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1. Preliminary notions

1.1. Set theory

Definition. One of the most elementary notion in mathematics is that of a set. A set is defined
as a collection of distinct elements. These elements are typically mathematical objects such as
numbers, symbols, functions, or even other sets.

A set is defined by the elements that compose it either by listing them or by describing their

properties.
Example 1.1 If the set A contains three elements, a, b, and ¢, we write: A = {a,b,c}.

By convention, the curly brackets indicate that we are defining a set and each element is

separated by a comma. We also usually prefer to use capital letters to denote a set.

Example 1.2 [f the set A contains all the natural numbers greater or equal than 8 we write
A = {xe N |x = 8}. This notation reads: "among all x belonging to N take only those satisfying
the property x > 8".

We use the symbol € to say "belongs to". For instance, in the first example we can say that

a € A. We sometimes also the symbol ¢ to say that an element does not belong to a set.
A set can also contain other sets.

Example 1.3 Define two sets A = {a,b,c} and B = {d,e}. We can define C = {A,B} = {{a,b,c},{d,e}}.
Be careful, while A contains 3 elements and B 2 elements, the set C contains only two elements,
namely {a,b,c} and {d,e}. The elements of C are sets themselves and cannot be further "broken

down".
The elements of a set do not have to be "homogeneous", that is, elements of the same nature.

Example 1.4 For instance C = {{a,b,c},d,e}. In that case C contains the set A = {a,b,c} and

the elements d and e.

Importantly, the order of the elements in the list describing a set is irrelevant. The set A =

{a,b,c} and the set B = {b,c,a} are the same.
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Subsets. A subset is a set of which all the elements are contained in another set B.

Definition 1.1 Let A and B be two distinct sets. If every element in A is also in B we can state that
A is a subset of B, denoted by A < B. Formally,

VaeA:aeA=acB<ACB,

where C reads as "is included in".

Example 1.5 Let A = {a,b,c} and B = {a,b,c,d,e}. Each element of A is also an element of B so
that A is a subset of B.

Example 1.6 Let A = {a,b,c,y} and B = {a,b,c,z}. Even if a, b, and c are both in A and B, it is
clear that y ¢ B and so that A cannot be a subset of B. The same applies for B and z ¢ A.

A

Figure 1: Euler diagram illustrating A < B.

Definition 1.2 Tio sets A and B are equal, if and only if A is a subset of B and B is a subset of A.
Formally, A= B < A < Band B C A.

Definition 1.3 We call the empty set &, the unique set which contains no element at all. By

convention & € A for any set S.

Example 1.7 Define A = {xe R | x*> + 1 = 0}. As it is clear that the equation x* + 1 = 0 has no
solution in R, then A = @.

Complement. The complement of a set is a set that contains all the elements that are not in this

set.

Definition 1.4 Let X be a set and A < X. We define A° the complement of set A as follows:
A :={xeX|x¢A}l

Cardinality. Informally, the cardinality of a set is the number of elements contained in the set.
The cardinality of a set A is usually denoted by |A|. In the case of a set A that contains a finite
number of elements, we say that A is a finite set and |A| is simply equal to the number of elements
in A.

Example 1.8 Let A = {a,b,c,d, e}, then |A| = 5.

It is however possible that a set A contains an infinite number of elements like for instance if A
is the set of all even numbers. In that case we say that A is an infinite set. The cardinality of an

infinite set is a well-defined object but its investigation is beyond the level of this course.
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1.2. Sets of numbers

Some famous sets are sets of numbers. Each of the following set describes a family of numbers

that are regularly used.

* Set of natural numbers: N = {0,1,2,4,...}.

e Set of integers: Z = {0, +1,+2,+4,...}.

Set of rational numbers: Q = {a/b | a,be Z,b # 0}.

* Set of real numbers R. This set includes all rational numbers, together with all irrational

numbers.

1.3. Set operations.

We now turn to defining basic operations on sets. Throughout this section, let X be a set, and A and
B subsets of X.

Definition 1.5 The union of a collection of sets is the set of all elements in the collection. The

union between A and B is denoted by A U B and satisfies

AUB={x|xeAorxeB}.

o

Figure 2: The orange region is the union of A and B.

Example 1.9 Let A = {a,b,g} and B = {a,c,g}. Then AUB = {a,b,c,g}.

Definition 1.6 The intersection of a collection of sets is the set of all elements that are common to

all sets of the collection. The intersection between A and B is by A N B and satisfies

AuUB={x|xe€AandxeB}.

Example 1.10 Ler A = {a,b,g} and B = {a,c,g}. Then An B = {a,g}.
Definition 1.7 Two sets are said to be disjoint if

AnB=@.
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oD

Figure 3: The orange region is the intersection between A and B.

Figure 4: Example of two disjoint sets.

The operations of union and intersection have some basic properties. They are both associative
asAu(BuC)=(AuB)uCand An (BnC) = (AnB)nC. They are both commutative as
AUB=BUA and An B = BnA. Taking the union between a set and the empty set gives the
set itself, A U & = A while taking the intersection gives the empty set, A n & = &. Intersection

distributes over union,
An(BuC)=(AnB)uU(AnC),
and union distributes over intersection,
Au(BnC)=(AuB)n(AuC).

Definition 1.8 The difference between set A and set B is the set containing all the elements present
in A but not in B. It is denoted by A\B and satisfies

A\B={xeA|x¢B}.

()

Figure 5: The orange region is the difference between A and B.

Example 1.11 Let A = {a,b,g} and B = {a,c,g} = A\B = {b}.

1.4. Some other useful definitions

Convexity. We define convexity for subsets of R. Roughly speaking, a set A < R is convex if any

weighted average of any two elements in A is also an element in A.
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Definition 1.9 A set A € R is convex if for all x, y € A and a € |0, 1] we have that 7 = ax+ (1 —
o)y € A.

Cartesian product. In many cases, we need to pick several elements for various sets. If for
instance A = {milk, tea, coffee} is the set of available drinks and B = {cereals, fruit, eggs} is the
set of available items, we may want to define a breakfast as the pair composed by choosing one

element in A and one element in B.

Definition 1.10 The Cartesian product of two sets A and B, denoted A x B, is the set of all the
ordered pairs (a,b) where a€ A and b € B.

Example 1.12 Let A = {a;,a,} and B = {b1,b,}, we have that

A x B={(a1,by),(a1,bs),(az,by1),(az,bs)}.

2. One Variable Calculus

2.1. Functions: definitions and properties

One of the main goals of Economics is to understand mechanisms, interactions and relationships

between different variables. In many cases these relations can be described by functions.

Definition 2.1 Let X and Y be two (nonempty) sets. A function f from a set X to a setY is a

correspondence associating to each element x € X at most one element yeY.

Y

X

Figure 6: Representation of a function mapping and element of X into an element of Y.

By convention, we define a function with the notation f : X — Y. The set of elements x € X to
which f assigns an element in Y is called the domain, while the elements y € Y associated to x are
called images. The set of all the images is called range. We sometimes denote the domain of f by

dom f and the image img f.

Example 2.1 Define f: R — R such that f(x) = x> + 3. We can evaluate the image of x = 5 under
the function f as f(5) = 5% +3 =28.

Example 2.2 Let f : R — R where f(x) = ﬁ Notice that the function is not well-defined at
x = 2. the domain of f is therefore given by all the elements in R\{2}.
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The graph of f: X — Y is the set of ordered pairs (x,y) where y = f(x). It can written as
G(f) :={(x, f(x)) : x € domf}.

Some functions can be classified as even or odd.

Definition 2.2 The function f is even if

F(—x) = f(x), Ve X.
Example 2.3 f(x) = x> — 3, since (—x)*> = x°, then f(x) = f(—x).

Definition 2.3 The function f'is odd if

f(=x)=—f(x), Vxe X.
Example 2.4 f(x) = 3x3, since (—x)> = —(x°) then f(—x) = —f(x).

Some of the basic geometric properties of a function are whether it is increasing, decreasing, or

constant. This notion can be true locally or globally (that is, for the entire domain).

Definition 2.4 Let X, Y < R. The function f : X — Y is increasing over the interval S < X if for

all x1,x; € S such that x; < x, we have f(x1) < f(x).

Similarly, we say that f is decreasing over the interval S if for all x;,x; € S such that x; < x;
we have f(x1) = f(x). Notice also that if f is increasing over S then — f is decreasing over S.
We say f is an increasing (resp. decreasing) function if it is increasing (resp. decreasing) over

its entire domain.

X

Figure 7: Example of an increasing function (black) and a decreasing function (red).

We can compose a function with another to produce a new function.

Definition 2.5 Let f : X — Y and g : Z — X. We can define a new function h := f o g defined as
h(z) = f(g(z)), where z € Z. The new function h is a function h: Z — Y.

Example 2.5 Let f : R — R defined as f(x) = x+ 1 and g : R — R defined as g(x) = x*. Define
h(x) = f(g(x)) = g(x) + 1 = x> + 1. We can also define k(x) = g(f(x)) = f(x)> = (x + 1)~

6
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The way a function maps elements from X into Y can be described more precisely by the

notions of bijection, injection and surjection.

Definition 2.6 A function f : X — Y is injective, also called a one-to-one function, if it maps
distinct elements of its domain to distinct elements of its image. Formally, f is injective if for any
X1, X3 € dom f such that x| # x then f(x1) # f(x2).

Example 2.6 Let f : N — N defined as f(x) = x+ 1. Clearly f is injective as for any every xi,
xp € N where x| # xp we obviously have x| +1 # x» + 1.

Definition 2.7 A function f : X — Y is surjective, also called an onto function, if for every element
of its codomain there exists at least one element in the function’s domain such that f(x) = y.

Formally, f is surjective if for any y € img f, there exists at least one x € dom f such that f(x) = y.

Example 2.7 Let f: R — R defined as f(x) = |x| where |- | is the absolute value operator. We can
say that f is surjective as for any y € R we have that both x| =y and x, = —y give f(x1) = f(x2) = y.

A function can be injective but not surjective and vice versa. For instance in the case of
f(x) =x+1where X =Y =N, there is no x € X that yields f(x) =1y =1

Notice however, that when f is either injective or surjective, there can be elements in the domain
or in the image that are not associated to anything. In the case of f(x) =x+ 1 where X =Y =Nit
is clear that y = 0 is in N but it cannot be obtained from any x € N under function f. Hence this f
is injective but not surjective. Instead, f(x) = |x| is surjective but not injective as every element of
its image can be obtained from two distinct elements of its domain.

When a function is both injective and surjective, we say that it is bijective.

Definition 2.8 A function f : X — Y is bijective, also called a one-to-one correspondence, if and

only if it is both injective and surjective.

A bijective function is a function that maps every element of its domain to exactly one element

of its image, and vice versa.

Example 2.8 Let f: R, — R defined as f(x) = x>. Given that we are only considering nonnegative
values of x, it is easy to see that each x is uniquely associated with an x* and reciprocally. Therefore
this function is bijective. However, if we were to consider the same function f(x) = x> but defined

over X =Y = R it would not be bijective anymore as it would fail to be injective.
A useful construct is that of an inverse function.

Definition 2.9 Let f : X — Y and assume that f is bijective. The inverse of the function f is
denoted by f~'. The inverse is a function f~' 1Y — X whose image f~'(y) returns the unique
x € X such that f(x) =y.
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Intuitively, £~! undoes what f does, that is applying the inverse function to the function yields
the identity. Indeed, (f~'o f)(y) = f~1(f(x)) = x.

Example 2.9 Let f(x) = 2x. Its inverse function is f~'(y) = y/2. Indeed, starting from x = 4,

we get f(x) = 8. In order to find which x produced 8 under the function we use the inverse

f1(8)=8/2=4.

2.2. Common types of functions

Polynomial function. A polynomial is a map of the form P(x) = a,x" + ... + a1 x + ap where n is

the degree of polynomial and ay, ..., a, are the polynomial coefficients.

Linear function. Polynomials of degree 1 are interesting functions, they are also called linear

functions. All linear functions can be written as
f(x) =ax+b,

where a, b € R.

N

Figure 8: Examples of linear functions.

One of the main features which distinguishes two different lines is the slope (steepness) that
is given by a. This function is increasing as a > 0 and decreasing if a < 0; if a = 0 the function
degenerates to the constant function f(x) = b. The slope is given by the ratio of the growth in y

Qg = Y2
(y2 —y1) and the growth of x (x; — x1), that is a = )ﬁ
Quadratic function. A quadratic function is a polynomial of degree 2. We write quadratic

functions as
f(x) = ax* +bx +c,

where a, b, c € R. The graph of a univariate quadratic function is a parabola whose axis of symmetry

is parallel to the y-axis.
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Figure 9: Examples of quadratic functions.
Exponential function. An exponential function is a function of the form
fx) =,
where a > 0.

Logarithmic function. The logarithm is the inverse of the exponential function.

f(x) =log,x.

The logarithm of a given number x is the exponent to which another fixed number, the base a, must
be raised, to produce that number x. A particular case of the logarithm is the natural logarithm
which has the number e (that is e ~ 2.718) as the base.

3. Limit and continuity

3.1. Limit

Roughly speaking, a function is said to have a limit / at point ¢ if f(x) gets closer and closer to [ as
x gets close to c. Before introducing the formal definition, we establish some notation.
LetX,Y <Rand f: X — Y. If f has a limit / at point ¢ we write it as

lim f(x) = L.

X—C

In the most simplest cases, we can find the limit of a function at a point simply by evaluating the
function at this point.

Example 3.1 For instance, lim,_,5(3x —x?) =3-2-2%2 =2,
Example 3.2 Another example is: limy_In(x—1) =In(2—1) =1In(1) = 0.

A function does not always have a limit, that is, converges to a finite number. In that cases, we

use the notation +c0 or —oo to denote infinity.
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Example 3.3 Evaluating lim,_, )_1( = +00 shows that a function does not always have a limit.
Sometimes we are interested in the limit of a function when x goes to +c0 or —oo.
Example 3.4 For instance, lim,_, ; o €* = +00.

We now introduce a formal definition of the limit of a function. This is not the unique definition,
there exists other more general definitions but we the one we introduce will be enough for the

purpose of this course.

Definition 3.1 A function f has limit | as x approaches c if for all € > 0, there exists a real 6 > 0
such that for all x,

x—c| < & implies that |f(x) —1| < &.

In words, saying that f(x) converges to [ at ¢ means that if we take x close enough to ¢ we can
always make f(x) arbitrarily close to [.
So far, when we said that we were taking x closer and closer to ¢ we did not specify from which

side. Indeed, x could approach c by the left or by the right.

Definition 3.2 The right limit of a function at point c is writes as

li =1,
lim_f(x)
and the left limit writes as
lim f(x) =1.
X—Cc™

The lim,_,. f(x) = [ exists only if the right limit and the left limit exist and they are equal.

Example 3.5 Consider the function f(x) = ﬁ and we are interested in the behavior of f when x
is close to 1. If we approach 1 from the right, that is x — 1 then x — 1 — 0", where 0" means
"arbitrarily close to 0 and positive". If we instead approach 1 from the left, that x — 1~ then
x—1— 07, where 0" means "arbitrarily close to 0 and negative".

It immediately follows that

lim f(x) =+ and lim f(x) = —o0.

x—1t x—1-

As the right and left limit differ, we can conclude that f does not have a limit at 1.

Properties of limits. The limit of the sum of functions is equivalent to taking the sum of the

limits.

lim[f(x) £ g(x)] = lim f(x) & lim g(x)

X—C X—C X—C

The limit of the product of function is the product of the limits.

10
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lim f(x)g(x) = lim f(x) lim g(x)

X—C X—C

The limit of the ratio of function is the ratio of the limits.

. f(x> . lim,_, . f(x)
M g0 Timy g

Indeterminate forms. We may end up in a indeterminate form, that is, when we evaluate the

limit of a function we encounter one of this four cases:

0 o

0 0 x 00, 00— 00.
In these cases, we have to work on the expression of the limit to try and remove the indeterminacy.

Example 3.6 Consider evaluating f(x) = 2&72;355 when x goes to 0. It is clear that both the

numerator and the denominator are equal to 0 when evaluated at x = 0. We therefore face the case

0/0. Notice that we can rewrite the limit as follows:

o223 22320 . x(2-3xY)
lim———— =lim————* = lim—————*
=0 x+2x2 x>0 x(1+2x) x>0 1+2x

The numerator is still going to 0 but now the denominator converges to 1. Hence, this removes the

indeterminacy and we can conclude that lim,_,¢ f(x) = 0.

: 352
Example 3.7 Consider now f(x) = MTX_’?.

before we can factorize the function such that:

We want to evaluate the limit at x — +c0. As

203 +5x2 —x+7 2X3(1+%_217+§) 1

lim =
x—+0 4x3 —x2 +x—3 4x3(1—4lx+ﬁ_%)

Example 3.8 Finally consider evaluating f(x) = €* —\/x at x — +0o0. This yields the indeterminate
case o0 — 0. To provide an answer here, we need to compare whether e* grows faster than x or not.

We do not provide a proof but here this limit is:

lim " —+/x= +c0.

X—+00

3.2. Continuity

Intuitively, a function is said to be continuous when slightly changing the input x induces only small
variation of the output f(x). In other words there are no jumps. Once again, several definitions

exists but we will rely on the simplest one in terms of limits.

11



EEBL pre-course: Mathematics

Definition 3.3 A function f : X — Y is continuous at point ¢ € X if

lim f(x) = f(c).

X—C

3.3. Differentiation

Under some conditions, a function can be differentiated to obtain its derivative. The derivative of a
function at a given point describes at which rate the function changes around this point.
Consider a function f: X — Y, where X, Y < R. We denote the absolute change of the function

at x when it increases by an amount Ax as follows

Af(x) = f(xo + Ax) = f(xo).
To compute the rate of change at x we are interested in the ratio:

M) fleAn) — f(x)

Ax Ax

f(xo + Ax) 1

f(xo) |

Figure 10: Graphical representation of the rate of change.

The derivative of f at point x is defined as the rate of change at x when Ax is arbitrarily close
to zero. That is, we want to compute how the function changes when we increase the input by an

infinitesimal amount.

Definition 3.4 The derivative of f : X — Y, X =Y = R at point x is denoted by f'(x), or equiva-
lently by, % f(x), and is defined by

)t TR )

Ax—0 Ax

Naturally, the existence of the derivative relies on the existence of the limit of the function. If the
limit of the function does not exist at a point xo, we say that f is not differentiable at xy. As we
also defined continuity at x as the existence of the limit at x it means that continuity is a necessary

condition for a function to be differentiable.

12
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X0 X

Figure 11: Continuous function not differentiable at xo.

However, continuity is only a necessary condition and is not sufficient for differentiability. For
instance, the function in Figure 11 is continuous at xq but is not differentiable. This happens when
the right and left derivatives (defined similarly as the right and left limits) do not coincide.

In short "differentiable at x" implies "continuous at x" but not the converse.

Example 3.9 Consider f(x) = 2x. We can compute its derivative f' by computing

fim LEEA) ) 2R AY) Z2e 24

Ax—0 Ax Ax—0 Ax Ax—0 Ax

Hence the derivative is constant, as for any x we have f’(x) = 2.

Example 3.10 Consider f(x) = 3x*> + 1. We can compute its derivative f' by computing

[3(x+Ax)? + 1] — [3x> + 1]

- 3x2 4 6xAx 4 2(Ax)> + 1 —3x> — 1

li =1
A)}glo Ax A;HO Ax
2Ax(Ax +3
= lim 24x(Ax + 3x) = lim 2(Ax+ 3x) = 6x.
Ax—0 Ax Ax—0

In that case, the derivative has different values according to where it is evaluated.

Table of derivatives. It is useful to differentiate a function using a table of derivatives that lists

the most common functions and their derivatives. Figure 12 lists some of the most usual ones.

Higher order derivatives In many cases, we are interested in differentiating a function more
than one time. That is, we may want to differentiate its derivative or differentiate the derivative
of the derivative. Starting with a function f, the first-order derivative f' is what we called the
derivative so far. The second order derivative is simply f” := % f', the third order derivative is
"= % f", and so on. Generally, we denote the nth order derivative by £ (x).

We can also define the nth order derivative of f with the notation % f. Hence we have that

1 2 . . . .
= % £, "= % f, and so on. We usually omit the 1 for the first order derivative for convenience.

13
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Function f  Derivative f/ || Function f  Derivative f’
a 0 uv u'v+u/
ax a % u vv—zuv’
x4 ax®— 1 u au/a— 1
a® a*In(a) u(v(x)) Vi (v)
ek ke* et u'e*
a u
In(ax) < Inu o

Figure 12: Table of common derivatives. We assume « is a constant, # and v are functions.

Example 3.11 Differentiate once f(x) = ;‘:g‘z on R\{5}. We can use the formula to differen-

tiate u/v where u(x) = 4x — x* and v(x) = x — 5. The first order derivative is therefore f'(x) =

(4—2x)(x—5)—(4x—x2) —x24+10x—20
(512 (=52

Example 3.12 Find all nth order derivatives of f(x) = e>**1. Let us first compute the first, second
and third derivative: f'(x) = 3e**1, f"(x) = 9¢**1, and f"(x) = 27¢**!. Hence notice that

f(x) =3f(x) and therefore " (x) =3f"(x) =3=3f(x) and f"(x) =3+3f"(x) =33=3f(x). We

can easily generalize % (x) =3"f(x).

Example 3.13 Ler f(x) = ¢ and g(x) = lx;zx Find the first order derivative of the function

1—x
h:= fog. We compute h(x) = e x> and now we have that

2 2
—x“—2x(1—x) 1= x*—2x 1l=x x—2 1=
( )ex2= et = e % .

i (x) = x* x4

’Graphical’ representation of derivatives. To better understand what the derivative of a function
means, we can try to visualize it. Formally, it can be proved that the derivative of a function f at

point x is precisely the slope of the tangent line to the curve passing through x.

X X

Figure 13: The straight red line is the tangent line to the black curve at point x.
The tangent line in Figure 13 that passes through x has slope f’(x).

14
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3.4. Usefulness of derivatives

Derivatives of a function provide information about the function behavior such as how it varies,

how fast it varies, and how its variations vary.

First order derivative. The first order derivative directly informs us whether the function is
increasing, decreasing, constant. A differentiable function f : X — Y is strictly increasing (resp.
decreasing) on an interval S € R if it’s first order derivative is strictly positive (resp. negative) on
that interval. Similarly, f is constant on S if its derivative is null on S. Intuitively, a positive first
derivative means that the rate of change of the function is positive, that is, when slightly increasing

the input the function is also increasing.

Example 3.14 Let f(x) = 3x+ 1. It is straightforward to see by inspection that f is an increasing

function over all R. Computing the derivative confirms this as f'(x) =3 > 0.

Example 3.15 Let f(x) = x*>. Notice here that f is decreasing on R_ and increasing on R .
Indeed, the derivative is f'(x) = 2x and is such that f'(x) < 0 for xe R_ and f'(x) > 0 for x € R...

In the two previous examples, we do not really need to compute the derivative to understand

how the function varies. In some more complicated cases it can instead helps a lot.

Example 3.16 Let f(x) = 3x> —4x. Here, it is a bit less obvious how f behaves. Take its derivative
f'(x) = 6x—4. Then, we can simply notice that f'(x) < 0 whenever 6x <4 «<x<2/3 and f'(x) =0
whenever 6x = 4 < x > 2/3. We can therefore conclude that f is decreasing on (—0,2/3| and

increasing on [2/3,+0).

The value of the derivative at a point also informs us about how fast the function varies. Take
two points x and z, a function f whose derivative is f’(x) = 2 at x and f’(z) = 1 at z, is increasing

both at both point but is increasing at a faster rate at x than at z.

Second order derivative. By definition the second order derivative of a function f is the deriva-
tive of the derivative of f. Formally, if we let g be g := f’ then g’ := f”, that is, we can say that the
second order derivative of f is the first order derivative of f’.

We can therefore make use of the second order derivative to deduce whether the first order
derivative is increasing, decreasing or constant using the same rules that we saw previously.
However, we have to be careful as a proper interpretation of the second order derivative depends on
whether the function is increasing or decreasing.

We have essentially four possible combinations for the sign of (f’, f”). Let us denote the
four possible cases (+,+), (+,—), (—,+) and (—, —), where for instance (—, +) means that f’ is
negative and f” is positive. In the case (+,+), the function is increasing and it is increasing at an
increasing rate, that is, it is increasing and increasing faster and faster. Instead, in the case (+,—)

the function is also increasing but at a decreasing rate, that is, increasing but less and less fast. Be
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@) f' >0, f > 0. (b) f/ <0, f" > 0.

(©) f/>0, " <0. @ f <o, f"<o.

Figure 14: Examples of increasing and decreasing convex and concave functions.

careful, for decreasing functions we have to interpret the sign of the second order derivative in the
opposite way. Indeed, (—, +) corresponds to a decreasing function that decreases less and less fast
while (—, —) corresponds to a decreasing function decreasing faster and faster.

Figure 14 illustrates all four cases.

Convexity and concavity. We have already seen the notion of convexity in the case of sets. In the
case of function, convexity (and concavity) is a notion of curvature of the function. The definition

of a convex function is as follows.

Definition 3.5 A function f : R — R is convex on an interval S < R if for all x, y € S and all
o € [0, 1] we have that

flox+(1-a)y) < af(x)+(1—a)f().

Intuitively, a function is convex when the image of the weighted average ox + (1 — @)y is lower

than the weighted average of the images of x and y.

Definition 3.6 A function f : R — R is concave on an interval S < R if for all x, y € S and all
o € [0, 1] we have that

flax+(1—-a)y) = af(x)+(1-a)f(y).

16
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Concavity can be understood as the opposite of convexity. Notice that a function that is both
convex and concave is linear.

Sometimes, the above definition may prove difficult (or long) to apply. When a function f is
differentiable, the second order derivative fully characterizes convexity and concavity.

If a twice-differentiable function f has a positive second order derivative then is it convex. If it
has a negative second order derivative it is concave. And if the second order derivative is null, the

function is linear.

Example 3.17 Consider f(x) = x* for x€ R. It is easy to compute f'(x) = 2x and f"(x) =2 > 0.

Hence the function is convex on R.

Example 3.18 Consider f(x) =x> —2x*> on S =R. We have f'(x) = 3x> —4x and f" (x) = 6x—4.

We can immediately conclude that f is concave on |0,2/3] and convex on [2/3,+0).

Example 3.19 Consider f(x) = 5x+20 on R. We have f'(x) =5 and f"(x) = 0. Hence the

Sfunction is linear.

3.5. Maximum and minimum of a function

The maximum and the minimum of a function are called the extrema of the function. Throughout
this section we consider functions of the type f : X — R, where X can be any finite or infinite set.

The maximum and minimum of a function, if they exist, can be either local or global. A
function has a global maximum at a point x* when the value of the function at this point is greater
than the value of the function at any other point of its domain. Instead, a function has a local
maximum at a point X when the value of the function at this point is greater than the value of the
function at any other point in a neighborhood of point X.

Global maximum and minimum are formally defined as follows.

Definition 3.7 Let f : X — R. The function f has a global maximum at x* € X if
f(x*) = f(x), forallxe X.

Definition 3.8 Let f : X — R. The function f has a global minimum at x* € X if
f(x*) < f(x), forallxe X.

Local maximum and minimum are defined as follows.

Definition 3.9 Letr f : X — R. The function f has a local maximum at X € X if there exists an

€ > 0 such that f(X) = f(x) whenever |x —X| < €.

Definition 3.10 Ler f : X — R. The function f has a local minimum at X € X if there exists an
€ > 0 such that f(X) < f(x) whenever |x —X| < €.

17
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x* X X X

(a) Global maximum (b) Global minimum

(c) Local maximum and local minimum.

Figure 15: Examples of global and local extrema.

Notice that a global maximum (resp minimum) is also a local maximum (resp. minimum). The

converse 1s not true however.

First-order conditions. When a function is differentiable there is a very simple way to find its
extrema. Assume f : X — R is differentiable, then at any local or global maximum or minimum
x* we must have that f/(x*) = 0. This condition is often called the first-order condition for an
extreme point. Be careful, we only state that if a point x* is an extreme then f’(x*) = 0. Therefore
the first-order condition is a necessary condition for an extreme point but not a sufficient one.
Figure 16 illustrates the case of a global maximum at point x*. As we have seen earlier, the
derivative of a function in an point corresponds to the slope of the tangent line at this point. Hence,
the first-order condition f’(x*) = 0 corresponds to the case in which the tangent line is "flat", that

is, has slope zero.
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x* X

Figure 16: Graphical representation of the first-order condition.

(Advanced) Intuitive proof. It is easy to provide an intuitive proof of the statement that for any
differentiable function, its derivative must be null at any type of extreme point. We show that it is
the case of a local maximum — hence we implicitly show that it is also true for a global maximum.
The case of a local minima can be easily found by symmetry.

Assume that x* is a local maximum of f. By definition, this implies that there exists an € > 0
such that f(x*) > f(x) for all x € X such that |x —x*| < €. Now assume that f’(x*) > 0. This
means that moving from x* to x* + Ax, where Ax — 0% is making the function greater, that is
f(x* 4+ Ax) > f(x*). As we can make Ax arbitrarily small, we can always find one such that
|x* + Ax — x*| < &, therefore contradicting the assumption that x* is a local maximum. Assume
instead that f/(x*) < 0. Now if we were to take x* — Ax with Ax — 0" we would also be able to
find a greater value at f(x* — Ax) than at f(x*), contradicting once again the assumption that x* is

a local maximum. Therefore, we must have that f’(x*) = 0.

Second-order conditions. As pointed before, first-order conditions are only necessary conditions
to identify an extremum. Figure 17 illustrates the case in which the first-order condition is satisfied
although the point is not an extrema of the function. Indeed at & notice that we have that f/(%) = 0
(slope of the tangent line is null) so that the first-order condition is satisfied at X. However we can

clearly see that this point is neither a maximum nor a minimum, we say that it is a saddle point.

= X

Figure 17: Graphical representation of the first-order condition.
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When the function is twice differentiable, we can make use of the so-called second-order
conditions. They are sufficient conditions that can help identify whether a point satisfying the

first-order condition is indeed a maximum or a minimum, or if it is a saddle point.

Type First-order condition ~ Second-order condition
Local maximum f(x*)=0 (x*)>0
Local minimum f(x*)=0 (x*) <0

Saddle point f(x*)=0 (x*)=0
Global maximum f/(x*)=0 f"(x) <0, forall x
Global minimum f(x*)=0 f"(x*) >0, forall x

Recall that the sign of the second-order derivative indicates whether the function is (locally/-
globally) convex or concave and that these properties help to identify the nature of our candidate

extremal points.

Example 3.20 Let f(x) = 3 — (x —2)%. It is easy to compute that f'(x) = —2(x —2) so that the
only solution to the first-order condition is x* = 2. We also have that f”(x) = —2 < 0 meaning that

our function is globally concave. We can conclude that x* = 2 is a global maximum of f.

Example 3.21 Let f(x) = (x— 1) + 1. The first and second order derivative respectively write
as f'(x) = 3(x—1)% and f"(x) = 6(x — 1). The only point satisfying the first-order condition
f'(x*) = 0isx* = 1. Notice also that " (x*) = 0. Hence, x* is a saddle point.

4. Integral

We have seen how to capture the rate of change of a function thanks to its derivative. We now

proceed to the "inverse" operation, the antiderivative.

Definition 4.1 A function F is an antiderivative of the function f if for all x in the domain of f we

have that

In other words, differentiating F* gives f. Notice that the antiderivative F is not unique as any other
function G(x) := F(x) + ¢, where ¢ € R is also an antiderivative of f(x), given that differentiating a

constant term always yields zero.

Example 4.1 The function F (x) = x? is an antiderivative of the function f (x) = 2x as we obviously
have that F'(x) = f(x). The function G(x) = x*> + 3 and H(x) = x> + 12 also are antiderivatives of

f
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Definition 4.2 Let f be a function with domain (a,b). The class of functions whose derivative is f

is denoted by

J f(x)dx.

We call § f(x)dx the indefinite integral of f, where { is the integral sign and f is said to be the
integrand. The symbol dx indicates with respect to which variable integration is performed. When

there is no ambiguity about the variable of integration we sometimes simply write the integral § .

Linearity. The integral is a linear operator. Take two functions f and g whose antiderivatives

are denoted by F' and G, respectively, we have that:

(@) + Betanas = a [ e+ p | o

= a(F(x)+c1)+ B(G(x)+c2)
= oF(x)+BG(x)+c, ceR.

In words, the integral of the weighted sum of f and g is equal to the weighted sum of their respective

antiderivatives modulo a constant term ¢ € R.

Common antiderivatives. As for derivatives, it is useful to know the most common antideriva-

tives summarized in Figure 18.

Indefinite integral ~ Antiderivative

§x%dx o a# -1

§1dx In|x| +c
flfelef de P e o o1
SJ;((;))‘ZX In|f(x)[+c

§e/@ 1 (x)dx o) 4

§etdx & +c

Figure 18: Table of common antiderivatives. We assume that ¢ and « are constants in R.

Example 4.2 Ler f(x) = 2xe®. It is easy to see that F(x) = ¢° is an antiderivative of f.

Example 4.3 Let f(x) = ‘%3. We have that F (x) = Inx*.
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Definite integral. In many cases, we are interested in evaluating an integral over an interval
(a,b).

Definition 4.3 The definite integral of f over interval (a,b) is noted by

Lb F(x)dx

We call a and b the lower and upper limits of integration, respectively. Roughly speaking, Ss f(x)dx
can be seen as the ’sum’ of all the values f over the interval (a,b).

The following properties are important to remember.

1 §2 fx)dx = — ¢ f(x)dx
2. §0 f(x)dx =
3. {0 f(x)dx = F(b) — F(a).

The last property shows that if one knows the antiderivative F' of function f then evaluating the

integral of f over (a,b) is equivalent to evaluate the difference between F(b) and F(a).

Example 4 4 Assume f(x) = 3x. Let us evaluate Sl x)dx. First, we find that an antiderivative is

F(x) = 2x%. Hence we can simply compute that S] x)dx = 3 22 3 12 4.5.

Integration by parts. In some cases, it is not possible to find an antiderivative using the common

rules for antiderivatives. Integration by parts is a method can sometimes help to solve the problem.

Definition 4.4 Take two differentiable functions f and g. The following holds:

b b
f fx)g (x)dx = f(b)g(b) - f(a)g(a) — J f'(x)g(x)dx

Example 4.5 Consider the function h(x) = xe**. At first sight, there is no obvious way to apply
one of the common rule to find an antiderivative. However, notice that we can define f(x) = x and
g’ (x) = e** so that evaluating Szh(x)dx is equivalent to evaluating Sb f(x)g' (x)dx.

It straightforward to compute that f'(x) = 1 and that g(x) = 1 e?*. Hence we can easily
compute that Sb f(x)g(x)dx = Szl « Sedx. The antiderivative G of g is G(x) = }e** so that
§7 f(x)g(x)dx = G(b) — G(a) = 12 — Le2.

Let us evaluate hon (0,1) for instance:

folhoc)dx: | 08 dx = F(1)g(1)— f f £

1
_ 2 __2__
=e“—0 4e 2
3, 1
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5. Vectors and matrices

5.1. Vectors

In many cases, we need to represent objects that cannot be characterized by a single scalar. For
instance, we need three scalars to represent a point in a three-dimensional space or we may need n
scalars to represent a system of prices in an economy.

A vector, sometimes called a fuple, is an ordered sequence of scalars (x;,x,...,X,) whose size
is defined by the number of elements it contains (Note: in reality, a vector is not necessarily a
sequence of scalars, it can also be a sequence of functions for instance). For instance, (3,2) and

(0,1,7) are vectors of size 2 and 3, respectively.

Definition 5.1 A vector x of size n is defined as x := (xy,...,x,) where each x; corresponds to the

i-th element (or coordinate) of the vector.

We will work with real vectors, that is, vectors whose elements are real numbers. Hence, we

define a real vector as x € R”, that is, x = (x1,...,x,) where x;e R foralli = 1,...,n.

Vector operations. Vectors can be manipulated with operations such as equality, addition,

multiplication.

Definition 5.2 Two vectors x € R" and y € R" are said to be equal, x =y, if and only if x; = y; for

alli=1,...,n
That is, two vectors are equal if and only if all their elements are equal.

Definition 5.3 The sum of two vectors x e R" and y € R", x+y, produces a vector z € R" defined

as
Z2=Xx+y=(X1+Y1,--- X0 +Vn).

Summing two initial vectors of size n therefore means creating a new vector of size n for which

each i-th element is the sum of the i-th elements of each initial vector.

Example 5.1 The sum of x = (1,2) and y = (3,4) is defined as 7z = (1 + 3,2+ 4) = (4,6). We can
also sum three, four of k vectors at the same time, for instance, (1,1) + (2,2) + (3,3) = (6,6).

Notice that both for equation or adding vectors we need to take vectors of the same size. We

cannot add (2,3) and (1,1,2) nor we can say anything about whether they are equal or not.

Definition 5.4 Let x € R" be a vector and a € R a scalar. Scalar multiplication is defined as ax

and produces a vector z € R" such that

z=ax+y = (axy,...,ax,).
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Hence, multiplying a vector of size n by a scalar amounts to multiply each element of the vector

by the scalar.

Example 5.2 Consider x = (1,2,3) and a = 5. Then we have that ax = (5%1,5%2,5%3) =
(5,10,15).

We can also define the linear combination as the operation that consists in summing several

vectors each of them weighted by a (potentially) different scalar.

Definition 5.5 Let x(l), . ) g sequence of vectors in R" and ay, ..., a; scalars in R. The

linear combination is defined as a vector z € R" such that

k
= Z akx(k) .
i=1

Example 5.3 Considerx=(1,2), y=(3,4) and coefficients a) = 5, a; = 6. The linear combination
of these gives ajx+ azy = (5,10) + (18,24) = (23,34).

Definition 5.6 A sequence of vectors (x(l) X2 ,x(k)) is said to be linearly dependent, if there

exist scalars ay,ay, ... ,ax, not all zero, such that
alxl +a2x2+'~+akxk =0.

On the other hand, two vectors are said to be linearly independent if there is no linear combination

which gives as a result the null vector (except for the trivial case a; = ap = --- = a; = 0).

5.2. Matrices

A matrix is a rectangular array of numbers. The size of a matrix is indicated by the number of its
rows and number of its columns. A matrix with k rows and n columns is called a k x n matrix. The
element in row i and column j is called the (i, j)th entry, and it is often written as a;;. A matrix

with the number of columns equal to the number of rows is called square matrix.

ajl aip o dAip

a1 ap -+ ap
Ak,n =

a1 dk2 - dknp
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Matrices operations. We can also define addition, multiplication, and multiplication by a scalar

for matrices.

Definition 5.7 Let A and B two k x n matrices. Their sum is the matrix C whose elements are

Cij = aij+b,-j Vi, j

ajl -+ Qi by -+ by

agy - G bii -+ b

ai +b ai, + by
= al'j-i-b[j
axy + bi Qkn + biy

Matrices may be multiplied by scalars. This operation is called scalar multiplication. More

generally:

Definition 5.8 The product of the matrix A and the number o, denoted QA, is the matrix whose

elements are oa;j Vi, j

aiy - Ain (0775 R 0123 P

agl - Qg 1077775 IR 01747/

We can define the matrix product AB if and only if

number of columns of A = number of rows of B.

To obtain the (i, j —th) entry of AB, multiply the i-th row of A and the j-th column of B as
follows
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by
ajg ap - Qi |- ' =ai1b1j+a,~2b2j+~-~+a,~mbmj.

bni

In other words, the (i, j)-th entry of the product AB is defined to be

m
Z ambhj.
n—1

If Ais ak x mand B is m x n, then the product C = AB will be k x n.
Usually, AB # BA.

The n x n matrix

1 0 - 0

o1 - 0
I =

0O 0 - 1

with a;; = 1, Viand a;; = 0, Vi # j, has the following property
Al =A.
for any m x n matrix A. I is called identity matrix.

Definition 5.9 The transpose of a k x n matrix A is the n x k matrix obtained by interchanging the

rows and the columns.

r apy ag

ap ap ais
aiz axp

a1 ax axy;
a3 a3

Definition 5.10 A Triangular matrix is a square matrix containing element different from zero

only above/below the main diagonal.
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Example 5.4 Upper Triangular

0 0 -2
Example 5.5 Lower Triangular
1 0 O
A= 21 0
3 5 =2

Definition 5.11 7o any square matrix is associated a determinant, |A|. From a geometric point of

view, it represents the area (volume) of the parallelogram generated by the vectors of the matrix.

Let A be a 2 x 2 matrix,

aip ap
az; ax
the determinant is |A| = ayyay — aypay;.

In case of a n x n matrix with n > 3, in order to find the determinant, we can use the minor of

the matrix.

Definition 5.12 A minor of a matrix A is the determinant of some smaller square matrix, cut down
from A by removing one or more of its rows and columns. Minors obtained by removing just one row
and one column from square matrices (first minors) are required for calculating matrix cofactors,
which in turn are useful for computing both the determinant and inverse of square matrices.

The cofactor is:
Aix = (=1)"* M.

where My is a minor of the matrix.
Therefore, using the Laplace theorem we can obtain the determinant of a matrix n x n as the

sum of the product, of any row or column, by their cofactor.
The rank of A is the largest order of any non-zero minor in A.
Definition 5.13 Let A be a n x n matrix. The n x n matrix A\ is an inverse for A if AA™" =
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A™'A = I,. A matrix can have at most one inverse and not every matrix is invertible. In order to be

invertible, we need |A| # 0.

Definition 5.14 Any symmetric A is:
o Positive semidefinite if X Ax > 0, Vx # 0;
e Positive definite if X' Ax > 0, Vx # 0;
e Negative definite if X Ax <0, Vx # 0;

* Negative semidefinite if X' Ax <0, Vx # 0.

5.3. Linear system of equations

In several instances, one might have to study system of equations. We will focus on linear systems

of equations.

Definition 5.15 Generally, an equation is said to be linear if it has the form

aix;t+axxs+...+apx, =b

where ay, ...,a, are parameters and xp, ..., x, are variables.

A solution to the linear equation is a vector (xi,...,x,) such the above equality holds.

Example 5.6 Consider the linear equation 5x| + 10x, = 0. It is easy to see that (0,0) (trivially)

solves this equation. The vectors (1,—2) and (2,—4) are also solutions to this equation.

When there is more than one (linear) equation, we say we have to deal with a system of (linear)
equations. A solution to the system is a vector (xi,...,x,) such that all the equations in the system

hold simultaneously.

Example 5.7 Consider the system of two linear equations x| +x, = 5 and 2xy —x; = 1. Clearly
(3,2) is a not a solution to this system as it solves only the first equation. Neither is (4,7) a solution
as it solves only the second equation. Instead (2,3) is a solution to the system as it simultaneously

solves the first and the second equations.

Matrix notation and operations can be conveniently used to solve linear systems of equations.
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Example 5.8

apix) +agpxy +...aipxn = b1

ar1x1 + axnxs + ...axx, = by

| Am1X1 + QX2 + ...QppXn = by

The solution of the system is given by (x1,x2,...,Xx,) which solves all the equations contem-
poraneously. It can be expressed much more compactly using matrix notations. Let A denote the

coefficient matrix of the system:

ai ain
A= ajj
am1 Amn
Also, let
X1 bl
X = : and b=
Xn bm

Then, the system of equations can be written as

ary din X1 by
a;j =
Aml *°° Amn Xn b
or simply as
Ax =b.

Then, if A is nonsingular (|A| # 0), we can solve the system as x = A~ 'b. To solve a linear system
of simultaneous equations we can use also the Cramer’s rule. If the matrix A is nonsingular, the

linear system of system of n linear equations and n unknowns. Then the theorem states that in this
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case the system has a unique solution, whose individual values for the unknowns are given by:

- del(A,')
~ det(A)

X; i=1,..,n.

where A; is the matrix formed by replacing the ith column of A by the column vector b.

Example 5.9 Solve the following system

-

x—=2y+z=1

y 3x+y—7z=0

x—z=1.

Since |A| # 0, we can use Cramer’s rule

1 -2 1
det [0 1 -7
1 0 —1
= =2
o 6
11 1
det |3 0 -7
11 -1
y= ; =1
1 -2 1
det|3 1 0
1 0 1
= =1.
¢ 6

In economics, we may be interested in system of the following form
Ax = Ax,
where A is a square matrix. It is equivalent to write that
(A—=AIx = 0.

Definition 5.16 The values A that solve det(A — AI) = 0 are called eigenvalues.
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Definition 5.17 While the non-trivial vectors, x, obtained as the solution of (A — AI)x = 0 is called

eigenvector.

From a geometric point of view, the eigenvector (x) is the vector which is only scaled by a value

A when we apply to it a transformation A.

6. Multivariable calculus

We have previously investigated function of one variable and many of their properties and appli-
cations. In many cases, however, functions may depend on several variables. Formally, we are
investigating cases in which a function f is defined as f : R" — R. Such a function is called a

multivariate function, and takes as an input a vector x € R" and outputs a scalar in R.

Example 6.1 Consider the two-dimensional function f : R* — R defined as f (x,y) = xy. Then we
simply have that f(1,2) =1x2 =2, or f(4,5) =45 = 20.

6.1. Differentiation

The concept of differentiation can be extended to function of several variables. There are two
main ways to differentiate a function of several variables: partial differentiation and total
differentiation. Partial differentiation considers how the function changes with respect to one
variable while holding others constant, while total differentiation considers the overall change of a

function with respect to a variable, taking into account how all other variables,

Partial differentiation. Partially differentiating a function is very close to the differentiation
process of a unidimensional function. There are as many partial derivatives as there are input
variables. To compute the partial derivative of a function f with respect the i-th variable at a given

point x” € R” we consider a small change in variable i while keep all other variables constant.

Definition 6.1 Let f: R" — R. The partial derivative of f with respect to the i-th variable at point
x% € R in the domain of f is defined by

(X? xo) _ limf(x(l),...,x?—i-h,...,xg)—f(x(l),...,x?,...,xg)
DR R /] .

h—0 h

o
ax,-

There are several (equivalent) notation for denoting the partial derivative of a function with

respect to its i-th variable. The most common way is probably % but we also find notations such

as fxi, ﬁ axif, alf.
In practice, computing a partial derivative is very similar to computing the derivative of an

univariate function. To find % of a given function f, simply use the usual differentiation rules as if

f were solely a function of x; and treat all other variables as if they were constants.
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Example 6.2 Consider f(x,y) = xy. To compute g—{:, we simply treat y as a constant and apply the

. o 0
usual differentiation rules to x. Hence a—fg(x,y) =

Example 6.3 Consider f(x,y) = xy> +y. To compute %, we simply treat x as a constant and apply

the usual differentiation rules to xy. Hence %(x,y) =2xy+ 1.

Total differentiation. Sometimes we may be interested in how a function changes as several of
its variables simultaneously change. We usually denote the total derivative of a function as d f and

it is defined as:
df = ——dx;.
f ; 8)6,’ *

Intuitively, the total change of the function is the result of how each change of variable dx; affects

the function as captured by the partial derivative g—)é.

Example 6.4 Consider f(x,y) = xy. Its total derivative writes d f = ydx + xdy.

6.2. Higher-order derivatives

As we have seen before, differentiating the derivative of a univariate function yields a second-order
derivative. Repeatedly applying this process allowed us to compute higher-order derivatives.

We can also compute higher-order derivatives in the case of multivariate function but the main
difference is that it is now not obvious what we mean by 'repeatedly differentiating’. Indeed, as they
are many variables, there are several ways in which we can differentiate an already differentiated
function.

We can obviously decide to compute the direct second-order partial derivative 0f2/ 6xl-2 which

consists in partially differentiating f with respect to x; two times.

Example 6.5 Consider f(x,y) = x%y + 4x. The first-order partial derivative with respect to x is
2
g—ﬁ: = 2xy + 4 and the second-order partial derivative with respect to x is giz = 2y.
X

But we can also first differentiate a function with respect to x; and then differentiate a second

time with respect to another variable x;. We call this derivative the mixed (or cross) partial derivative
of?

and denote by 5.
i0Xj

Example 6.6 Consider f(x,y) = x%y + 4x. The first-order partial derivative with respect to x is

2
g—f = 2xy + 4 and the mixed partial derivative with respect to x and y is a%y = 2x.

If a function has n variables, then, it will have n?

second order partial derivatives. It is
common to arrange these n” partial derivatives into an 7 x n matrix whose (i, j)th entry is the

(0%f/0xj0x;) (x*). This matrix is called Hessian matrix:
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) X% 0x20x1 0xn0X]
it At A it
0x10 2 0%, 0
D? fi= X10X2 0x5 Xn0X2
Gy A i A i
0x10%,  0xp0x, 0ox2

7. Optimization: Multivariate functions and constrained opti-

mization

7.1. Unconstrained optimization

Univariate case. We have already seen how to find and characterize extreme points of univariate

functions. We briefly recall the rules we established in that case.

Type First-order condition  Second-order condition
Local maximum f(x*)=0 (x*)>0
Local minimum f(x*)=0 f(x*) <0

Saddle point f(x*)=0 f'(x*)=0
Global maximum f(x*)=0 f"(x) <0, forall x
Global minimum f(x*)=0 f"(x*) >0, forall x

Multivariate case. When considering function of several variables, f : R” — R, finding extreme

points is relatively similar to the univariate case. Let us first introduce the following definition.

Definition 7.1 The gradient vector of a function f : R" — R is the vector whose components are

the partial derivatives of f:

2 (x)
Vi) =

0
D) |

The first-order condition in the multivariate case simply corresponds to the condition V f(x) = 0.

Example 7.1 Consider f(x,y) = —(x—2)> —y? +4. The gradient of the function writes as V f (x) =
[—2(x—2),—2y|. Hence the unique candidate to an extreme point is x* = (2,0) as Vf(x) = 0.
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Second-order conditions are, however, a bit more complicate to use than in the univariate case.

Definition 7.2 The Hessian Matrix of f is the n x n matrix whose (i, j)-th entry is the partial
crossed derivative (0*f/0x;0x;) (x*). That is,

>f rf . @f

(3x% 0xp0x1 0x,0x1

D= | T & Fealns
it A AU i
0x10x,  0x20xy, 0x2

n

Second-order conditions can be summarized as:

o If the Hessian is positive definite at x*, then f attains a local minimum at x*;
* If the Hessian is negative definite at x*, then f attains a local maximum at x*;

* If the Hessian has both positive and negative eigenvalues then x* is a saddle point for f (and

in fact this is true even if x* is degenerate).

In those cases not listed above, the test is inconclusive.

7.2. Constrained optimization

Optimizing a function may be subject to some constraint on the admissible value of the solutions.
This is typically the case in economics when a consumer must choose the best possible consumption
bundle while being constrained by their budget. We briefly consider equality and inequality
constraints in the case of a two-dimensional objective function (results naturally extend to the case
of n-variable function).

The abstract formulation of a constrained maximization problem we are considering is the

following:

max f(xy,x2)
X1,X2

s.t. (x1,x2) € C,

where C is the constraint set, that is, the set of admissible values for x = (x1,x7).
Example 7.2 Consider f(x,y) =xy and C = {x,y | x+y = 1}.
Example 7.3 Consider f(x,y) =x+yand C = {x,y | x+y <5}.

It is usually not obvious how to find the solution without a proper method. We first introduce
the substitution method which is relatively simple but only works with equality constraints that are
well-behaved. We then introduce Lagrange and Kuhn-Tucker multipliers to solve more general
problems.
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Substitution method. Consider the case in which the constraint is an equality constraint of the
type h(x1,x;) = ¢ where h is function and c is a constant in R. We do not enter into too many
technical details but the substitution method essentially works when there is a way to invert 4 to
solve for x; or x;, that is, find a function ¢ such that x, = @(x;,¢) that satisfies h(x;, ¢(x1,c)) = ¢

for all x1. Then, one substitute this equation into the objective function and solves

max fx1, @(x1,¢)).

We can then use the rules we know for finding the solution of an unconstrained problem. That is,

we can simply find the first-order condition with respect to x; which writes as follows:

(x1:0(1,0) + 22 0.0 (1, gta,0)) = 0

oxy

Example 7.4 Consider maximizing f(x1,x2) = x1xa subject to h(xy,xp) = 1 where h(xy,x3) =
X1 +x2. We can simply solve the equality constraint for x;, that is, xo = 1 —x1 (here it means
that @(x1,cl) = c—x)). Plugging this equation into the objective function we therefore have to
maximize f(x1,1—x1) = x1(1 —x1). We immediately get that 0.f /0x) = 1 —2x1 and Of?/0x3 = —2.
Finally, the first-order condition yields that x* = 0.5 which is a global maximum as the second-order

derivative is always negative.

Lagrange method (equality constraints). Let f and & be differentiable functions of two variables,

where f is the objective function and h(x;,x;) = ¢ is an equality constraint.

Definition 7.3 The Lagrangian of an optimization problem is a function denoted by £ defined as

follows:
ZL(x1,x2,A) = f(x1,x2) + A(h(x1,%2) — ),
where A € R is called the Lagrangian multiplier.

Under some conditions, solving the unconstrained problem max,, ., ; £ (x{,x5,A%) is equiva-
lent to solving the constrained problem max,, v, f(x1,x2) s.t. A(x1,x2) = c. Hence, we can apply
the method of first-order conditions, the following equations are necessary conditions for an

extreme point (omitting the arguments for convenience):

0L 0L of
6x1 B 8x2 B 57(«

=0,

or, equivalently, we have to solve the following system of equations (still omitting the arguments
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for clarity):
of Oh
E erla—x1 =0
of Oh
Eo + /Ia—xz =0
h(x1,x2) —c=0.

Notice that the last first-order condition of the Lagrangian problem is simply the equality constraint
itself.

Example 7.5 Consider the same problem as earlier. We want to maximize f(x1,x) = x1x, subject
to h(xy,x2) = 1 where h(x1,x2) = x1 + xo. We can write the Lagrangian function as £ (x1,x,A) =
x1x3 + A(x1 +x2 — 1) = 0. The first-order conditions of the Lagrangian write as follows:

0L
=x+A=0
0xX1
0L
=x1+A=0
0x)
0L
a_ﬁ, = X1 +x2—120.
It is immediate that we have that x| = x, = —A from the first two equations. Hence, the third

equation can be rewritten as 2x1 — 1 = 0 which yields that xy = x, = 1/2 and A = —1/2. The point
(1/2,1/2,1) is a candidate extreme point of the Lagrangian. Notice that x| = x = 1/2 coincides

with our previous result using the substitution method.

Example 7.6 Consider the problem of maximizing f(x1,x;) = xy subject to —x*> —y +2 = 0. The

Lagrangian writes as follows:
L =xy+A(—x*—y+2).

The first-order conditions of the Lagrangian are:

0L

=~y A(=29 =0
0L

a—y =X+A‘(—1) =0
- r 2=

From the second equation we immediately have that A = x. Plugging this into the first equation
yields that y — 2x*> = 0 < y = 2x>. Hence, the third equation rewrites as —x> —2x> = —2 or
equivalently that 3x* = 2. This last equation yields that x = /2/3 or x = —+/2/3, and therefore

y=2:/2/3" =4/3.
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Which of the two is our solution? A closer look at our previous result shows that y > 0
for both admissible values of x. Therefore, it is immediate to see that f(1/2/3,y) = 1/2/3y >
f(=+/2/3,y) = —/2/3y for all y > 0. Hence, our solution can only be with x* = 1/2/3 and
vt =4/3.

Karush-Kuhn-Tucker conditions (inequality constraints). Let f and g be two differentiable
functions of two variables. As before f is the objective function but we now consider inequality
constraints of the form g(xj,x;) = ¢. The Karush-Kuhn-Tucker conditions (hereafter, KKT) extend

the Lagrangian method to these type of constraint. As before, we rely on the Lagrangian function:

$<x17x27‘u’) = f(X1,X2) +.u“(g(x17x2> —C),

where u € R is the KKT multiplier.

There are two main differences with the Lagrange method: (i) the KKT multiplier has to be
positive or null and (ii) we replace the first-order condition with respect with the multiplier by what
is called a complementary slackness condition.

Formally, necessary conditions for (x},x}) to solve the constrained problem are the following

in the unconstrained KKT problem:

First-order conditions: % = % =0,
X1 0xy

Complementary slackness: u(g(xy,x) —c) =0.

The complementary slackness condition should be understood as follows: if the inequality constraint
strictly holds at a critical point (i.e. g(x) < ¢) then the KKT multiplier u has to be zero. If otherwise
the inequality constraint holds with equality (i.e. g(x) = c) then the KKT multiplier u can take any

nonnegative value.

Example 7.7 Consider maximizing f(x,y) = —x*> —y?> + 3 subject to —2x—y > 1. The Lagrangian

writes as follows:
L=y +3+u(—2x—y-1).

First-order conditions are:

0L
= - _2) =
. x+u(=2)=0
0L
) 1) =
5 y+u(=1) =0,

and the complementary slackness condition is u(—2x—y—1) = 0.
The first-order conditions immediately give that x = —lL and 'y = — /2. It is clear that if we
had p = 0 then we would also have x =y = 0 and g(x1,x2) = 0 < 1. It is therefore impossible
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that U = 0, meaning that we must have L > 0. By complementary slackness, we must then have

that —2x —y — 1 = 0. Using previous results this rewrites as —2x—x/2—1=0< x = —2/5 and
y=—1/5.

Be careful though, as in the previous methods these conditions are only necessary for optimality.
In principle, one must also check second-order conditions or make sure that the initial problem
is itself concave or convex. These issues are beyond the scope of this course as you will mostly
encountered well-behaved problems. The interested reader can find more on these topics in the

textbooks of reference.
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