_; we can compute initial marginal
utilities (¢5)!_, , consensus beliefs p}?, and individual beliefs (p?)L_;.

Having determined beliefs, we can proceed to compute equilibrium consumption in date ¢t = 1
as usual. From the second equation of (22), the ratio of agent i = 1 to agent 7 FOC between

t=0and (t =1,01) gives

(W)™ (Z?]I;E?Bul(é%(m))m(m))’) = ¢i(o1)er(on).
A 1

Aggregating over agents we find

Fyy—1 @pl(ng 141 )
> (W) 7 oo (¢1(o1)er(o1))" | = ex(on). (25)
j€I 0
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Agent i = 1 consumption share ¢1(o1) can be derived from the above. A solution ¢1(o;) of
(25) always exists in (0,1) because, by A1, A3, the Lh.s. is continuous in ¢1(o1) = z, goes
to 0 < e1(01) for x — 0, and is larger than ej(o;) in 2 = 1.1 Repeating the same argument
for all the agents we find (¢%(01))._; and, repeating for all oy € 8, we find (¢%)L_,. Tterating
these steps for all + and all o' gives the stream of individual consumptions, individual beliefs,
and consensus beliefs for each choice of path o € ¥ and for each choice of (¢§)%_;.

First step - p*" is the consensus used by all i € J
By Lemma 2, in ¢ = 0 the consensus p*" in (¢ = 1,07) defined in (8) can be written as

e P (01 ]) e
PPN (1)) = : NE“”C”E;’ for all oy € 8, (26)
Z;,les Zieﬂp (01\)m

where p®V(01]) is also on the r.h.s. in each individual belief pi(oy|) for all i € J. The above
for all oy together with (25) for all oy define a map from A® to A® as follows. For each given
p € AS (25) for all oy and all i allows to compute (ci(p))!_;, when individual beliefs (p%)L_,
are built using p as the consensus, (p%(p))L_;. Then, having consumption (c}(p))._; and beliefs
(pi(p))l_,, (26) gives the consensus beliefs pf*V(p). We have an equilibrium consensus when
i (p) = p.

The existence of the latter follows from Brouwer’s fixed point theorem because the map that
we have built composing (25) for all i and o; and (26) for all o; goes from the simplex A% to
the simplex A and is continuous. To prove continuity note that, given p, for each i and oy (25)
defines a function F(p, % (1)) such that the solution of

Fi(p, ¢t (1)) =0 determines ci(oy)(p) = e1(o1)d(o1).

Continuity of ¢t (o1)(p) in p follows from the Implicit Function Theorem because, by A1, A3,
F;(p,z) is the sum of compositions of monotone functions, and thus monotone, implying that
the derivative F;/Ox is different from zero in the solution ¢t (o) of F;(p,z) = 0. Continuity of
the composed map follows from continuity of ¢i(o7)(p) for all i and o7 and from continuity of
(26).

Having found the date t = 0 consensus beliefs pf*V, the corresponding date ¢ = 1 consumption
distribution and individual beliefs are (¢} (pf*™))L_; and (pi (p£))L,, respectively.

Iterating these steps for all ¢ and all o? gives a sequence of consumptions, individual and
consensus beliefs as a function of the initial consumption distribution ¢q.

First step - pﬁN is the consensus used by all : € J

Note that when the consensus beliefs is pﬁN defined as in 9, this first step of the proof is the
same provided that map (26) is replaced by the corresponding expression of pffN as a function
of equilibrium consumption derived in Lemma 3.

MFor the latter note that

S (25D 6l et )

— & (o)

— () (E(I’pl(m')ul(el(m))/) +ei(o1)

= & p’ (o)

#1(o1)=1
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First step - different agents use different consensuses
The computation of streams of consumption, individual beliefs, and consensus beliefs given an
initial consumption distribution ¢y can be performed also when different agents use different
consensuses. We consider two cases: i) agents use either p™ or pf*V; ii) agents use either p™
psN.m

When agents use either p™ or pV the proof proceeds similarly to when all agents use only
pfN. In t = 0, given a candidate consensus beliefs p € A, initial individual beliefs of those
mixing with p®V are computed directly from p while individual beliefs of those mixing with p™
are computed using (24) with 7/ = p/ if j chooses pf*" as consensus. Having all agents individual
beliefs for a given p, the combination of (25) and (26) for all s € 8 determines the fixed point p
such that pf*¥(p) = p. From here we proceed as above.

The case when agents use either p™ or p,lfM proceeds along the same way provided that

the map (26) is replaced by the corresponding expression of pffN as a function of equilibrium
consumption as in Lemma 3.

Second step
With the first step we have found individual consumption and beliefs for each given consumption
distribution ¢g. Using the FOC, to such consumption streams there corresponds a sequence of
state- contingent prices (q(c"))(t,0t). We have an equilibrium when ¢q is chosen such that all
agents budget constraints, third equation in (22), are satisfied.

More formally, define

Fildo) =D > alahei(e) =Y > al ACHE

t>0 otext t>0 gtest

frldo) = > ala')ef(a") = Z ')y (o).

t>0 oteXt t>0 oteXt

We have a competitive equilibrium with consensus if we can find ¢ € A’ such that f(¢) = 0.
The existence of (at least) one of these points follows from Brouwer’s fixed point Theorem, as
follows.

First note that each function is well defined and continuous. Well defined because the
aggregate endowment is bounded (A2) and state prices go to zero as fast as ' (FOC and
A1-A4). Continuous because, as shown in the proof of the first step for p®V, the equilibrium
consumption that solves (25) for all 4, ¢, and oy is continuous in its parameters (we have proved
continuity with respect to p but the argument is the same for continuity in ¢, monotonicity in
the unknown consumption allows to use the Implicit Function Theorem).

Define the function f* : Al — [0,00)! as

;M (¢) = max{fi(¢),0} forallic].

¢)=1+>_ f'(e)

€]

Denote

1511 each case the definition of competitive equilibrium with consensus should be changed accordingly.
In 3. each agent should be allowed to use the consensus he chooses. In 4. both consensuses, p* or pf*V
in i) and p™ or pfj‘N in ii), should be determined in equilibrium.
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By construction a(¢) > 1 for all ¢ € Al. Define the function F : AT — Al as

_ o+ fT(9)
a(¢)
Continuity of f; for all ¢ € J imply that the function F' is continuous on the compact convex set

AT and thus has a fixed point ¢ by the Brouwer Fixed Point Theorem. Showing that f(¢) = 0
ends the proof.

(o)

F(¢) = ¢ implies

($+f+((/3) _ +(IY — & +(3
Tsore - = 0 ¢<gfz <¢>> : (27)

Assume first that > f;7(¢) > 0. If ¢; = 0, then, by construction, the budget constraint does
i€J
not hold for i and f;(¢) > 0, so that f;"(¢) > 0 too, leading to a contradiction with (27). Then
it must be ¢; > 0 for all i, implying f;"(¢) > 0 for all 4, by (27), and leading to a contradiction
with Y fi(¢) = 0 for all ¢ (Walras Law). It follows that > f;"(¢) = 0 and thus, being the sum
i€J i€J
of non-negative functions, fi7(¢) =0 for all 4, implying fi(¢) < 0 for all i. The latter together
with > fi(¢) = 0 (Walras Law) implies f;(¢) =0 for all ¢ € J.
i€J
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